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; Preface " " , 

■. ■ ■ ; ^ ' 

, A sound knowledge of mathematic§i is becoming a prerequisite for 
^i;;ful work in an ever-increasing number^ of endeavors. This knowledge 
^ ;t Irtclude why mathematical processes work as well as how they. work. 
Is nqt enough for today's children to learn mathematics by rote.- 

Children now in elementary shcool can"be expected '.to. face problems 
which, we cannot fo::esee . These problems ,vill bd solved not by k:nbwledge . 
of matheiiatical facts albne, but by knowledge . of -mattjematical methods 
for attacking problems. Ne^w'and as yet unknown problems, may involve, 
dnd in fact -will require, n^w and as yet unknown, mathematics for thefr ^ 
solutions.^ Naturally, we cannot teach this unknown mathematics, but^ we 
can and must teach methods of mathematical thinking as well as the basic " 
content of mathematics.,. ' 

In generaJ^-^'^schools today are becoming increasingly aware of the 
need to orient the teaching of mathematics in accord with, a conceptual 
dev^itjpment of mathematical ideas. ..Yet," too frequently an assumption 
fs made that for a population .of children that is considered to be 
'Wturally^ deprived",, rote learning is' still the only answer to, learning 
mathem^ics. This course of actiori would further deprive ^hese children. 
A f^Mre of this text is an attempt /to^ attend to problems that may be 
associated with the culturally disadvantaged. ^ 

. The introductory chapter begins with a description of the . culturally 
disadvantaged based on^sychological findings. It continues with the 
physical^ sociU, and psychological environment ' in which these children 
function in tfer pre-school years. The next 'concem is with the char-- 
acteristics manifest in the culturally disadvantaged children as they" 
enter- schooi. Finally, implications for. -teaching these 'children are ' 
discussed in this- chapter . ^ 

.Chapters 1' through 17 present mathematical content relevant ' 
to teaching ^ in, the primary grades. All topics which are ^included in ^ 
the texts for tl^e School Mathematics Study Group Books- K and. 1 are 
treated^ but from. a more sophisticated point, of view. Other topics have 
been included when the development has warranted' it. . As 'Book K and i 



dc u'ot'. develop' topics, iri'.the same, sequence, adaptation of this course to 
a particular grade 'ra^y ne'cessi'tate some minor\change in the order of. 
studying these materials. The t^<o tables below identify each chapter' • 
in Book . K and in Book ' 1 with the' ch^ter in^'this book that pertains 
to- the same topics ./^Thus, *the sequence of the. chapters in the inservice 
.text "listed in the right hand "column^ might serve as aguide for-the orde 
tn.the studying. . ^ • " / • . • . . • . . 



Chapter .in Book K - ' r • 

;i. • Se'ts ' • ' • ^ • . 

2. * Recognizing Geometric Pi*gures ' , , 

' Comparison of Sets 
h.- Subset of a Sgt ■ - . , . * ' • 
>, . Joining and Removing ^ ■ ' 

6, Comparison of" Si-zes and^ Shapes [ ' . 

7. Ordering of .Set's ' , 

8'. ^ Additional 'Activities (geometric; shapes) 
9- . Usi-ng Numbers with' Sets ^ ' ' . 



iTiservice Chapter 

- ; 1 ■ . ' 
• ' 5 * , _ 
2 • • 

■■ ' IS 16- '\ 



Chapter in Book 1 . ' * ' . ■ 

1. ■ Sets and ^Numbers ' 
'2. Wumer^s and'the Number Line 
3- . Sets of Teh' . , - , ./ 

\, . Introduction to Addititiji and Subtraction 
t^ecognizing Geometric figures 
flace Value and Numeration ^ - 
Addition and Subtraction . ' 
^rrays and Multiplication 
Partitions and Rational Numbers 
Lraear Measurement ' • , 



Inaervice Chapter 



1, ^ 

■3, 5 

6 . 

'5/11 



;i3 . 
11^, 1^ 




Both. Books i?"' and 1 st'ar;t vitft the no ti on, c5f ^ 'sfet,--' a primitive 
notion on which other mathematical concepts^' vil], ,b^' 'built. * After this 
development, »th^ orders in presentation of topics 'dlffep: considet&bly. 
Tl^ reason' for the differe;ice is largely in considftratioQ of cbncept 
development of, children at the differi^rit levels,. For example /-in* the 
,^:indergarten program, .^t makes ^nse to start vith activi-ties associated 



wtt^- seometKLc concepts -since these activities involve vbrking lAth' 
fa^iiar ocJjects .such', as box^s and- tin cadi's; • Thesfe activities'^ dci «not- ... 
.. require .as' .aigh*-- a .level of abstraction as does the^ number concept.' /' 
Mc?reover, they, are activities that encourage-the'' learning of - sorting ' * 
^d* clasaiJ^ing ^of objects and ideas/ an iTnplicit, if^^not explicit/ . ; , 
're^quirement..foF learning nlunber,s in particular', and mathematics in \ 

• g^rieral.^. On the .. .other ' hand/ the' f^irst grade cburge stai:i;$ vith tiae , - ' 
••concept qi; number-right af ter^ the development ' of sets Vca^is^ the * • • 

number concept is at band by then.' Book 1 thfen buijds 'upon the pije 

liminary groundwork' iaid in .the ijilndergarten course and extends the* ' 

. . ' . * . 

conc^^t of numbers "to those greater than ' 9^, ■ .' " . . ^ ' " . 

. •, 'Another example illustrating differences^. Vn sequenGfe*may" be seen -^j ■ 
in /the -order of presentirig the, arithmetic operation's.-' In ^pok -1, 
subtraction immediately follows addition/ whereas -in the inservice ;text, 
multiplieation follows a<Jdlti6n<.. ^' The order as presented in Bbck ■ 1', 
is the ^one ;by^ which children usually learn these operatior;5; the\ ^ ■ ^ * - 

^•procedure adopted' for the inservdc^ text discusses, first the primary''",, 
operations of sflditiori and multiplication "-^d then' brings Into^ fbciis ■ 

.the secondary operations for sub;t'ractipn arid division as the, inverse' - 

.operations of, addition and. lAultiplication respectively.) ^ \ v 

. The remainder of the bogk consists of" :^hree appendices contaioiinjg * 
■ background, inforraati, on . 'Appendix A "Is a description^ of the SMSG ^' ./ ■ ^ 
mathe/liatics program, for'grades 'K-3. .Here/ is d,isplayed "a chart* shearing ' 
the scope and organization of mathematical 'contents in these grades', "fflie* 
inclusion of such a chart is intended to provide perspective to' the 
teaching of mathematics.- in , the elementary school .by shoving . yiien'-a ciert^x'n^ 

■ . . V* ' . , ■ ^ ....... 

topic occurs, how its occurence is. related to .other topics in^he sequenciV/ 
and when it recurs again in the spiral, of the- curriculum. : ' 

* j Appendix B . attends to language "^anci mathematical- learni^ig. -/The ■» '.' 
..careful building .of understanding arid correct use of mathematical' language * 

thr(^gh aural -oral experiences Is .considered. ^ Particular , examples and • 
suggesttions useful "to teachers of young. chij.dren are inclu^e.d.- . ' v" 

• ' Appendix. C contains information gathered fi-om obs'ervations ,and ^ 
testing of children who used the Schoojl Mathematics Steady Group' texts^ ' . 
MATHEMATICS FOR THE ELEMENTARY SCHOOL, 'Books K . and 1 ' duiijng the st^hr.u i; 
'year. :196h^Q^: These results are taken from a conrparatiye study of • ■' 
children described in the introductory chapter, DESCRIPTIOIT OF ; CULTURALLY 
DISADVANTAGED CHILfiRfiN. ' : \- - : ' T ^ * 



rf/ - ■ ■ ' ■ ^'l- . • ' ■■■■ ■ ■ " ■• 

SJhis book:has been written with an dn'service course in mindV. however, 
it. i^^C^ioped th'&t' the text is sirff icieiitly lucid to be understood easily 
by the reader. It^^is assumed iifiat ; greater conrprehensipn aiid interest will 
derive from discussion ^betwee^i an^ instructor 'andt iriservice- teachers* For 
this .purpose,^ the problems t^^tvhave been inserted at appropriate -intervals 
in- each -chajjter " (as^' opposed to 'a set of exercises, at the end of jeach chapte 
may be an integral pa^t of disuc^sidns for clarifying fine points and for 
deepening, urxders tending,"- . •. ]■, .,■ \ . / — ^, 

^ vrnen it was felt' that some comme^^ ,on pedagogy or'/ther relevant- 
remarks might contribute, toward] better understanding aAd teachijrig of the 
.concepts,' 'thesB' comment^ 'are included under .the section^ APPUCATIONS TO 
TEACHING, ^at the . end of. the qhapter.. 'From inservice ^meetings and other"" - 
contacts- with' .teacHers' in the primary' grades, a few questions- pertaining, 
various topics have been observed to Tecur. We hope that. by selecting • 
. some of ti^iese * frequently a^ked questions when they aye relevant to the ' . 
•chapter and expanding on the underlying concepts, we can resolve some ' . ' 
of tjie difficulties 'that may 'haye arisen* For want of a better, hantile, 
we shall label such . section's, QUESTIOiT'j It. i> important to note " that ' 
^ a large part ^ of ' wliat is pjresented _herfe is background material for you, 
^s. a teacher, andj^is riot 'intended ,t.o b6 transmitted to yp\ir students, per se 
.We hape that^as you rea^ the text 'and do the exercises, you will increase 
your. und^rstand.ing of .some basijS' notions, underlying the mathematics that 
you^are teaching, and that,' in general, this tex?tjiwill proye useful. 

^ , . Xn the^^preparation of Jhis book, we have drawn on materials produced 
hx the ScV:ool Mat^'matics Study .Group, .and in particular, STUDIES. IN 
MATHEMATICS, Volume IX, A BRIEF COUE^E IN IjIATHEMATICS FOR ELEMENTARY^" . 
SCHOOL HERS. For the use of thes§ materials,, we offer adfeowledgement . 
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Chapter 0* 

■ ■ ^ "DESCRIPTION OF CUI/FURALLY DIS ADVANTAGED CHILDREli * 
•I. Introduction ^ ■ ^ . 

From_^ a variety of soiprces, dat^ have been acciam\ilating which explain ' 
the disadvantaifeed position of the culturally deprived^ child as he starts 
school. If we review some of the conditions within the family and , ^ ' 
neighborhood which these children experience during thefr pre-school years, 
then the characteristics of these disadvantaged children become', 
more meaningful. 



The two;major criteria used in defining people classified as > 
culturally disadvantaged are (l) low economic status, and (2) lack 
•of participation in middle-class cultitre. The actual family income may- 
vary fjjpm one study to another. , A maximum family incomis, of ^2^000 per 
year defines the disadvantaged in^ some studies; an. income below $ii-,000 
'misiy define thi^ group for others working with them. 

The criterion of" lack of participation in m'iddl,e-class cult\ire is 
more difficul^t to ^specify, but relates most closely to the vajrties placed 
upon educatic^n. The lack of books, of parental examples of reading and • 
success in education, and. the lack of : stim\SLation to achieve are all 

parts'. of this. non-partjLcipation in middle-class culture. . J 

■ . * ■ ■ 

The culturally disadvantaged group consists mainly of urban. . 
I ' ' ■ . - ■ — ■ 

slum-dwellang people, particularly because the Uni^qd States population 

is becomijig increasingly more urban. This faeK; does not, however, preclude 

inclusig^ of such marginal subsistence groups as segregated rural Negroes,- 

dwellers in the depressed areas of Appalachia/ and many American Indian' 

groups ^rom the ranks of those described as culturally disadvantaged. 

11..^ Contributing . Factors , * ■ . /„ 

if we look *to the- home and environmental' circumstances that influence 
these children in ways which are apparent at schooJL ^ntry, .the physical 
living -conditions as well as the quality of the parent-child interactions, 
are most striking. There ^e, of course, exceptions to these observations 
sa t'hat rash generalizations should not be made. ^We mention some of the 
more, salient observations in order to alert the reader to these factors. 



A, Physical Living 'Oohditions ■ ' ' - • . 

^ / - r . 4 . 

The living conditions provide a paniciilal* kind^ of setting within 
which the parent-child int'eractions take place. The crowding of. dwellings 
in disadvantaged areas of large cities allows for little privacy, solitude, 
or quiet. Not only are there likely .to be mariy people occupying' a ^nall 
apartment, but the xiwelliiig unit? are close .upon' each other. In other, 
words,. the density of people for the physical space-is very high. What 

? this means for a young' child is that he has. almost no place to play > 
without, being either "underfoot", or out on the' street . He is constantly ^ 

. subjected to noise from the family, television, neighboring households, • 
■'and street activity. ' ' • * * 

' ■ ' The child in the disadvantaged home is not likely to have books or 

magazines .available to look at. nor .to.^have read" to him.'" He 'is not likely 

to. have a variety of toys_ with which he can amuse himself nor toys which ' 

encourage sharing. ^The possibility of developing gross and fine muscle 

coordination and independent imaginative play fhrough' drawing,, putting, 

and building blocks, for example, aife' lacking. He is less likely to 

have been taken on trip^ outside the immediate neighborhood— to the zqo, 

parks, a farm, museums, or/ even to the "library." Thus, the experiences 

■of these^ children prior to school entry have been different frc& those 

of chi'ldreiv^f middle-class fajidlies and much, mo r^' highly restricted 

in variety'; • \^ . • 

■ . .■. ' . . * ' ) .. . 

B. . Hostility of the .EnveLronment s 

- In the above s.ection the typical household situation was describe'd. 
The character of the neighborhood, as the brp^ader social setting, also 
.influences these children in ways which are apparent at school entiy. ^ 

■The environment of the disa(Jvantaged'is described as hostile" because ^ 
of the higher rates of delinquency, disease, .and death in.tfieir neighborhoods 
Whether or not these conditions can; be called -hostile, ihe following 
conditions are, at the least, txot /conducive to .moving outside the home dr 
.relating to the community. First, fewer ^public' recreational facilities 
are l9<tiated in these areas than- in areas .of higher, income .resiliences. . ' • ' 



1 ■ • ' ^ ■ / . 

For studies supporting these and the immediately following statements,/ 
^ee Sexton, Patricia C. . Educati6n and Income . 1 New York: .The Viking 
Press, 1961. ' ~^ • . • V ^ . 



Second, school buij^dings in' these areas tend to^have less adequate • 
equipment and. facilities for such aCtivi-tie§ as s;eierice and art / to 
mention two' of many .whieh. C0UI4 '"^^ ci"ted. Third, contaefs outside 
the immediate neighborhood have frequently been-; vith^ aut]iiority ' 

• figures--policemeri-/ welfare workers,, or school of ficials'. Thl^schooi ' 
is likely to be -associated with' this authority and resented' rather than' 

•considered an in5)ortant resource for.hfelp and' development df. potential . 

; Parent-Child Relationships • ' ' 

Since the basid. :^ajnilj5:unit ';amQ^lg many jDf the disadvantage' groups 
/does, not consist of faother.,' father and' their children, ?the effects of 
other x:on5)ositions of the family un'it must be considered. "^Iri manv of ' 
these homes the fathei- is not. present . The 'household often consists ^: 
,of mother, children, and' possibly other 'female .adultrs . such as an aunt ■ '. 
or mat-ernal grandmother.' There may be considerable instability both in 
the living; arrangements and.'in the adults in5)ortant to .the child. For- * 
. exajnple,. a iliaterrial aunt and, her ' childreg may move^ into the hVusehold 
if^ there, is -a crisis in thetr -lives; or a /child ma^' leave his mother ; 

arid move to a relative,' s home. if his mother takes a job. • , . ' ' 
■ , ^ ' ' '■ ' . . ■ ■ ' 

What emerge.s ds a fcftTri of '-extended, family" ..which provi^des "'a certain 
safety 'and secxirity, against what may be perceived as the hostile 'world/ 
What lack-.appeiars most ' significant, especially Tor the child'.-s school • 
perform^ce, is thtif of a directed interaction between' the afiult and 
the child.. The mother in the' culturally disadvantaged:. home is no^: 
likely .to- spend time in conversing with one -of her children, ^alone, nor .in 
sitting down- to teach ...him a specific ' skill such a3 tying his shoelace^ . 
Supervision of the child is handled by any of the adults available; 
by older siblings, qr none.-^ -"^ ' ■ . . . 

To clarify the tenn^'adult-child interaction'^, let us use two 
..typica^ .situations In a two-ye,ar-old* s explorajfion of his environment. -■ . 
He, may. reach ^or somethJ.ng hot,' or poke . a; finger .into the, eye of, his 
baby sister . ; Mother, who is . likely to '^'e ■ preoccupied with the sheer 
physical demands of life, does hot ex^ain why the child's behavior ' 
■ will.be harmful to him or .'the baby; rathe;r she will yell ats him, " . 
■"Stop that'. 'V or "Bad -boy!", or simply slap him. 



The implications of mother s response for the two-year-old are 
• several. . First, ' there is no verbal specification of what, exactly,* 
the undesired act was. He may interpret mother's slap as meaning' 
that reaching or touching is wrong- and, therefore, punishable\ Thus, 
there is no .opportuni-ty .'for learning a- discrimination between the 
act of reaching or touching and the consequences' of reaching for certain " . 
objects (in this instance, hot) , or touching (the baby's. eye). .What this 
kind of punishment *is likely- to achieve, if used- as the usual means of ': - 
.disciplihe, is' a stiflitig of reaching and touching.. This will eventually 
•diminish the child's curiosity by reducing his explorations of his 
immediate environment. . ' ♦ 

A sicond implication o^ mother's use of "Stop.'thaf. " or a slap ' / 

is that it does not provide a model for complex" verbal behavior, .The., 
Gh'ild needs te'listen to language forms in order 'to pattern his . own * 
language, both in terms of range of vocabulary and complexity of expression. 
Also, .'he needs the -experience of verbatlly expressing, his questions, ^ " . 
reasons^ feelings in order to learn to communicate verbally. . 

. .A thi'^d^ implication of mother's response in the ear^^ier cited 
^examples is 'fo^ the child' s sel-f -concept . If mother h^ said in 
response to hi s reaching, or -poking, l^^at a big boy you are^ to be able /. 
to reach so high (onto the stove ojr"into l:he crrb)'/ But, you must be V* 
careful a^jk hot things or baby's eyes," then therfe is some ''^increment " 
in a. pos:lmve^ concept, of 'himself . He is gromng and is capable of new 
accomplishments. By slapping or telling him that he is a bad boy, however, .' 
his image of himself is deflated. V/hatis likely to evolve in this setting 
is an image of the good child as one wlio stays .out of the way and. who is . 
quiet. ''This* is not the child who .will achieve In school through, high 
motivation' and striving. • 

■ ' * . • ' . ' '". " * ' • * ' 

A. further' point should be made about the relationships between mother 

and child as contributing to the child' s;behavior as we .see him at school 

entrance. If the mother has not had tnany 'years of formal education herself, 

slie v/ill be less aware of what experiences she could provide which would 

veyentualiy help her child in school. 

0. P.lanh\ng and Scheduling of Time. ^ . .. ■ ' . . 

A characteristic df many disadvantaged families, partly, related to 
hhelr living conditions and- partly related to ..their sub-culture, is the" 



lack of a fainiiy schedule or routine. Meal5* are not eaten at regulkr . 
times, .nqr is 'there a set bedtime for the children. It is seldom that * • 
the family sits <iown to a meal' together . 

.There are two effects of this lack of tin^e -planning aHd';i;ipytine , 
Vhich are likely to cause difficulties in the young child's adjustment 
to school. The f irsf^ has to do "-s with adapting to a routine and working 
Independently within time^ limits .■ * The second has to do with verbal ■ * 
development ., ^ ' ' . ^ ^ , 

; liet us deal, first, with th^ use of time. 'The child who has not ' 
experienced some scheduling of activities at home will not be able, ■■ 
without considerable help, to ^dapt to a school routine--a time to 
start' a .given activity , with tjae class and a time to finish up that ; 
activity wlj^n directed. This means less self -directiori and less ability 
to.Vork Independently. In addition, being ^on time 'has no meaning unless 
expectations have been established -that certain events occur at parlllcular 
times and some consequences may follow from not being on time. ' 

Without the experience of planning time and using^periods of time 
within the day for particular activities, the child is less likely to be 
able to 'develop longer-range, more abjptract goals ^which involve botK 
plaimirig longer blocks of time and sequencing time. It may well be that, 
the demands of career plans involving particular, steps both in the immediate 
and more -remote future are not possible without' these early experiences. 
Successful performance in specially selected courses- in hig"h school, along 
,with summer jobs' to earn money, iri order /to- enter college i-nvolves such 
sequenced," long-term planning.-* When a mother explains to her pre-schcJol 
child" that he may play with his friend at a certain time, after his nap, 

or when she says that he may watch television until supper at 5«30>.she 

• * • * , • ' • » ■ 

may be lairing the foundation for later longer-raiige, goal-oriented planning, 

• T^ie fact that the family does not sit down together for a meal or 
for' discussing the. day's happenings permits \fewer opportunities for ■ r 

•verbal interactioa. The .child does. not have the 'experience of hearing,, 
attending to, or participating in cqliiplex verbal expression, 'The child 
who "does" not pdrticipate with adults in such verbal 'interchange has little ■ 
opportunity to be heard, to be corrected,, and therefore to have his ^ 
language modified and expanded. • At school entrance, the child comes 'into, 
a situation where there -are expectations that he express his id^as iji 

'verbal interchange with an adult. The situation' i-s strange and' ^unfamiliar . 



He must learn .to adapt" to this new kind of interaction as well as to learn 
the language necessary in order to participate. 

In discussing the mother-child interactions earlier in this chapter/. 
it was. pointed out .that the mother does not use conqplex verbal' explanations •. 
in directing her child's behavior. More physical, rather .than verbal, 
means of discipline/ plus the lack of conversation among, family members, 
combined with the lack of direct teaching, contribute to. the development ■ 
of a child experientially limited in both the content (vocabulary, varsity, 
and complexity 'of speech forms) and the structure of such verbal communication. 

E.' Lack of Preschool Experience .. . 6 

A source of enrichment for some young children, though us\ially not 
for the deprived child, has jbeen a year or more of nursery school prior 
to" school entry. Since ^nursery schools have traditionally been privately 
■funded, therefore requiring tuition, they'have not,' in the past, been 
available to the disadvantaged groups. ' With the increasing governmental " 
concern for the economiq^ly , deprived segments of our* population, ■ such 
programs as Project Hea,dstart .will undoubtedly have influence' on the 
experiential development of these children. 

5ff I ' ■ Characteristics of Culturally Disadvantaged ' Children' • . • " ' 

▼ In .the two preceding s'ections we have described, certain characteristics 
of culturally disadvantaged families which influence their .children's 
behavior by the time they start school. In this section, . ^e shall . describe 
feelings and behavior of these children in the beginning school years ' 
resulting from the family and broader environmental influences. ' 

.A, Self Concept , 

■ ■ ■ ■ • _ 

Given the condi1;ibns of- a hostile environment, of; their families 
being the "have-nots" economically and .socially, and' of the lack'of 
ex^riences directly relevant to classroom learning, these children , ■ 
are not likely to have positive feelings about themselves" nor of society. 
Most crucial in- the context of this book are thefr feelings about /their 
competence for succeeding ir; ' school. For.'the -N^ro. . child especially, the , 
effects of prejudice, 'segregation^' and inferior status are likely to lead 



to negative feelings . of his own worth. .^^ These feelings, in turn, lead 
to little motivation or striving -for success since these children are • " 
•learning that their chances 'far success are relatively limited. * • . 

Since these children- do not have the basic skills or knoV-how for- 
.immediate adaptation and successful performance in the. classroom situation, 
*they. are likely to meet with frustration and confusion, if not failure, 
very quickly. Indeed, they may not be ayaire of instances in which they 
may have rejected avenues leading to success. The effects of such expei-ienc 
will further detract from their, feelings of competence. 

Somewhat less tangible, but worthy of mention, .is the observation 
that these children do not have as 'differentiated a selfrconcept as . do 
more privileged children. By differentiation is meant the perception of . 
one*s self as a unique individual ^with certain characteristics, preferences, 
and wishes which form an identity disxingui^hing one from others. Hiii^ * 
reasons suggested for this lack of c;;learer differentiation are ■ negative . 
That is, there is. not an intense relationship between a parent andean ' 
•individual child In these families, nor is the frbatment of a given child 
individualized. As a result, these' childreh display less self -concern, 
less coripetitiveness,. and less motivation for. self improvement. These are . 
facets of intrinsic motivation which many teachers rely on to keep children 
in a given task. 

There is a special problem in. the development of a self -concept in;*- 
boys from culturally disadvantaged homes. This arises from the lack of 
a stable father. As pointed out earlier, in many of these homes the ■ 
father is absent. There may be adult males- in and out of the home, but 
the presence of these potential models is liicely to be temporary. ^ This 
situation does not allow for a stable relationship with an adult male 
v/hom the boy may use >as a model for .imitation and identification. ' The - 
adult males with whom the child does have contact are generally not those 
presenting a picture of responsibility or successful achievement as 
measured by the standards implicit within our schools. '" 
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For a detailed discussion of this topic, see Ausubel, D. .and Ausubel^ 

Pearl , "Ego development among segregated Negro children,", in Pas sow,' 

A. Harry, Education in Depressed Areas . New York: Teachers College., 

■ Columbia. University, I963. 



. ^ ■. B: Language , t, 

. The language T^th which the cultiiraaiy 'deprived child comes school 
is likely to . be' different from the' morfe . advanteiged ;child* s in two ra^Jor ■ 
ways. * -Thd first is^ in the quantity of , verbal exjpression, andHhe second • 
is in the quality of verbal expression. 0 

Cohceming quantity/ chiJLdren from disadvantaged homes tend to' speak ; 
in'l short phrases. A monosyllabic response to a teacher's request or :* . 
question is typical. It is not uncommon to . see kindergarten children " " ' 
of this group^ sitting side' by "side at a table in a classroom and not' . 
'having any verbal 'interchange at all.. In certain pre-sdhool enrichm*n.t ' 
programs it has been found necessary, in meiiy. instances, to encourage . 
; a child to express himself verbally by talking to an imaginary person 
oyer a toy telephone before he is able to. speak .directly with lanother ' 
child or with a teacher. ' 

■ The difference between disadvantaged and more, advantaged; children 
■is less likely to be seen in verbaf labelling. That is, children from • " 
the disadvantaged groups can give' names to commonly seen objects, ^uch. 
as a" dog, pencil, -box, key; If the object, or referent'-, is rarely 
experienced in low income. environinpntsy '(e.g., "nest" .vhicb is experienced^ 
in rural environments or, "giraffe" which 'requires book's .or a trip i:o 
the zoo)-, these words are not likely'to .be known by the , children , ' 

The major qualitative differences lie in the^ elaboration of langiiages-- 
ih complexity of grammatical expression *and in 'the more, abstract language, 
.which goes hand in hand* with conceptual development. The experiences of 
these children have not prepared them^ well for simple classificatory 
behavior, such, as comparing toys or other classroom materials on- such ' 
dimensions as size, ^ shape, color, number. They' do *notJjav« the; vocabulary 
for exps^sing such classifications or comparisons, nor have they'had 
experiences which have made them attend to the attributes of objects, . J 
Children from the middle class, both more 'experienced verbally and more ' 
aware of abstracting from attritiutes,' a^e better able to state a concept 



^^Th^^ discussion will not deal .with the child from a non-English speaking 
home since t^is presents another kind of language, problem beyond the ■ scope 
of this section.. ^ . ■ " - . , 
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Explicitly when- given "pictiu-es all of which fit that ^concept., , On the jj, j \ , 
other hand,- lower-class children- u«e more concrete attributes and nol? ;. 
necessarily the essential • ones .- .To illustrate this idea, John . studied 
a'group of: Negro lower/and middle-class first . graders . She presented 
•them ^-d.th pictures of four men at work: " a. policeman, a doctor, a f^^ariner, 
a sailor. /The middle-class .'children more frequently said' they. y^r^,y 
alike because -all were 'Wn^'p^IVeopl^^^ which are 'category label/s. 
The loVer-class children" focused onAion-essential attributes^ with/ spch 
statemeTits. as "look the same",* . "like each other". 

C.^ .Sensory development 

• . •; Lacking the experiences "of attending to :a:ttribtites of object^ as 
discussed in the previous section'and lacking th^ experiences of looking, 
at books., these, children are 'not likely, to be as ready for th| dl'scrimination 
and, attention demanded by. printed Inaterials . Teachers ."workin* wxth ^theW 



children have found, that they are easily confused about the taskj to be 
done by. many picturesj or -numerals on a 'page; they .qui, ckiy lo'^e their places; 
one page in a wo.rkbodk is readily confused \d.th another which has similar^ 



elements^ 



' V/hether their eye-hand coordination\is less well developed,' is not 



as-- crucial 'an issue hei^e^ as the fact, that they have not . had the' opportuni tiles 

to use .pencils, crayons, and scissors. Their experiences in seeing printed\ 

lines and pictures" vathin books and finding- meaning, from them are. limited. \^ 
■ *■ • • ■ . . , ^ . . 7 - ' \ 

. '^In the .area of auditory, discrimination) the disadvantaged child \ 

does" not attend as well to teacher directions nor to her instruction, 

probably. for two reasons; First, he is^ easily distracted hy extraneous 

sounds or activities. Secondly, • and partly resulling, from .the first; 

he is l/ss able to discriminate what is the sound to .be listened to. from ' 

the noise v;hich impinges. - • . 

•■ :•/•.. •. • 

^D. Motivation to achieve school goals • 

■ - . . ' ' ' ' ■ ' ' 

Considering; the" picture pr^.sented of the pre-school environment ^of a 

child, from a disadvantaged 'group and knowing, the expectations of the school 

• • ■ • - ■ ■ ■ . . " ■■ , _ ■ _ ^ ■ , ' ■ ._. 

for task-oriented activity,, the discontinuity between the two settings 

. is striking. The . child has much to "unlearn.", as well as to- learn. He 
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must:ieam the expectations of the ■ .dhool/ and especially the demands. of' ' 
his teacher, without considering content learning at alll /■ - 

■ Much has-.been written on the, antagonism and defensivehesZf ' ' 
lower-class- f allies toward the schools and of the discrimination (often 
unconscious and unintenfidnal) on th,e part of the' school in dealing with^ 
. lower-class, parents and children. ' The work of understanding -such attitudes 
_ on both mes is not" to be minimized. Quite apart from such factors, 
however,. the difficulty in transition for the child .ent'ering sch6or can' ■ 
readily be, seen. He often. Tacks the longlrange. goals which can be achieved 
through school success, J. well a, the intrinsic motivation to- learn for - 
self-iinproveraent J ' ■ - ^ ' 

IV « . Implications for Teaching j. ■ ", 

. In the previous section of this chapter, a' picture was. sketched of . 
. the child-.from a. disadvantaged group" at ■ the time he entered school." In' ' 
.this section, an attempt will. be made to apply' the understandings derived 
from the. description of contributing factors and resulting characteristics 
...to the teaching of disadvantaged children, fn order to.discuss teaching ■ ' 
-references .Will be ma^e to. the performance, of th^^^idren on school ' " 
tasks and in test situations. >■ — ' -\ /. ' 

■* . ' 

A. Implications for .Teacher Attitude . ■ 

It is very important -for a teache^ in the -primary grades to be aware 
that. the performance of these disadvantaged' children i,n their early school 
years is not necessarily a good indication of' theii- potential . Their' , 
.•earlier experiences have not well prepared .them for : the -demands made by' • 
the school; therefore, they are not as ready for .school. .It should be ' 
kept in mind.that their rate of learning can be very rapid on -tasks which ^ 
do not depend on p'ri^or learning that they have not had'. ' ■ 

. . ^" ■this- same veiri; -..test re^^^ . 
conte^ of your knowledge of these children. Specifically, -there are a ■ 
number of facets of standardized tests and of the testing situation ~ 
which contribute to. their poorer performance . ' First, we can go back to' 
the Visual and auditory discrimination limitations discussed in Section ' - 
III of this chapter. If the test directions are' presented verbally the ' 
child may not clearly understand, what 'he is, expected to do-assuming ' 
that he is able to attend .sufficiently long to hear whaf is said. - Then 
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assuniing that -the test is group adininistef'ed, he is. exp"^cted to use a. 
Dencil to mark .certain symbols on a paper or Booklet which involves both 
some dexterity in using the' pencil and making rather fine .discriminations 
ajnptig^ the symbols on the page. Ih addition to* this/ the relatively short 
attention span of -yiese children compounds to the problem. 

.A test which is timed-adds another factor, contributing to the. poorer 
performance o£ drs advantage children. These childrerj' are not accustomed- 
to working within a time schedule as many middle-cla^s, childi'en are. 

Other factors that contribute to poorer test performances of this 
group.are parti culaig^,. relevant to intelligence tests. These are lack ■ 
of practice- or test "know-ho\^*^ lack^fv motivation to do well, inadequate 
rapport with- the examiner, and the cultural loading ^ of the t^sts 
themse.lv,es v/hich 'discriminates against theqe. children. . . ' 

This discussion, of the factors influencing test performance is placed 
.under the heading/ "Implications for Teachfer Attitude",'' for the-.purpose of 
increasing* your av/areness. t}:iat. a set of test*' scores dc^s nat' permit., 
accurate judgments of what the capacities ,\j.eaming rates, or potential 
performance of dl^sadvailtaged children may be in the futul'e. Such test ^ 
scores give inf omatrort on how "a 'g^iven child is performing ■ at a parti'cular 
poiirT in time. How the same <:hild might perform given ■ opportunities to 
-compensate i^or some of these limiting Conditions . is a major challenge 
to> the schbfes at pj 

The final admonishment cbncerhing attitudes tov/ard the culturally 

disadvantaged chil4 is to keep in-mind^his earlier experiences . which may 

make for difficulties in his relationship to you, -as his teacher, in his 

adaptation to the school routine, and in his unfamiliarity with the 

work e:':pected:' , * ^ . . ' - * * 

• ■ . ^ . • , _ 1 ■ 

■ B-. ". ImiDlicatiGns for Teacher Behavior ^ ^ . • . ' * 

. ' . f.' . / ■ ■ 

Given some knov/ledge of the background and resultant characteristics 

' oi; disadvantaged children, wljat can a teacher, do to aid in- their development' 

and school progress? Four suggestions are given here which, it is hoped, 

vill'^: provide guidelines for your v/ork and relationship to them^. ' 

The Hrzt cuggection, and perhaps the' mo st-^import ant, is' to -maintain 
a ■•Arm and supportive relationGhip v/ith these' children. Although this 



5 of these limiting Conditions . is a major challenge i 
■^^seht, in attitude, as* well as behavior, ,,. |. 



,may sound like an oft-stated platitude/ it is particulary important ' for • ■• 
the groups that we are dealing with, and it can be acted upon in a varietj; 
. of m^Aningful ways.. In as many ways as possible,, provide experiences which 
will-enable the- chlldren/to be successful; ' Conversely, avoid situations , 
. ; that may. produce frustration, and failure/ These children need the . ' 

reassurance, that can be afforded by your attention and, by regular and ■ • 
frequent praise. Their need for experiences in successful completion ' ' , 
ot tasks, ideans that you must. be careful and discriminating in what you " ' ' 
ask each individual to,dp. -For exa^.le', suppose ' you ask, John to pair . 
the- . members of two set & of objects, at the f lannel/board, and he is ■ 
. unable to manage thf^- task. ■ You then ask An^ to go .up to the flannel - 
board to help John. Do not allow/ Andy to- take over and complete the -task. 
Make certain,that whai,. Andy does is_ helping, by doing one pairing only, ■ 
and that it is John. -who actually, completes the task, successfulijT. ' ' 
■ • The variability ifl >erfonnance level : of .children in these classes, 
.which will be discussed in ^pendlx C, makes it .imperative that you dell^ 
3 .with disadvantaged childfen individually and that you assure each child 
the experiences of completing his work, with expectations of success, at " 
whatever his current level of performance. ^ ' 

The next two suggestions concern 'your own langvTage. and your- ■ ■ . . 
encouragement of the children's verbal expression. Given their ' 
limitations in .auditory discrimination .and their inexperience with : \ - 
;.more complex ■ language structure, they may not 'be able to. under stand 
y(5ur language easily.^ ills will be particularly true if you use- long,' 
complex explanations^ or dire.ctions. Tfaey need short, ".simply stated 
directions until' sucji time that-. they are able to understand more' complex 
jerbal...expressipns, feel more certain.- in their relationship to you, and ' 
you are sure they- are- able to perform what is .being asked of them/. 
■. ' Complementary to^ the suggestion concerning your, language is that of' 
^encouraging the .children's verbal expression wherever possibl^-. ' They 
need the experience of expressing,, through words, their ideas and wishes- 
-to you as well as to. tHe other children'. ' There are many ways in .which 
this can be acco'mpli shed; only a f^w will be -suggested here! By asking , 
■ children to describe objects ^the ■ ^bjects being used for set construction, ' 

the toys they .are playing with^ .the" pictures -they have drawn-),, you- are • 
. both encouraging verbal expression and .making, them aware of Attributes 

or properties (colof, texture, size).- 
f • 
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' . * ^ Another. device "which has betsn found very' helpful is the use of word ^ 
problems., .If the teacher starts telling stories' which« have problems/ ■ 

... in them which "she expects' the children 'to answer verbally, she can> soon 
get the children to make up such problems for the class to answer. 

\. The. last suggestion, keeping the children involved, is certaii^^y 
applicable to all children. It is .especially important for* the di'saplvantaged 

•children. Your knowledge of these children will be of great assistance" 
in this, as will the age of the chi-ldren , With young children, you c^n * * 

* use many sensory -motor experiences for teaching; there can be much more ■ 

activity involving concrete materials from which abstractions can be made, 

• ■ ■ ■ ' IT* , 

• In summary, start your teaching at the level at which the ciiildi:^ri 
.. ' • ■ .. • • . • ' • ' ' *• ,. ■ 

are* able to .functi^on, i:\se. their assets, and maintain a hd,gh (Level, of 
aspiration for yourself and for your pupils. . ^ . , f 




. ' ' CHAPTER 1 " • ; • x . 

, ''sets . ■ 

IHTROIUCTIQN ^ " . ' . • . * • ' t ~ 

• ' Tliere are\a few ideas that occur over and over again in mathematics; 
■one of these is the concept o;f'7^^'^' ifhis concept occurs, for example, in 
•dealing with sets /of points, sets of numbers, sets of objects. The. most' / 
g^peVal of these, of course, are sets of .objects. From these sets we .v 
ultimately , extract the concept of numfjer. Thus, sets help form a primitive 
b6LSis foi* the ,nuijiber- concept and serve as pre -number ideas, 

mT IS A SET _ • . . ^. ■ . " ' ' 

In spea}cing of ■ collections of objects, special words may be uged with 
reference to speciEil. collections- such as: - * • ' « .. ' 

. herd of cattle (set .of cattle), ' ; • . -> ^ • 

flock of . geese- (set of geese), . ' 

pride of lions, ('set of lions.), . 
-navy (set of ships), 
' . span of horses (set of horses). . . / 



on 



Each of these may be equally described as a set ; a set is Justr'-'a:collecti 
of things; Some exiles of sets. -of things .are: , ' ' S 

the furniture^ in a*ro6m. *. . . 

the monkeys "in" the zoo, . . . ^ v * 

the doors in a room, ■ ^ 

the children in the class. . . ■ 

• "• 

the books in the- library. • • 

■ ■ ■ ^ ' ' ' " ■ ' 

Each object in a set is called a member or an: element of the set. 

■ If the objects' oh your desk are a pencil,- a book, a calendar, and a blotter, 

then each df these is a member of the . set of things on your desk; each child 

in yoxir class is a member of the set of children in your class. . ' . 

. A, set may consist of a variety of objects-. A "primed characteri^stic 
of a set is that there, is" a "method or^ rule whereby set membd^ship or 
nonmembership can be ■ deteiinined. Consider the following examples. . • 
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..• ^ 1.) Suppose we consider the set' of wheel toys. * We ask the .• " ' 
question, "Is a doll a membar nof . the set?" Since a; doll ■ ' 
. is not -a wheel toy, it. is not a member of the set; A 

. ' . wagon, bn the other' hand, is a member of the set, since . V 
it is a wheel toy. ^ . 

.• a.) Sx^pose we consider the" set of objects on. the teacher»s 
. ■ desk.. The criterion -for determining whether or not a 
-^particular object ' is 9, member of the set is, "Is this 
. . . object on the teacher* s desk?" ' ' 

■ : - in both examples, there is" a property that is shared by .members-' of . 
J the set that is not shafed by objects that are not members of the set. 
The •common' property of ■ being a, wheel toy, thus, is the rule that determines 
membership in the set in the" first example. The common property of being ' 
on the' teacher^s desk is the rule that Se^ermines membership in the;-.; 

second set .<"•.• ' ■ \ 

• . ..««.■ 

PROBLEMS * . ' . ■ ^* 

1. -What are the members of the. set of * 

. the Great -Lakes ^d)f the United States? ■ ■ ' . . . .-. , 

. . b. ■ the days oi* ,the week? ' • . ' . ' ^ ■ ^ . 

'c.;; the objects in Elsie* s purse? * 

.2. '^eterTrftne which of the objects listed below are' members of the set ;\ 
" '6f animals.' '•'»'.* y 

a. carrot ^' ' ' ' " 

. . .' b.. lion * . . . ' 

c . ■ tiger • *' . 

d. tree ° / , . V " ' . ■ 

e. cat' . ■. ■ • 
DESCRIBING SETS 

There are various' ways in which a set may be specified. In the case • 
of the set consisting of California, Oregon, 'and Washington, we may .specify 
the set by li,sting all the -members. . A class^ roster is thus a means of 
specifying a partiqular set; a reading list is a means of specifying another 
set.. If' the reading list • consists of the book titles, The Story of Plnfij 
'A Dajr in Maine, and Make ^fejr for Ducklings , ■ ve can enclose'^these titles ^ 
within braces () to denote the set so specified. Thus, 



^Solutions for .problems in this chapter are on page 27 ; 

■ ■. : ^ ' ' ^ '16 . ' ■ . 
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. {Th/'Storj;, Qf Ping , A Day in Maine , Make Way for Duckllnfe^ ]". , ' 

a nqtatio»>fbr "the set whose members are The Story of Ping , A: Day in Maine, 
a^d Make Way fd>r Ducklings ^" The braces are an abbreviation for*ttie >/ords 
"the set whose/ ii\embers are." Note that "t^e items in the listing are- ' -rJ-- 
separated by cWnas. . ^ . " • " 

• There are occasions when it 'is inconvenient or impractical to specify* 
the set by listing all its members. J!or example,, the set of ^all . stated 
of the United States requires a listing of ,50 states; *'the set of all 
inhabitants in.ythis United States may require a listing of more than 200 
million names. there is an explicit common property that may be used 
to characterize yae members of the, set, then such a description may be 
Adequate* Th^j 

{the states of the.'United Statesl . 

■ • ^ , ■ '. . ' 

specifies' phe set being considered. For convenience, we' may use a letter 
\ ■ -V * 

symbol to lab£]^..a--p€tf^tli^ set, and once- so identified., refer to this", 
set by ' its Igibel. Thus, i\ we 'agree 1;o label. the set of states of , the ■ 
United States by the letter \ A/ ''then we can write . . 

. .A = {states, in the' United" States) . . 

■'.,»■ , , 

Thereafter, the set of states in the United States may. be referred to 
simply as A. " Cqiiventionally, qapital letters. -^e used for this purpose.- 

We have mentioned that a class roster is a. means of sp.ecifying a ' 
pairticnilar set. ,Note thiat a child* s name is not. listed more i^han once in 
specifying the set. . Once he is^listed, he is designated .as - a mediber of the^ 
•set. ^ th^ same token^ {d^ e^ r) is the set of all letters in-^ the word 
"deer" as well as in the word "red". ' . ■ • • 

PROBLEMS " " , ' : 

" 3. Using a common property, describe the set specified by ^ ■ ' 
■ ■ ^ a. {Alaska, ■ Hawaii, Washington, Oregon, California) 

b. {Maine, Vermont, New Hampshire, ^ssachusetts, Rhode Island; » 
\^ Connecticut) 

c. {red, yellow, blue) ' ' / " ■ ; 

EQUAL SETS ^' > ' ' 

When we write^ • , • ' ' 

: . A =■• {states in the United States) ■ ' 
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we.meari that A and- /{states in the United -States)^ are syml^^ 
•..for .the same jthing.- . WJienever wa .use the .equal .si'gti "="'- as in 

■' ■ ■ ' V-:. f \ 

■ ve-«shail mean .that the. two ^sets of ' symbols^ are nmes'. for the same' thipgj' 

■ ■■ -in^^his case ■ ■" 5-'+-2" ^and "?" are both names for. the same numbfe-i / ', 

. ■- ^ - .. Notf.that Cthe.first.''5 letter^ of the English alphabet) is " 

identic^al vd.th {a, b> -.c, d, e). ' To' indicate that we, have one 'and, the' . ' 
same/ set, we' say that' t^ese are equal sets and we; write . ' ^ ■ '/ 

• . , .Cthe first 5 jjl^tters of the, English' 'alphabet )' .=^'{ a, h, c, d, e] . 

• In other words) if A . is a set and B is a set, then 

■ • ' ■ ^ ' • A' = B / . 

...■^ if bol^' sets have exactly .the same' members. ' ' ' ■ ^ . ' . 

■ Since the set .con si sting -of the members' Rosa, Eddy/ and Leon is , 

. identical with the' set consisting of the members Eddy/ Rosa,, and- Leon, 
, . . we can write ' " ^ ' ,. • " ' ■ 

■ . ' . (Rosa,, Eddy, Leon) = (Eddy ;^Rosa, Leon) . r • 

Ncjte thai' the order in listing the ele^nts of a set is immaterial in ' / 
specifying the, set.- 5he same set is specified by two different listings 
■of the same, members. 

.PR OBLEMS ; • . , . ^ . ■ ' , ■ 

• i h. Are any of the following four sets equal? . . ' a^ - .:. . . .. 

A = (1, 3, 5.) . . / ■ . • ;v . : . ' ■. y. 

B =^ .(numerals representing the first three positive odd tiumbers) : 
• C = (135) .... > ■ - . . 

D = (9) / ■ - V " 

E ■= (the;.- digits, in the numeral I351) . ... « * 

SUBSETS . • /. ' V • ' ^ ■ ' ' . 

•A set is a collection of elements. The selection of. certain- eleaents- 
from a given set will, fprm a set. . For exanjjle, from " - , 

• V • , . . = W e) ^ ' - ; '^^ - 

■. we lAay form -a set consi.sting of the elements, ' a, c;,.d^ , .. . ' ■ 

B.= (a, c, d). . • • 

^ . • ■■■ . ' ■ ■ / . ■ . ■ ■' ■ ' " ' , , ..■ 

■ '...V . ■ - ■ - ^■ 




ERIC 



We say that B Is a subset of Al Set B Is* said to be a" subset of a set 
A, if each element of B Is al^o an element of A. Th^s, 

(Rosa, Eddy} Is a subset of " (Rosa, Eddy, Leon) 

because each member of (Rosa, Eddy) Is a member of (Rosa, Eddy, Leon). " 
However, •. '. 

(Rosa, Anthony) Is, not a subset^qf (Rosa, Eddy, Leon), 

because Anthony Is not a menfl^er of (Rosa, Eddy, Iieon)» - 

Observe that If' . .. 

A = (a, b, c, d, ^) J'and B = (b, e, c, a, d) 

then It Is true that every element of B Is an element of A , (remember 
the ofdeir «of listing of the elements. Is Immaterial); so R Is a subset^', 
of J^. Slnc^ A = B, this , example Illustrates that one of the subsetis' 
that may b§ formed from a^ given "set Is simply the.^ given, set. This may . 
be s(3 tiaken for grantpd' that the need to make such ^a statement Is not at 
all apparent. However, this fact will have' seme undertones for us, as 
for'iexaraple, when we examine certain special cases for subtrkctlon. 

t'' ■ . r \ ■ . . ■ • 
t If . . ^ : . * > ^ 

Aj= (a, b, c, d, -^e) and B e (b, e, c, a, d) , 

• theh B Is a subset of A; . It Is equaliy'true that A is a subset of ' 

• B^ We can also, see that 

* ' IF A IS A SUBSET OF B 
* . ' 'IS A SUBSET OF A; .THEIf> 

PROBLEMS . . : * . . 

5, Which expresl^lon states t^t the .letter-. Is an element 
of the set of letters In the Word. ^Trlday"? \ , . 

a. y Is an element of (Friday.) ' . . ' 

(y).^ i,s an element of '.(Friday) * • o : . 

■' . /c; y /Is an element . of ' (F, r, 1, d, a;y)« . . ' - 

d. ;(y)""'i6 ah element of (F, r, i; d, a, y) . / * 

" 6. ;'tT9m,;.Harry} is a subset of , (Tom, Dlek, Harry), Name six different 
; 'subsets of v(Tom, Dick, Hairry)." .. . , 
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■A SST with pm MEMBEB AM) /TOE £^gTY SET ' ' — • ' 

. TJfie set of -ali: vowels in the woi:d ''cat" is a set with "just -one member, 
' a. That, is'^-tof sa^, ' ' . >^ 

. {the vowels in i;he word "cat") '=' { a] ► 

This is an exanlple af a set \d.th a single member. It' may conflict with o\ir 

■ intuitive sense 'to ^hink of a s.et with a single' member sj^ce, in ordinaiy • 

■ language^ the word "set" connotes more than one object in the ' collection* 

. An even 'more bizarre ^et that we shall describe is' the set that has no 

members* Both of .these mathematical' concepts—of a set with one member 
'•1. ■ _ . . 

• -and of , the set -With no members— are' convenient ones'i moreover, a vital ^ 

^ ' ,' 

question of logic requires the existence "of suci} entities* „ ^ 

Logically, unless the, concept of. a one -member. set is. considered,, it . ' 
would make'no"^sehse to come'up with "a" as the set , of all vowels in the 
wojrd "cat"; the letter, "a" does not answer the question: "What is' the 
set of all vowels in the .word !cat»?" Likewise, the same question of logic, 
m'ay enter into the consideration of the set with no members. A plea may 
be made that the question itself -needs to be teword'ed. " Instead of agking, 
".What is the set of vowels in the word ^cat*?", it may be more appropriate 
•to ask, "What is the vowel in the word ^-cat'?" This may sound sensible,, ' 
but it does require a prior knowledge of, the answer. Quit^. ^often, we do 
not know how many solutions we may have to a problem. With the understanding ' 
that there may be one, .rao^^ than' one, or no members' in a set, there would'.' • 
^ be no need to rephrase, the question each-time a specia]!' situation is 
encountered. For'/example, the question, "What- is the set. .of boys enrolled 
in this school?" might.be equally applicable .to the Yale, Columbia, and 
.Vdssar populations--or to one in whifch just one boy happens to be enrolled. 

In thinking . about a set with one member, there is a strong' inclination 
to think of ths set and the member that constitutes the set as one and the ' 
.saine thing and it is important to , distinguish between the two. A case in ■ 
•point might be ^ven, for example, in the cataloguing of. books in the school' 
library. Under the category of classics might be just the one book, ■ 
Treasure Island s By itse;.f, the book is not the same as the set of classics.-' 
If another book is added to the collection, tlje set of classics has changed;" 
Treasure Island has not changed. 



. yhe empty set'^js the set with no. members. Thus, the set of. all, boys 
enrolled in Vassar is an, example d^^Xithe empty set. The set of 'all months 



having nine Sundays is another example of the en^jjty-iset. There may be 
many ways of illustrating the empty set but any eJ^Snple of the empty set 
•has the same members as any other example of it because none of them has . 
any members. This is why we say the eippty set; there is only one such set, 
A notation for the empty set is ( 3. The empty space between ihe braces 
indicates that there are no members.lh the set» Another notation that is 
used for the empty set is the symbol With the first way of - denoting- 

•the empty set the question may arise-as to whether we" had forgotten to'ltst 
the elemei^^ within fhe braces. With the symbol 0 this problem does 
not arise, '* . ^ . ' - • . 

Recall that. B is said to be a'subset .of A if each. member of B- 
is also a member* of A, Another way to' say this is ■' ^ ' ^ 

. . * ' B. IS A SUBSET OF A IF THERE IS HO MEMBER ' ■ 

■OF b' WHICH IS NOT ALSO A MEMBER OF A. 

Both statements say exactly the same thing. A^a consequence of.Jt^e . 
second ^statement, the empty set is a _ subset of 

A = (Rosa/^ Eddy^ Leon, Anthony). ■ V, 

There 'is no member of ( ) . that is not also ai member ot A. ^The empty, 
set 'has no members. Thus, 'the 'empty set is a subset of every set, 

PROBLEMS . ' - ' ' 

7. Which of the following are '^qual sets? ^ ' . * 

A = (a,- e, i, o, u) • D = (women who are 20 feet tall) ■ 

B = ( ) . . *■ ■ E = (the vowels in the English. 

' C = (Monday}' ' ..alphabet) ' 

■ F = (the days of the week) 

8. Which of the sets in the . above list is a subset of another 
in the iist? 

■ APPLECATIONS TO TEACHING \^ \ ^ . ■ 

■ While both symbols, . 0 and ( ), have been used here to denote ^the- 
empty set, it is best to avoid introducing, too many symbols simultaneously. 
Since the braces have been used for sets consisting of many- members as 
well as for sets with one member we have kept to the use of the braces,.- 
( ), for the empty set for students in the/^primary grades,. This notation 
dogs have ^the advantage* of suggesting no metfKerfe.'*rn the set. . 



As indicated above, the set with one member iand the empty set ^ay 
not seem to be easy concepts to present. Many teachers have, however, . 
reported that child^n have been able to grasp these concepts .quite 
^easily, Sinpe these sets will ultimately be associated with-the numbers- 
- 1 and 0/ they need to be included in our experiences with sets. "There 
should be emphasis on the use of th?' article "the" in referring to the 
eifpty set.' As in many other instances, for this level, the emphasis is 
largely by precept and exajnple on the part of the teacher; there needs to 
be constant awareness of the proper use of language. 

Both the proper .use of., language 'and the deliberate stress on certain 
critical- terms are particularly important in view of the listening habits 
of some children. Some may not.be able to grasp all that- is said in r 
long expyessiops.' Some will attend to only part of what is said, Th\is, 
aside from the cavalier reference to "the" empty set" as "an empty set', 
there may bfe confusion between the. words "set" and "subset". Unless " 
conscious effort is made in enunciation, these terms may sound alike to 
the youngsters. In additiorf to marked effort in the proper use of • 
language, constant and natural use of new. terms throughout, the day as 
occasions may arise has been- found to be helpful.* For exaii4)le, there 
may be many instances of subsets that can be pointed out;. d\iring play 
period, • ■ ■:''-'']'',. 



. during reading, 
during 'music, 
and' so an. 



"a" subset of the class that is on team A", 
"a subset of. the ducklings in. the pond'', , 
"a subset of the class that is playing the piano",. 



Team membership offers excellent reinforcement of the fact that 
rearranging the members does not change the set. This is not an easy 
concept tO' teach and a variety of experiences may need to be provided 

J. 

leading to th^is notion* Some children are quite convince.d'that each 
.time there is a new arrangement of "the same members, a new set is formed. 
By way of illustration we might mention that the sam^ members make up 
the set (team) regardless of who is on first, base, who is on second'and 
so on.'' .If there is any change in faembership, a different team is actually 
formed. Another illustration may be given in changing seat , assignment 



in the /classroom; the same -set (class) of students is in .each' arrangement. 



Books 



•".be arranged differently on a shelf i. If there is no change in 



memberBhip> each arrangement gives us the same set of |)ooks. The students 
willVe faced with this conc^ agSii?! and again. For example, when, we 
begin to coii?)are sets of objects oir wheniwe partition a set into subsets 
to arrive at^.the concept , of "division, there will be opportunity to reinforce 



this 



lotion. 



We want t,o communicate: the concept that a . set is d^ined^by the members^ 
It dees hot matter how widely spaced these members, may' be • For exainple, * 



Ao 



is tie same set* of objects as' 



A^ainj.the illustrat-ion of team' membership may be helpful. Initially, 
we maJ; "choose sides" by grouping the members of each team together* Once 
the teiam' member ship is determined, the same members, constitute the same-^ ■ 
teai^i regardless of location of the individuals. The set of classics 
belonging to. the school library, for example, may be .Refined by the 
cataloguing. Some of these books may be clustered in groups fo^ a display; 
some may be on various shelves; some may be out on loan; spatial arrangement 
is imma-perial to defining the set. * ... 

Oui\ goal, through this discussion, has been to emphasize that set- . 

member shiLp is independent of spatial arrangement. However, we recognize ■ 

r ' . ■ . ' * , 1 

the intuitive aspects in visual, perception. In a vi'sual' displ€iy, ttie • . - 

spatial arrangement of a set of objectg^ may suggest a^natural grouping. 
^Thus the arrangement . . . . 



X X X X X 
X X X X X 



XX X X X 

X X tV' X 



X X X X X 
X X X X X 



might sugglest - ^ ' groups of ten objects. Later' on, when we examine the 
basis underlying our numeration sy stent, we do capitalize on this tendency 
to group oh' the ^ basis of spatial, arrangement. For' example, to arrive at 
a partic\alar decimal numeral, a set 'of objects may. be spatially grouped 
into subsets of 10* s ' and . 1' 5/; and sp on 




As was mentioned in tfie iptroduction, . we' shall iiltimat^ljr elicit the . 
concept of. numbers from sets of. objects. In particular, we shall associate ' 
a set with. one member 'the number 1. While it is true th'al^^set with one 
member r cannot ^be considered (from the standpoint of. logic) befoi^a person 
has a concept, of' Jhe number 1, nonetheless, it wilj. be fo ^^G^- ' Ll Sb ■•almost', ' • 
universally, the children will- al4i^ady. have "one" in their. vocabulary. .The 1 
word "single" may. cause difficulty .for .some children. From a teaching \ 
standpoint, we/may rely on using the^ words "one" and "a single" interchangeabl 
to commiuiicate ,some neededl concepts. Again> classes re^ficf differently to.'tlie 
situation'. Some t'eachers report success because the' word "single" has been * 
foreign^to the students* vocaJ)ulary. . ' ^ ^ 

- . ,.Alorig with emphasizing tjie natlcral use^- of language, we' would like to 
emphasize the natural presentation of. topics.. "^By Ws, we mean a de-emphasis 
on decree: 'that is. we do not wish to-say these are the things yqji must ' 
learn and this, is .the way you learn them! By natural presentatioa/ we also 
mean .minimizing forced-feeding. At*' times, it may appear that*teaching 
certain concepts reaches an- impasse. Subsequently,, in conjunction with 
presentation of some different, topic, some student's remarks may •■ reveal ' ^ 
that what had appeared to be an impasse before is no longer^ne". It is 
likely that -some incidental leaming--has- occurred^..., It is eG.so likely that 
there is . reinforcement with other disciplines that, together vith .the 
presentation, in i^thematics, 'help to bring the concepts into focus. There 
IS little need to insist on complete, mastery immediately. Oftentimes, it"" ' 
is best 1^0 proceed with other develppments when an impasse is apparent and 
return to^he topic sometime in the future; 



QUESTIOIT . ^- " ■ 

"How is i*t that the empty set is a subset of every set?" 

A subset is a relative concept in the sense that it must be ' considered ' 
in .relation*. to a given set. If every member (element) of a set B is also 
an elero.ent of a given set A^' then B is a" subset of 

Suppose A = (house, toy, . animal } • ' 

and B = [house, toy) , 



Since each element of B--nainely, house,' tby--is an element of A, B-.: 
qualifies to be. a subset of A. " 

■ ^ ' • . ■. 

'To say that each. element of B ls\ an eflement of A, is logically 

equivalent to say. that* there is no element of B that is' not an element 

of A, It is by this second rephrasing' that we can see more clearly that 

the .empty set is a subset of every set. Compare the empty set with 

A = (house, toy^ animal ) • Is it true that there is no member of 0 that 

is not a ^member of A? Certainly*, Compare 0 with B =''[hoi>se, toy}-. 

Is it true that there is no member of , 0 that is not a member of B?- 

Clearly, we can apply this criterion comparing ^ with any spt and arrive .. 

at- the sam^' conclusion. Therefore, the empty set is a subset of every setr- 

* ^•' ' ' ' . ^ ■ ' i ■ . ■ , . .' 

To illustrate^^we may consider the question. What i^-^j the- subset, of 

this class whose members wish to fail this course?" If there are ho members 

'then this particular subset is the empty set. - ^ V 

Another difficulty arises in connection with thinking .of a set with, 
a single member. Since a set is saicf. to be a .collection, ' the question is ' 
whether one can corisider a single object- a collection. • If we think of 
"all objects that meet such and such conditions" as an alternate way of . ^ 
determining set membership, . then the set of all vowels in' the word "red", 
consists merely of tlie letter ■ "e". . [e] is the- single member set^ ""^"^"^^ ' 

■ [all vowels in the word. "red"}. 

"S-. ■ . . ■ 

. ■■■■ <f • ■ 



Elements of a.Set*,- 
En^ty Set* . . ■ \- 
Equal Sets* ' " \ 
Improper 'Subset* 1... ' 



yOCABULARY 

■Member of a Set* 
^ Set* 

.Subset* . / 



*The as-^risk. indicates that the term or phrase .also" appears in the 
.glossary at ■ the. end of !ihe book.. -'C^ . ' • ' . 



EXERC?ISE3 - CHAPTER 1 * 

List, the elements of each of the f ollovlng sets whose descriptions are: 
a. {the days of the week whose "names, begin with tBe letter W) ; 
J), {positions on a baseball t^am) ; . r 

c. ' {months of the year whose names have less than^ six letters!.; 

d. [whole numbers between T ^and 8); ' ' '"'•^ ^ 
'.e. (the age On the nearest blHhday for the students In your classroom^ 

f. {the capitals of Japan and England) ; . *^ 
^» {the colors of the rainbow] • " - - 

Write a description of the set: 

a. {Alaska, Hawaii); ;* 

b. {snips, snails, pi^py-dog tails) 

describe the common property of the elements; of " {cat, lion, tiger). 

V/hlch of the following pairs of sets are equal? . 

a. {17) and {Tl) ^ \ > ^ - ^ : , 

b. {letters in %he word bundle) and {n, d, b, 1, u^ e) 

c. { q> 0) and {q, ♦ , 0) ' ' . 

d. {zero) and {peacocks' 'iaative to the North PdLe) 

e. {1, 2, 3, ^) and {a, b, c, d) 

f. '(are) and [era) ^« . - ■ . . 

g. {M, 1, s, p) and , {the* letters in the wbrd 'Ittssisfiippi") 

For each of the. following, decide whether the. statement is true or 
false ^d \diy. / ^ 

a. 3 is a subset of (l, 2,3). 

b. {ego) la a subset of {ego, Je, I). . ' 

c. It Is possible for a set to be eqiugil* to one of its subsets* 

d. '.: {ail .birds in the world V is a^ subset of {all. hens in the world), 

Given the set: A [rose, bee, tullp,^ beetle, detodellon), write the 
subset of • A described by : ' ' 

a. {plants) ; ^ .. 

b. {insects) ' / - , 
c» {singers) , , - . 



SOLUTIONS FOR PROBLEMS ..>. - - ,-. 

a. Erie, Hiiron, Michigan^f. Ontario, fen^ S\:qperior. .- i * 

b. ^ Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, and Sunday. 

This set is not well-de"fined. The' set of objects dej)ends on .which . 
Elsie* Even if Elsie is uniquely identified, it will be agreed that^ 
the set of ; objects changes" in ' time. In 'order to s^iecifjr the set/ 
it is necessary to consider a particular Elsie- ^t a particular,' moment. 

b, c, and e" " .are members of the set. a and , d are not members of 
the set because a carrot is not an animal, nor is a tree.' 

a. .{all states of the United States which border on the Pacific Ocean} 

b. ' {the. New England states) ■ .. , ' 

c. .. , ithe.primaryv^olors) . ^ . ' . . . . 



Sets A , B, |V^d E . are equal. No others are equal. ; C. is a single 
member set whose element *is the numeral for one hundred thirty-five. 
The- fact that no commas separate the digits, makes it different from 
1^'3/ 5.» contains the numeral for nine. Even though the sum of ; ; 
1, 3^ and 5 is 9^. 9.- itself is not another name for 1, 3,' B ^ . 
wdlild be equal, to ' (1 + 3* + 5) ' anjd 1 +, 3+5 would be 'the single 
element of . the ■ set*. The."^eason E is the same as A and B is 
' that .-the digits of ' the numeral ; I35I . are 1, 3, 5 and 1. Recall, • 
'however, that an element is not repeated in a set, so the 1 should 
..only be mentioned once.. ^ - ' 

c. only .'v a. ■ is incorrect because (Friday) is a single membet set ■ 
who sis'* element is the name of the fifth day of the week, which is.not ^ 
y. -b.- and d. are incorrect txe cause (y)- >is a set. Neither 
(Friday) noj; {F, r, i, d, a, y) . ha.ve any members which are 
■themselves sets^ ' - ■■ . 

(Tom'J; [Dick), {Harry), . {Tom, Diclf}, .(Dick, Harry), -(Tom, Dick, 
Harry) . ' • ' . 

A:"= E; B D ' „• • ■ 

■ . . ■ ■ ' . ■ ■ • ' • . ■ 

■ C arid B -are subsevts of F.' . 



. • . CHAPTER 2. • ■ ~ 

■ COMPAKENG SETS ■ 
BASIS OF COMPARISON .. ' ^ " • • 

• ' One of the way's that we have used to . specify a set' is to describe it . . . 
by the property that the elements have in cdnnnon, /This method of classifying 
^things can be extended to help di'^tinguish one kind of set ''from another, ■ 
Associated with, this is' the question^ ' "What characteristic does one set 
have' in commoja with another , set?" ■Essentially/ this . is a ^classification 
pr6*blera that is one. step reiilDved, from identifying the common property 
of elements" wlthi'in the set. For example, while 'the sets . 
• . A ■= (lion^ .tiger, leopard) - and^ C = (elephant, deer, cow, horse) 

are- not equal, both of these, are sets of/ animals, and may be 
'distinguished from B = (house, tree, salt,' ro.ck] . 

A further distinction mighl^ 'be' that. A is a set of .-carniVorous animals ^/ ^ . 

■ and . C Is, a set of heri^yorcus, airfrmals. The poitit is.tfiat sets' may be .• 
■ . . • . . .\ \ • 

compared with another, " 

■ OICB-TO- OHE CORHESPONKEffCE . . . \ ; 

■ One. way of comparing two sets is by an element-by-element pairing, - ^ 
-.^l^lkt Is^ -an element of one set^is pai^red with an elemeht of the/other ' se.t'w' ■•• 
•^o^ink■ca^•a pairing we shall draw a double;-headed arrow ^^etween the -. 
two members. Thus . ,v . • ' ' ■ /> ., ' ■■•^ 

" ■•-./ ^:.A = (tiger, Jamar, lion, leopard) ' , i ■- . ^ , ' 

: B;.= (house, tree, salt, rock J • ■ . 



shows that 



lion ' - . is. paired witJi ■ - salt; 

jaguar is paired with tree;" 

"tiger " is paired with ,^.'hous^j.. 

leopard' . . is paired with rock. 



■ Wher illustration oj, a pairing iay be given by-. . ' V ■ 

,^ . A •= {tiger,' jaguar, lion, leopard) . , 
• _ • . Br: (houseTti-ee, salt'Tr^ck) _ ' . . 

For ouB purpose, the concern is' not ao much that, "lion'-is' paired 
^vith '^rock^' as- that one member of. A is paired with one mfeiber of B ' 
-•Nptice that in pairing the elements of B with tho^ of ^ a; each element 

■ of. B is paired .with an element of A and each element' of A" is paired" 

■ .,'^th an element of B. . When this'happ.^ns, then.we^that the -sets match 
also, ve say that we have a one-to-on, correspondlSce between tiie elements 

_ of the two sets. It can be seen that whether we can get a one-to-one - 
correspondence betwe^ the" Elements of two sets does not depend -pn which'^ 
element , of B is paired witfe which element of .' A. For" example^' the ■ 
pairings may be established by either, of th^- diagrams' above-. In the first' 
diagram it is-easier to see at a glance that the -pairing is a one-to-dhe 
correspondence than when .the arrow? .are. crossed. ' . ' ~ 

OKDEBIHG SETS > " ' 'i - . '' ' ". 

. . In pairing the elements of - .A with tW of B (sho^wn below), there 
is a member.of. . B- which' is not paired with any.element of ' ^. TEis will " 
. be' so regardle..is of how^ the: elements/are paired; - In this case, we s'ay" '- 
that .B , has moye .members than A ., . ' ' V 

. , „ ' / h = (cat, dog/ moUseV 

■ B,= [Mary, John,' Bill, Peggy). ^ 

■ We 'can . aiso saoi^that - -a" has ~fewer membe^Js- than B. \Thus we can compare 
.sets- a.ccordingyc\three^T)o-ssible outcomes: .'- ' ' 




A * iMljches , B; \ - 

A - has more "'members •than B; 

A has fewer members than B, 



.Furthermore, all this can -be accomp'lished. without cototing. ^Suppose „ 



of seats in 



.C is. the set of- all^ children in the school' and 's is theC 

'the school auditoriu;. By pairing, we can deterinine withouJ Icoii^ting 
•..Whether. one set has more members than the other, one -set'. 'has/kwer members -^ 
•than -the other, or the sets match. .. '-':; 



PROBIEtC »> 

1. Which of the following pairs of set^ match? For those that do. not. 
match, state which ^et has more members, 
a* (letters, in the word "jgroup") and o, p, r, u) 

b. ' (23} acnd (232) 

c. > = (1, 2, 3, 5} and B= (c, i, e, f) 

' , d. B = (c, d, e, f) and C ? . (oyster, walrus,, carpenter) 

e. = (1, 2, 3, k, 5} and C = ( oyster^ walrus, carpenter) 

'2. S^ate ^Ay^we do riot necessarily have a one-to-one coirrespondence 

between the;ctiildren in your class and. their first name's, 

I.'' • ' , '. 

3w Show two different one-to-one correspondences between elements of 
' the foUowiiig pairs of sets, ' , 

a, A = (animal, vegetable, mineral)' and 

B =5* [hearrot, plutonlum, hippopotamus) ' . * . 

b, ^ A= (animal, vegetable, mineral") .and. 

. . C = . (carrot, plutonlum, beets] \ 

c, A = (animal, vegetatilie, mineral) and ,£ ,\ 
D (iron, gir&Cfe,Ttffrnip) * . ;. 

in one of tl^b 'aboVfe problems we considered three s^s,' A, B, C, 
where -.i.^ ' ■" V . ':*. ■ / 

(dyster, walrus, carpenter); . 

- ■ ^ \ :.■ . ..' • . . .■ ' 

Note, that A has more members than B : afl'd^tl^x-. B has more members 
■ ■than .cV 'iforeol«r^. it can W^^^^^^ A has more members than: C., 

This illustrates an important property .called the transitive property . 

This, propel^ dk/in^ortant because it provides-tiB with some means- cSff 
'•working with nvpbe^s later. The property^ may^. be. stated in general/^' 
^,.t^rm^ I as; follows:' * / ■■ 

'W.V. * IF A HAS MOP^. MEMBERS- THAN ,B, ' ' 

: * AND IF B H/I^ WRE MEMBERS THAN^. C, 
THEN A HAS,.MORE .ijEMBERS THAN C. ' ' 



Solutions- ,f or^ problems in this chapter are on page 39* 



This property is derived" without recourse to counting. ' The c6nclusion 
• sanctioned, by this property -^ives usHhe. coniparison of A and C ■ with 
, a set, B, acting as iniertle^diar>^ {\n a ^sense, it tells '.us how A 
.■compares with C .using, B. as. a "yardstick".) Clearly, a transitive 
property is^sipiilarly applicable, when A has fewer, members than . B, 

and;. 3^ l^ag,;feT^er members than C. That is> ■ . . V. 

:;• *' ' • . ' * . • 

IF A ■ • HAS FEWER ■ME^ffiERS than! B . AND - • ' ^ 

, ^ B .HAS FEWER MEMBERS THAN C, THEN 
^ • • A HAS FEWE^;MEMBE!RS, THAN C. 

Furthermore, a similar property holds when sets match/ as we shall ' 
show later. ■ . . " .. . 'vif^-^tr^'-^.r- 



. Observe that if. A has mor^"members thm . ' B, and if V h«s more 
member^., -bJian B, no general conclusion can be made J 

% %kinple, if- .A ^ {1, 2,. 3, V, 5.),- B = {a, d/e),' 'and ' 
.C= {oyster, valpis,.daipenter, cabbage), then A has more members ' ' 

than B, C has mpYa-.-m.^bers than B, .and' A >as more' members than C. . 
. ^ If A -;{l,2,3y^,^^,^ B= {c, d, e); and- C = {oyster,:v^alrus, 
carpenter, cabbage, king),, . then - A has more,^fremb4rs thah^ B, '.^ C has ' 
more members than. B, and A matches C. ' • . ' . ■ 

If A = (1/ ^, 5), B = {c, d, e); and G = {oyster, valkis^ 

carpenter, cabbage;- king, owl, pussy-cat), then A has more members ' 
•thanjB, - C . has\;ore!^members than B, and A' . has fever members than C. 



. Thus, if A has moilp^.members than B, and ' C. has more mem-bers*^.- ',, 
than B, it is possible .for A ' ■ to ■ha:ve more mepi^ers th^n C, to have' " 
. fewer members than ■ C, of5i:o. match C. So in this case^'caiinQt 
determine the order of A and C. * ' - . 



.. By the transitive lifejfeiity, we t}ave,a way of ordering sets that' 
do not matclj. If A',=' b''= ^a, b,xq_,^;d, e, f), and ' 

C = {2, 5, .,_b, ■■★ ), then as' A> has .fewer ineiitoers than- C ati^ C haS 
.fewer members than_-B, we 6an conclude that-. A has ' f eVer membi;vf jfcan B. 
Since A has fewer mejibers than B *e 4ght. order these setsf' ."A,' C, B.- ' 
■If D i {carrots, ^a^b^age, -carpenter, carousel, castenet),- we see ' ' 
ttat C has fewer members than . D ^and D 'has fewer members than* 
B. • fitere, by repeated, conipari son, would ^rdeped' between C , and ■ 
B. Thus we- might ora?r these, sets C, : D, .B.-' Of Wse, the Sets ' 

may be iordered equally well by the "more than" relatiop,. For our pilrpose. 



orderlng'by tiiig • "f fever than" relation\will lead directly to the . ordering 
of ntunibers aceordipg to -increasing size. 

EQmAiJsro SETS , ■ > ' . . - : • 

'One of • thfe'p'bsslble'.-outctomes from the pairing of the elements of two ^, \ 
s^ts is, that - the"" '8et's''matoh. If each element of *A -. is paired with exactly 
;pne..$lemelQt-.pf ; S- and ,n9'^;ele^neTit of B • is left 'unpaired, we ..say • that A" 
matphe's - Bv v- Mother way -.Cif. describing; tM^ is thaii the el-eipents . of the 
s6ts are in^ oqLe^to' - OQe corr'espo6den(^e A third way of saying -^this is that 



;..The .eqXdvalen6e ^rela^^^ If 0= (1, 2, 3/^"/-^ }/t.V^'v • ' / 

;-L;a ;Cq; d, e, if/'g}, ' and ; W<=. 'tpysJter, walrus, carpenter, ..Gal:b.age.>:''kiagl, 

! then B is equivalent to i.^. ■ 1/ '/,is- equivalent to and 'D*.'' is ecjuiyal^nt 

• ■ ''Ir. ■ " '.y-."' ' • . • ' * ■ ■"■ ^ • • 

■'"to' - W. ..yWe can say this in gerierjil for any three sets A,- B, and C: 

- ■ .(a) if' a is equivalent to B.iAM) B IS . . o / 

i ; , :■ EQUIVAI£NT-TO- C, ■ THEN. A . IS. EQUIVALENT 

<J ' • ■ * * ■.■ 

•■ ' ■ • =. TO C/ 

j 1. ) _ J. . . . . .■• 

|je|;j^us consider;'. the following sets: / ' i- 

A/" ' ../^aVU, 2, 3, 5} - V 

the following : , ' ' . 

^ . . • -7,'' ' ■ 
IW-A has more, members thar;i B '"'^k 

31 is equivalent to A ' ■ 

:.(3);^j^-^j^haS' more members than ' B ' 

'is equivalent, to . "B' ' . 

C ' has moris members than D. . ' 

-\ fn^getieral, we can say for any four sets A, B, C, and D 

IF. A HAS MORE MS^jBERS ' THAN B, AND 
" IF C TS EQUIVALEfl* "TO A AND D IS' ^ ■ 

EQUIVALENT TO . B, THEN C.^HAS.MORE ' ' • 
• .. V; . ..MEMBERS. THAN D\ / ' 

A, sintilavr^ statement may be' made in c5^"rinfect4.on with trie'.- "fewer than" 
relation. That vis, . tX'V . 



■A ■■■V. . 
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■• -I?; f^^^^^^^^^ A jm n IS 

.B5^AM3^ T0\7V THEN ,C HAS FEWER 

■ ^^lMffi!RS/^aAlI p.. . ' * ■ ' ■. ■ . 

In this manner, all 8^t«.m^\tsel:6^dered; sets that 'are equivalent belong 
in the same place In i;hk'()rder>Hx^- - ' 

For sets that .ares^qufvalent/ t are twp. additional properties ' 
that are of particular ^liitef]:^st;to%^ If A =■ {1^ 2, 3, k, 5) and 
B = {a, h, c, a; e], J^ferj.^^A is Vegiilvalent t'o ' B. It is equally true 
•that . B is equivaaent to. A;:(:We::e^ 'see that- by our pairing process, 
it must be true.: in general thatc-;! ' ;V> '■■ - • ""^ ■ ' •' 

(b) IP A IS EQUiVAlENT TO B, THEHJ ■ ; 

B IS EQDIVALENT TC3 A. , " 

This is a property that the "more tha^" relation does not have, .'ihat 
is to say, if_ A has more members thai B, then it is not true that: 
B has more members than- A. Nelthei{;:does the "fewer than" relation , 
have- this property. 

• If A = {1, 2, 3, h 5) and B = {3, 1,1^/2, 5), then certainly. 
A is equivalent, to B. .Jn fact, here, A.= B. Recalling that by 'i = B, 
we:iJie^ :that both A and B represent .the same thing (they ate names 
.-f^»tfe,.wne thing), it is cl^k2=-that a- set is equivalent i,€o itself.j 
that is, '■- . 



(c) A IS EQUIVALENT TO A. . ' • '^.'^^ 

This is another prc^erty that .the non- equivalent relation,^ do not have. ■ 
It. is not true that has more, members thalrf. A; nor is kt true that ' 

A has /ewer, members than ■ A. ; . .'. ' ', ■ 'i 

\ ... . ■■ . • • 

On the ^ui^ce, the stajbenjgnt that a set is equivaler^t to itself 
may seem rather- .^irivie;!. This 'is another of those statem^tfts that . . 
vill have some repercussions later when we deal with numhers*. It is 
^ not any more trivial than to assert that P 

2 +5 = 7 because 7 = 7.*' '\. 

Moreover, as was pointed out before, the last two properties stated for 
equivalent sets do distingiiish 'equivalence from non-equivalence. 



Equivalence relations* possess all three of the proaperties mentioned, which 
have been identified. by' the letters (a), ' (b),, and^' (c).. 



PROBLEMS 



Write the order of the following sete, beginning' with the set 
that has the fewest numbers. 

a'. A = (letters of the alphabet in the word "peacock"} 

B = '(letters of the 'alphabet in the word "letters") ^ ^ 
C = (letters of. the alphalDet in the* word "MissiStfeipJ)i"} ^ 
. D = (letters of -the alphabet in the vord "matheniati^pg:':} ,^ 
:b..' A= [1, 2; 3, .^}; B = (2, '3, 5, 7, 11, 13); ' ' ':. ' 

. C= (a, b, c, d, e, f); D. = '( h 

Show. how the transitive property may be applied to the following^ 
. sets . . ' . 

A = (lion, tiger, leopard, elephant, mouse cat] . 
B = (house, tree, salt, rock) " • • 

C = 



If 



(the days of the week) 
A, B, C are the sets defined in Problem '5, and D, E, F 



■are%the sets so that 

D . i's equivalisnt to A 

E is equivalent to B . 

F 1^9; equivalent .to C, 

". whatiiB^- th'e^ Vrder of D, E, 

I^^. V'A . ^haBi- more members than ^ f, 
'•Ti^?-^^ -^ICJ^^^ the most members? 



F? 



and C has more members tliapj-^^'A, 



8. If B • has more members than A, and C has more member^ than A, 
which set has the least members? ^'v y . c 

APPLICATIONS TO. TEACHING . ' ^ 

By ' the pairings that we have stated . above, one member of *a^ set is 
paired with exactly one member of a second set. Thus ,^ It may te possible, 
that we cannot corapj-etely pair the members. If .A l^^'-fe^ier members than 
B, there will be kt' least bjle member of B that Vri'il be left unpaired.' 
Furthermore, in a pairing, no more than one element of- A is paired : 
with a partilsulajT element of B. _So% if A has more elements' than B,' . 
there. will be at least one element of A ■ that will be left unpaired. 



35 



If-no-':elemen:t pf- either A' .b^ B. is left unpaired, then we have a " 
one*to-6pe correspondence: (abbr^^^ 1-1 correspondence-)-. ' 

There^^are many many -i-ci^^^ ' For exainple, the. . . 

rounding-off process is maflj^-to-one.. In rounding r of f-:>whole numbers to 

'the nearest tens, the numbers' ■ ■ ' . 

••■35, 36, 37/38, 39, hOy kl, ,^2/ 1^3, kk 

are either "o:ounded-up" or "rouhded-down" . to i^O. So this is a 
; ten-to-one correspondence. • 

:•• • ^Our maiii concern here is with 1-1 ^ correspondence. We use " . 

^;1-1 correspondence for comparing sets according to how many, elements 
they have.. This in turn gives us a' .basis for comparing numbers. Aside'" . ' 
from this, ther.e will be many occasions in the mathematical career of the 
students, in which 1-1 correspondence will occur. ■ ' 

The. students have been accustomed to thinking about pairs. of objects, 
that are alike, for 'example, pairs of mittens, pairs of-^shoes, pairs of ' • 
socks, and so on.;, In our examples we have avoided the use of the' word . 
."pair" in this context because we do not want this restriction to get 
in the way of the concepts associated with numbers and with .counting. 
Ih our development, we start ;with pre-number cohcepts^at.'. dp not require 
the knowledge of numbers. ■ From these concepts we derive the concepts of 
numbers. Our concentration on set-comparison by equivalence is to prepare' 
for the concept that if ■ sets are equivalent, then they generate the same 
number. . . ' ' , 

The word "equivalent" may cause .difficulty for some children. However, 
•this may be again a matter of individual reaction. ■ Some teachers have 
' found that 'some children apparently cope with this v;ord successfully 

because the word is foreign to the children's vocabulary. .The phrase ' 
. "as many as" is also used in conjunction \vrith developing the notion of 
■equivalence, -^e word^in this phrase are more easily handled, but the ■ 

longer phrase demands more attention on the part of the children . ■ Some 
. children may attend to. only part of the phrase. For example, in response 
■to the request to produce a set with as many members as a given set,, the 

child may merely produce one wi.th jnany members. 

• . . . ■ ■ I 
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The notion of. separating objects into equivalent sets or classes 
"also underlies our thinking of many names for a n\imber. For example, 

. • . .1 2 3 h ^ ' 

o ■ 2' 'S' 10' ; ' ' ... 

all name. the. same number, and we can think^of all these fractions as being 
^ the same equivalence class. Any fraction in this class is equivalent 
to janother and may use any one*fraction in this set as a representative 
of the set-. Usually, we choose the. fraction that is reduced to^lowest 
;terms as the repr-eseutative and consider that this represents the- number. 
But this is not always the case. For example, if we have the problem 

2 ' 3. 

12' ' 
neither jthe f raction ^ ^ 3 ^^^'^^"^^""^ repr^sentat.iyes for the number 

that we have in mind.. From the set of fractions for one-half 

.1 • 2 3 V. 5.- 1 ■ 

^2' V P 10' ' ' '/ ^ 

and th^ set of fractions\ f or two-thirds .• i \ 



4 



' ,2\ 6 £> 10 



f2\ 1^ 6 ^ 10 . I 

4/ ^' 9' 12' ,15' ' ' / 



we pick the convenient opes with' common denominator's to work with in 
our problem. Thus 

1 ^ 2 3 1 4. 2 6^8.. ■ • " 

. 2^i-i^-5 -2 12^12 

and so on. Out of these, the ones we consider to be the most convenient 
ones to use are the ones with the ^least common denominators. 

QUESTION * * 

— N 

"How does the transitive property give us a way of ordering sets that do 

1 

not .match?" 

This is in reference to the transitive property'tf "more than" or 
"fewer than" ( page 29). Taken out of context, 'the question would be 
inappropriate. For sets^that match, a transitive property applies, but 
this does not give , a. way of ordering sets" in the mannei;. that we have in* 
mind: according to the. number of elements. By this criterion, one 



set that matches another cannot he to have a .higher or lower order 

. than the other. .' . . ' . 

• ^ If A = {a, b, c,-d, e, f}. . • . ; ■ 

B = {ace, king, queen,' jack} . 
] ( • C = {book, wagon} ' 

D = 0 . . 

" . • E,= {a, b , c}, • . ; ,^ . 

then no t'wo of the sets match. _ Con^iaring A with B, we see that \ 
B has fewer members, thkn A. So, in increasing.'order of the number 
of elements, Ve have B, A. Comparing C, with B, we see that 

has fewer elements than B. By the transitive property, C has 
■fe>.-er elements ^than B aiid B has fewer elements than A, means' 
C has. fewer elements than A. Thus, in increasing order,, we have' 
C,, B, A,, -and similarly by repeating this process we can get the 
order 

"D, C, E, B, A. 



As Many As (As Many Members As)* 

Equivalent Sets* ' ■ 

Fewer Tlian (Fever Members Than)* 
Match* ' ' 



VOCABULARY 



More ^5an (More Members Than)* 
One-to>-0ne Correspondence* 
Pairing* . , ' 

Transitive Property 



If they do not, tell which set 

C = (cow^ tyee, blimp} 

D = (dirigible, trunk, milk} 



\ ■ ■= • ' EXERCISES - . CHAPTER 2 

If the sets.miatch, show a pairing, 
has fewer member^ than the crther. 
a. A = [ 0, A, ★ } ' b 

B ^ (X, I, V, M" C] . 
Order the sets^ X, Y, Z, ' 

= . ' Y = (3, 4, 5, 6} - z.= (789} " ■ /, 

* 

Gloria is taller than Andrea, and. Mary is taller than Gloria:" 
Can the concept of transitivity be applied here? If. not, why not? 
If so, what conclusion can be drawn? 

In attempting to place the elements of -P in. ^-1 correspondence with 
the elements of Q, . if we ryn out of ^nembersfo^f P before we -run out 
of elements of Q, what caij be, said of the relationship between- P ' 
and Q? . . .•■ 



6. 



The elements of which sets can "be put in a .1-1 correspondence?"^ 

a. A s {living human beings) B = {functioning human brains) 

b. C o {social sectirlty numbers) D = {income tax returns filed) 



c E » {consonants in "I") P = {women who have beep president 
of the U. S.) . . r 

d. G a {the human senses') H = {normal number of toes on a dog's 
hind foot) V 

Naxne three ways of describing the fact that ' A matches B. 



soLuriaNS for problems 

Thfese sets match. In fact they are equal, so one "natural" 
pairing would be to pair each member with- itself. 
These sets match. There is only one pairit^g;9ince each is a 
single member set: 



a. 

r 



i23) . . V^' 
[232] 

A and B do not mat<;h. A = {1, ?^ .•' ,'3^ \f 



5) 



2. 

3. 



• SinjHkthere is ^.'eleflienf'bf ' . A ■ left oVer 4n any pairing, 

/ ' ' • ■• -^gy \i .' \ ' .' ' * 

» . ' . .rA^'hM more mienjbers thisur B. \ '. :v - '■• : ,,> 

■ -'^^ ^ V,. ^■^"•'■...■^ • *^'V.''-: 

*rij:v'.B>r has more ^menibfers thanv' C. ' ■ .v. : ' 

^.-''''^^ ..... . - ■ ^ A- . ^ . ,;. ^ 

' iC*;" A has more members .than . C. 

There may be more thegi one child having the same first name . 

a. A = {anijoal, vege|»ble, iqJLn|ralJ 



B = 

A = ^ 
B = 

A = 
C = 

A = 

C = 

A o 

D = 

A = 
D = 



carrot, plutonium, hippopotamus) 

anlx^jOjVegetable, mineral) 
c6urroC7plutonium, hippopotamus) 

anljnal, vegetable, mineral) 
carrot, . plutonium, beets ) 

animal, vegetgp le, nd neral ) 
cariTDt, piutonium7"^3fets ) 
animal, vegf table, mineral) 
irSn, glrarfe, tumrp) 

L, veget able^ min eral) 
Ffe/t^ip) 
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C^^^lm, i, Sy p) '""^ 

a, vv-hV' e,,,..i 



3) 



The ■oyder'' requested Is; .C,. B, ■ A, „. D 



■^•^^> or D, Aj^;_C. - Since' B -and C are equivalent . 

sets, they must occupy the same position in anY\ordering 

Since ,.B has fever, members ;than' A . and A \ has fewer members 
than C, \it must be true that .B itas fewer members than C. • . 
or ' ,^ ' ■ *. . 

.C *has more members than A; A 'has more members than B. 
Therefore^' C ' has^inore members -Jhan B. ' 

The increasing order of A; B, C' . is B, A, Cy . D, E. -liid* F' 
must lje ordered E,,'^ .D, F ^because equivalent sets' must ' occupy 
the same position in any 'ordering. .> " ' 

C. . ?y transitivity, we can orc^er the, sets as B,. A, C, starting 
with the set that has the fewest elements..^ 

A. This is a case in which we cannot determine the order of ' 
B and C. We. only know that both jiave racjYe members than 



..." ■ . • . Chapter 3 , » 

■ WHOLE NUMBERS /' ; ; 

. NUMBER PROPERTY CF SETS • " • ■ ^'"^'c-''" ' . 

• .The- concept of number is developed from the concept of sets. In 
Ciiapte^ -^2 we compared sets on the basis of characteristics' which they 
• had in common. tVe also ordered sets.. In this chapter we shall focus 
our attention on one of these common propertie*^ and develop the concept 
of nunibe'r. . 

*■ Recall that sets caryte ' compared according^ to different criteria. 

5^t of red balloons anfi a set of red^ blocks share the commgn' cliaracteristic 
of color . v A set of blue blocks, . a s*et of green blocks atj'd'^S set" of red 
block;;s,;.at:e '.each composed of elements which are blocks. Jj 

.\':V -'inutile last chapter-,- • attention was given to pairing the elements of • 

^ .tw(i-'set"Si«V-:If^^^ one-to-one- corj*espondence; can.' be ;;"se^^^^ between the elements 

of two'-getsi? they were said to be equivalent. . For-'^e^xample;. [Leon^ Rosa, 

Eddy} is equivalent to (a, b, c} because their members can be paired 

with none left over. It is. certainly-^i(possible to name many other sets 
. . ' • ■ ■■ 't*. . ■ <■■.'■. 

, which are' equivalent to these; indfeed, we could never exhaust all the . 

■ ,. . . *' ' , _ . 

possibilities. These 'sets share .a common juroperty; that is that- they 
have the same .number of members. ^ . .-^ ■ 

Similarly the sets .;y 



[A 



D =• [Don, Len} • ' ' - Jt , . ^ 

are each equivalent to Jiny other in this list. Their. .sto:t:^ ,a ;coiim pi*oper1^;.v.^^^^^^^ 
of each having two elements. " r ' ' ^ '.■ ' :'ife;^>'*^*iv^^^^ 



< Every set has this number property. V/e call this characteristic th^ -^rSfr: 
■iriumber of the" set. ^ It is determined. by the number of elements* in;. the 



VSet^ which are equivalent have the same nvunber. To simplify the terminology, 
/,\we denote the number property of a set A as- nCa).. We can rephrase the - 
■^i-. statement -that equivalent sets have the same number by saying: 



.'i.^We. shall cair this the cardina:l number of the set. Cardinal number will 

\, '"b^ (ij.s cussed later.. 

\. ••• ■ • . . . ' . 

■ 41 . . ■ ■ . • • ■ 



. IP THE SEK A AND B ARE EQUIVALENT, 

THEN N(A) = N(B). ' . fj 

: Note that this does not say A = B The ^statement A = B is 'only true 

if A an4 B have the same ; members. 
' PROBLEMS* ^ ■ • ' 

1. - Describe a property ^ whilch the following two sets have in common with 

each other. ; 

^= fdoll, balloon, tinker toy) 

W = (block, wagori) . ; • 

2. Identify the number of/ the sets using the notation N( 
a. S = {b, d, f, h, j) 

^ f7. ") . _ . ^ 

;.c.'. 'A = {letters in '"abbreviation") 



3- Given: ' .r/>>. 



A =. {r, e, a, d) 
/ :. B = [2, k, 6, 8/ 10 12, 111) 

C = fO^A, 0, □ X) 

Find ■ a ■ 

a« N(a) :. 

b. N(B) 

c. N(C) 

d. N(D). ,r, ; 

ORDERED SETS. ^ ' > 



Frequently,- the elements of a ''set present themselves in a natural order. 
For instance, inost English speaking people would list fhe members of the- set 
of^fO^STTas {a,^, i, o, u). It is natural to. list- the elements in this ' 
a?der because this is. the order in which they were learned.^ It '1^ convenient 
because without undue checking ^one can be sure he has not 'omitted^W members 



•Solutions for problems in this chapter are on page 51? 
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'Similarly, it 'iS' natural tQ'^ list the mei|ib,eTs of the set of. letters "of 

■ . •• ■. '■ ■■. • ' .. ■ -.i^.', \ - . • ' • 

the alDha'bet as • -: ' . • '• \. '.V;^ •. . I 

^ \- ■• ■ . ■•' ' ■ ■■• • ■ ■ " ■■''\ 

la, b,'c, d, .e, f , g, h, 1, j,. Jc, 1,. m,. n:, o^. p, qy r/ ^s, t, • - 

V, V, X, y, Xlv. . ^"^'^ ^ V .■• • . ■ . ■ . . 

In ordinary v/riting ""^e write this set " as- " \. . *" ' 

[a, b, c, . , ., xj. . ■ • • ']<. '\- ^.'r ' " ■ > 

The three dots, . , mean "and so o%in the same manner" , They are used 
to' indicate the cimission of certain membisrs^. . ' 

' ■■• • ■ ' . ■ ■ ' ■ • , ■■■■ , V ' 

Essential^-, to "order;" things is to list^ or arrange them^in some 
part.icular fashion; One can then' say 'of each element-. which of the other 
elements it "precedes". We do this by comparing pairs^ of elements. in. ^. ' > 
the list and deciding, v/hich element precedes- the other. The word' 
"precedes", may be replied by "above", "below", "shorter than", "greater 
than", and so on depending- on. the elemenjis-'ito be ordered. ^ ^ 

y/^or examplis, consider the set of ijaihes • , " ' . 

■ (James, Wilson, Smith, Alton] , . . , " ' 

If v/e order these elements alphabetically we have ^ ' ■• 

[Alton, James, Smith, Wilson].. ..' \ 

V/e call this s^et an ordered set . " - » . 

^ ■ V.-- ■ . X . ■ ■ ' ^ . ■ 

STMDARD/^TS-; - J , ' ■ , ■ '-^ 

■ ■ r . ■ ■ ' ■ - ' • ' Vv , • 

^ Let us ■ e.^tablish sdme ordered sets beginning with the set llj. 

, / ■ / ■ _ ; ■ • . . 

V/e ■ ::ontinue ' .''■>} ' .■ \ : ■ 

' ■ \ 



■ and .so or. . 



V/e see. that 'each' of these sets is a-' subset of each of the following 



•fcets.-. .Thus, 



and so on . 



(1] is a subset of . (1,. 2]/. > • 
V (1, 2] is a subset of . (i, 2, 3]^ ■ 



By qomparing these sets, called standard can determine which • ; 

belongs before, the others in ordering, these sets.' For example,-' we- see • • 

immediately' that .[l, 2,-- 3} belongs before [1. 2, 3,^, % 6] in ordering 

• these' standard sets. i - ' 

■:■ ■ ^ . \ . - ■ - : 

• PROBLEMS . .. '.. ^' . • 

■' • " ' . ■ , , 

■f. For each of the following sets, state whether the elements are. 
. 'apparently ordered;, if an order is apparent, describe what^^iHight 
.. 'be the determination, of the order. ■ • • 

■ (1, 2, 5; K 5.] 

v.; (5,i^|, 3, 2, 1} ' ,. . 

. -T-^', -^^^^^^^^^ albatross, brain, bubble, gum, hmbug) • - . 

\ d.: , (student, teacher, princijoal, superintendent) 
\ e. ;( .{father>\ son, mother, daughter] 
'f. .(father, mother, son, daughter]- 

e, r, t, y,. u, i, o, pi' . 0:^ 

: • , h. (5,>, 4, 3, 2) \ ' . 

' , ■ ' . . - , '' ' *" • ' 

5- Given ah ordered set, ^- . ' 

. . • K = (thumb, index, middle, ring,, pinky), . ' . 

a. • gjibw the 1-1 correspondence between the, elements of H 
• '.and a. standard set. 

b. If . .S =■ (Dorothy, Rosie, Laurie, Nancy, Susan) . give a . sub'^t 

■ of H that is equivalent to S; what is N(s)? 
c^. Describe how counting on our fingers implies , finding a set J' . 

that is equivalent to a^tandard' set of number, naines. 
■CARDINALITY AND ORDINALITY ■ "~ ' ' — 

• ■ ■ - ,v ' " 

L^t us consider this sets 



t 



■ A = (Deane,. Leo] \ y * ' • ■ ' 

B = (Don, .Len]' ^ 
. C = (Ruth, Margaret}. . ■ 
^ - D f ^(Bl^ine^ IMi^^^^ ', ; ' ■ ' 

Each of these set£ are, equivalent to any other> since the elements 
of any- two of the sets can be put into 1-1 correspondence. Let us • ^j; 
consider all the sets equivalent to any one of these ''given sets, for 
example (Deane,^ Leo) . Among the sets ^equivalen^o this set Is the 
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standard set^ |l, 2). These sets all 'possess a common property: their 
equivalence to the standard set [l, 2], This property is independent* 
of the elements of the •eet^^ .v. ^a"""'call this common prop,ertyv"the n\imber. two^ 
Jfeit-say the'numb'er property of the' set .«vA' =, fDeane, ;Eeo] is- 2. We write 
this N(a) = 2. .This-number property bf a set is the cardinal number 
or pardinality bf'the set, and the aumber itself, a cardinal number., 

• SJrail^lyfthe number property of (l)'. is 1; of ■ [1, 2, 3) is "3j 

and so on .--VNp^i c^ that the number property^f' any staftfi'dard is the 

number named by the last element, in the set. The eiT5)t^ ■'iset i-s as^igne'i. 

. i^he^' cardinal ; number zero.;;?'5r^at. :'is . N(0) ='0, The worcfe" "one", "eight", ■ 
• ' • ■ ' 1 . . ■ ' ■ , ' \ ■ " ' 

•"ninety-nine", and .so .'on, are names of .cardi^nal numbers .-'This concept 

^ ' ■ ; ■ ■ • ■ • ' ■; ■ 

.'can be considered entire]^. -/separately .from the phenonfenon 'of » order,. ^' 
•a' ■ • •, . ' , . • ... 'f . ' ' ' ' . 

MucH^ has b^en saiii-rAbblit the ordering of s.ets and of elements within 
sets« ■ In this •m'erence, the words. £Q:'At and last have been used, The^iV 
fact that we can talk about the third letter of the' alphabet or the"'*' 
fiftieth state of the Union, depends on the ordinality- of -numbers . -.The. 
.words first, second, thirty-eight,^ and so on are names of ordinal numbers. 
These are independent of quantity and' can only b'e considered relj^tive to 
some frame of reference*. .That is, we cannot speak of 'the third qfi^rter ■ 
in a v^l.potball game vathout implying that;- there 'were a first and a seco^f^"'*'':.'^ 
quarter. However, the third quarter only refers to one of thp implied 
three quarters.' Both aspects of ' number are contained in' the statement: 
Jimmy is the third child of our seven children. Note that an ordinal 
number i-e qui res a set of at ' least the corresponding cardinal number. of. 
members. Jimmy is the' third child requires at legist a pet of three. i^' 
On the other han^ a cardinal number does not necessitate ordinality of. 
its members. The number twois the property of; (chicken, egg); the ■ 

r*' . ■ 

question of the ordinality of the members of this set has occupied'minds 
for years' 

* ' ' '.■ • ■ 

At this point, we want to remark on the commbn usage oi langi^ge with 

reference "to the ordinality and cardinality .of numbers. Quite- often, as 

in tjie.case of "Page "S"'; ^ numter is me.ant to be used in an ordinal sense 

even though it isvKtated as a" cardinal n^im"be^'> h The identificatioilv^ "Page 3' 

refers to the thi^pd'of a' series of pages rather than to three' pages. 



6. . Ide^ii^y/^each humb^r in the f dOaoving ;.a^ the use is '^^^ ' 

a. . ■:3^iWi'e are ^ blocks on 'il^e .tabre. 

b. . John is number 5 in line. ■ '. , ' • 
, c./J;ty address is l6h State-, Street'. ■: ■ 

d. Seventeen children are in "thiW- niAQ^, . ... * v^'rS' J. . 

e. .Joyce read Chapter '7 last nighl:;';. ' r.'"" ' : 

7. - Identifyyach number in the following statements' as to. whether the " 
• , -use*'is^vp^inal or cai;dinal% , .'. r 'V-. 

"Two of you;ia^^Grpi^^ have iUe" assignment " of iob^^^ up> 

. • ^ the history of ;i^, the ^ You will find that' of )tn; 

• thes^ ^ volume-sy'^o^um^ " /ij -I^r^. 2 ' contains material st&Lt:J-i 
will.be most helpful- to eithef one^'' gj'^you. " ■ ■ \ ■ ' ' 

FINITE MP IHFlMTE. SEtS " - ' • 'vr 



.;The set of cardiftal numbersy_^when arranged in ord^/'is endle^^^'D : 
..•Given;^any standard set,^ it :is always .possible -to find another set w^^.:;/'-./- 
^larger cardinaliiy. We say that the- set of <?^dinal numbers is .infinite 

; ■ '^''!^x^:^> ^^^^^ is equivalent to a standard,, set is called 

a-nnite words/ -if a set A is a finite set/ its elements 

can be counted/ and such a counting would conie^*t-a''^h- end: / 

■ Exarapiqs of finite sets are * . ' \. ' * 
. P = (a, b/c, .../x, y/z] • 

Q = (children in this class). ■ ' ' ' ' • 

• ■ , H = (houses on Main-' street J' ' •" • . ■ a . " ' . 

Examples oi* infinites sets are. ' • * 

S = (cardinal numbers}- = (O^ 1/ 2., '....]" 
, T = (ev$n/.pardinal^. numbers) "^:/;{0^ 2,k,\..],'.' 

ORDER OF mJMBSRS ' . \ ' • ' 

The numbers pamed by the set of 'numerals ' 
are c.alled the whole numbers. As in the •.ca?e..;p£'V^' ' . • 



.we have used the three dots to Indicate ttie oaission ctf, cert^tin element's.. 
The difference in the. use of. the thrqe dots in" ./ * . ■'.'';■,, ■'. •* > • 

■• * " . ■ (0, . ^ '\ . 

is that no end is indicated in' the list of \^ole "numbers. The set, of ■ .. 
whole numbers is' an inifinfte set.-^ ' \ . ' ' ' .. 

, ' • ■ . . ' ■ ^ ■ " : ' / n ^ ' ^: •• 

/ If^^^ro is omitted from the set 

•; , {o.;:i, 2, 3,- ....); /• : • . . 

we have the set of counting number g or. natural numbers . . Thus)rtKe set , c 
of -counting numbers is ' : • /•."v. 

Whble umbers can be; ordered , by me^s,.^ sets. Two' . 

•set's -such as ' A' • . ' ■ '" ^- -v ^V' .. 

-- 's; * . ; ' ■. .A= (a, b^ c> d, e) ' j.^ • 

:'>..v-* ' * ' ... «nd . ■ - ^ ^ . . . 

are equivalexit^r., Each ol^ these /gets is equivalent to the standard set 

Hence the--catdlnal number of .these sets is ' 5. . / : • 

;.■■■-■>••;■;'». . ■ . ' -."^ « •. ■» 

v;l,:^r V ' ■ .■ ^ .■j■■■ 

. ;If: a standard set S has fewer members than a- standard -^et P, 

-y^Vr---' ■■ .■ ■ - 
^"then the cardinal number of- S is. defined to be less : than , the cardinal.-^ 

number oyV;vP\ For exan^)!^ jly ^'g^. 3):v^^h^ {1, 2, 3, ^l- 

and henbe 3" is less than J.- We:*write this ' ' \^ 

The symbol meaifs "is. less than", :^ _ - ' , 

* . ' .." . ^ 1.'-. 

■^ When ^the^ elements of .*the/set . of-^whple number^ is. written iri-'ordep>'/. 
0, 1, 2, each number is' lesa than any number that .succeeds* it in the 

•sequence, -Thus; '■" . ■■ ; ■"..'I '-t' ' :>.-i..' ' 

Th■e.;fe•^tem6ri^^^ be wr3,1ften ■■ ' ' ,/ ■ ' 
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^ .iyAlci .15 TBad^r'^S; i s . . greater "•bhijEui ■ -3" . lihe Symbols ■;,,<:'. ^a^^ me^iri . 
'■ "is- le.as'.than'^-. arid ' te^kcpively:e . — • 



If v/e choosevany :j:v;o whole numbers a and exactly one '(5* the 
follov/ing statei^^^"t6'is true:'- 

■J i ' " ' ' • ^ ■ ' 

■ ^ . a<^b . ; • . 

■ • . • b • , . . .j^^: 

a > b. • " ' 



PROBLET'IS 



8. 'If S = {b; d/?^|;g, and A = [a, t)> r, e, /' 

X; '"t, o, .n], put^'the^sets in '^ijicreasing ''order 'and tlieri order 
their numbers, using th#;,§ymbol ' ' ^ . . 

_<<c^. Without knovang the humbers Of two s.qts/ say X' and Y/ . what * • 
.must.be true of N(X) and N(yJ? :-\ ' . .'^ 

. APPLICATIONS TO TEfcm!H(x " • * / • ^ 

The focus on. sets and other. pre-number concepts provides a back- 
ground., f. or the concept of number introduced in this chapter. If there 
is a 'Vyi ; correspondence between the elements of two sets, then tljey 
are said>^^5 be equivalent ar^d have the same cardinal numb.er ''Or the same ■ 
number property. To dete;rmine whether there is. a 1-1 correspondence 
, between- the elements of tt;o se_t.s, .^an: element of one . set im paired with ' 
' an element of the other sef. lfe^,,u'^-^ of the. word pair is non-mathematical. 
The two elements that .are associated form a pair. . . 

n _ . ■' ■ 

For <iur pui^ose, once a pair is so determined', neither of the 

" » . ^ 



. eleineTi;^s^ in-..the pair is to be . associated with" any other element to 
VX'form another pair,^ Thus, for A r=.[a, b, c, d] ^nd'\.B = d, • 

'A, O), if decide to- pair b with A, we hav^;;" 

• . *. ■ • A.^ [a, b, c,- d] • 

. i;f , in the attempt to get a . 1-1 / correspondence, b is paired with 
•',4; tr;isn . b is^^ot to be paired vrith any other member of 'B.'^ Neither is 
.A be paired wi,th any other member, of ' A. Thus we cannot seek a 1-1 
, aorrespondencf^ b,etv;een the members of A and B by. - . 



■A- 




[a, b. 



•T^.fir" 




•JO. 



Of cp\irse, • b may have "been, selected to paired vath::..'.;'^ at the outset.. . 
Then' b is not 4:o be paired Ivith O A, or O. Tn or is <^ to 

be paired with a, df:. d. The one-to*-many and- many,-tc>-one -carrespondenoes 
illustrated in these iast two diagrams as well -as many-to-mai^^^ c^respondence 
will*, be. discussed in the next chapter . ' ' . 

' ' Irv the children's bo6k9 the paj^rings are indicated by conneftins line^ • 
''from one object to another much as .we have i^sed the arrov/s on these pages. 
.'Special attention may need to'be ■ devoted to expl^inirifj the mbaning of thesS 

e'xtra. lines' (dotted or otherwise) ' on the printed page as they may be a 
'source of confusion. Having the chilftert- trace over'these lines themselves 
,may be Helpful. Thu^' they are actively engaged in connecting or pairing . 

the objects. For the same reasofi, active parti cipai^ion^ in pairing objects 

on the flannel board using yam to define tfe ..pairings wll be helpfo].. ; 

■ •■ . - 
.The pairings 'may result in exhausting the elements' of one set v/ithout •• . 

i 

exhausting the. elements of the other. When the elements of both sets are.: 

- ■ . 

exhausted simultaneously^ the- sets match.-' 

■ Pairing then refers to ^he elements *and matching to tne sets. 
When the' sets mat chj^. they are said to be equivalent. Thus equivalence 
implies , the same nunSber of elements. Note that equa^, sets are always 
.equivalent. Sets are equal-ifenly if ■ they have the same members; therefore , 
the number of elements must be the same. However/- it "is not true that 
equivalent sets must necessarily be eqi^al. {1, 2j^3j.^4-, 5] and 
(1, 2, 3, ~^r'^i — ar e e qu ivale r rl "bu L n o t equal; the re i. ^ — i^l coi ' respondcnGc . 
between the elements of, these two sets. , '» ■ ' t 

Just as the deterraina-tion as to whether 'the number properi^^es cf ■ . ' 
two' sets" are equS;! depends on whether the sets match^ the order of twg 
numbers' depends on. the result of set, coinparison . . If A has fever membe-rs 
than .B, then, N(A) < N(b). The characteristics ascribed 1;o numbers 
. derive from cTiaracteri sties observed .for sets^ not" the other way around.. 

' • Occasionally,^ a child may understand ^rl coyrespondence and the; . 
■process of counting, but s^iH may bfe unsuccessful ^beicause he canncftv keep ^ 
. track of what he h'ks counted and what he. has not counted. Sor such a 

child it may be necessary to actually suggelH: some systematic strategies , . 
in attacking the probl^pm.' .For exam;^e, if the objects are in a horizontal • 
row and he still skips aro^jid counting' the afcjects in* a random fashion, it 
/might-' be suggested that he proceed from left to right as in reaaLiie- 

■ • ■ •', • * • 



In counting, it .does not matter which element of a set is paired with 
a given element in the appropriate standard- i^et . The same number property 
is obtained regardless of the pairings used. ' By contrast, in._ordinal 
ms'e of numbers, it...is assumed that there is a pre-determined order in the / 
giVen set as well as in the standard., ^et;' That is,^ the elements are. " . . 
ordered by associating with each element as -the- first, second, third element, 
art so on, as, the case may be. The ordinal numbers .may not be in the vocabulaiy 
of some children. However, it has -been observed that many children' do know 
. what these, words mean. ^In such cases, apparently some incidental learning 
has occurred. ^ 

, QUESTION * . 

"What is the difference between 'equivalent sets' .and 'equal sets'?" 
If . A and ■ B denote sets, to say that A = B, we mean that A 
'■and B are both Wes for the same set. Thus, if A = {shoe, doll, wagon) 
■ and^,B = {shoe, wagon, doll), we can say that A and B..'are equal: 
■;. both A and ' B consist of- the same members. ■ ' ' ' 

On the other hand, the requirement for sets to be equivalent is less 
demanding: if the,;sets match, then they are , equivalent . ■ Thus, if ' 
A = {shoe, doll, wagon) and C = {a, b, c), then both sets have the • ' 
same number property (both sets match)'. Hence, A is equivalent to 
C :even though A is not equal to. C.'.If A is. equal to ' B, then ' 
^ A and. B^are . necessarily equivalent, A an^'^'^^K. have exactly the 

same members, therefore the rTumber, of members .are ^ecessarily equal. ' 
^If A is equivalent, to B, then A and , B are not necessarily. 
equ£L. Having the same number of members does not mean that these sets 
^ must therefore be identically constituted. 

• '■ ^ ' V V- - ■ : , 

VOCABaLARY ... 
Cardinal Numbers*. ' , . Natural Numbers* 

Counting Numbers* ' . Number Property of- a Set* . . 

Finite Set^' • ' _ Ordered Set . 

. Greater Than* ^ ; Ordinal Number ' ' ' 

. Infinite Sef*: . . . . ' ' Standard . Set s* ' ; • 

less Than* / • , ^^l^. lumbers* ' 
f • • . . ^ X - • 



57 " 



50 



.. EXERCISES - CHAPTER ^ 

1.^ Name the number property of the sets: ■ ' . ' 

a. { A, O, O] , d. (letters in the word "deeded"] . 

b. [2^-^] ' " e. . (the number of .vowels, in. "biireau"] 
(zero) , f . fcoiinting numbers le^s than l) 

,•2. Here are four sets: A = (a, b, c, d]. 

B =• (1, 2, 3) 

•c.= ( )• , " . . . ■ . " 

•V , \ D = ( a, . iS, 7} .• ' ■ : / {\ • . . 

Identify the number properties of these sets; wi^te all the 
■ relationships you can, using the numbers and the symbols <, 
=, >. For example, 3 < U. ' 

3. Suppose you, want to explaia,/'wide" 'to someone who speaks no English 
and you do not speak his language. How would you., go about conveying 
to hira the idea, of "wide"? ^ ■ 

'■ U., _ -M = (man; fish, ape,' amoeba, lizard) ' * * • 

Rewrite the elements of M in' some more intuitively logical orde*r 
and describe- liow it is determined. ^ 

5. List the elements of (9, 6, 11, U, 3,' 1, 10, 8, 7, 5, 2) in such 
a way that its number can be determined without counting, 

■-. ^ - ■ SOLUTIONS FOR PROBLEMS " ■ ' - 

1. Answers may vary; e.g., they are both sets of objects which are 

, • children's toys. ^ \ ' ^ ' . 

2. a. N(S). = 5 . 

b. N(P) = U ■ ■ . . ■ ^' 

c. Since A = (a,^,^ r, e, v, i, t, o, n),^N(A) =9.. 

3. a. U . ^ ' . ^ 

b. 7 

. ' ' '6 i* , ' 

• d. 3' 

U. a. The elements are listed in increasing order. . 
b^.»,.,^,JIiie elements are listed in decreasing order., 

c. These words are in - aiphabetical order. 

d. . This describes the positions in the ascepding hierarchy in 

a school . •" ■ • 

-•■■^ ■ " 5;. • 



Males listed. first in decreasing order of age and then females 
are listed,^.i?n 'order X)f age. 

Tva. apparent rules, of order operate here also. The adults ' . 

are listed before the children and male takes precedence over 

female. . *^ 

No order is obvious, so "not- apparent" wou].d be correct". 
•However, the letters happen to be in the order in which .1 

they appear on 'the third row of • a standard typewriter. . 

Again, no order is apparent. If the set' is renamed by the. 
.,words (five, four; one, .three, two), you can see they are • 

in alphabetical orderl \ ^ ' 

H = [thumb, index, middle, ring, pinky) > 



humb, ii|dex, middle, ring, pijiky) 



b. The subset of ■ H which, is equivalent to S is the' improper 

subset [thumb, index, middle.,- ring, pinl^) . N(s) =.5 

as pg.rt a. shows. , ' 

•c. As one counts, he is listing the elements of a, standard set. 

"When., counting on our fingers, we usually touch one and say a 
• number. This is pairing fingers with numbers so that the 

sets match. Hence we. have found a set, a set. of fingers, . ' 

which is equivalent to' {1, 2, 3). 

a. Cardinal ■' 

b. Ordinal ' . 

c. Ordinal ' ' 

d. Cardinal ' .n' 

e . • Ordinal' • . 

Cardinal numbers are: "two", "zero", "30"., "one."; those used as' ' 
ordinal numbers- are:' "Three", "17", -"2". ' * ^ • 

The sets in 'increasing order are. P,' A \ Since N(s) =5, 

. ■ '■ • ■ # ••, ■ ^ ^ 

N(P) = k an^ -nCa). = 9, the numbers must be ordered if < 5 < 9, 

Exactly one of ^jthe -f ollowing^feements mupt "be true: ^ * . ^' 

N(X) < N(y) qr^. N(x) = N(y) N(x) > N(y) 



Chapter h • 
SET OPERATIONS 

SET iMoiT - : ':):;/ 

. • Suppose we/Qpnsider the following sets: 

Let us join the. elements of sets A .^and B to form a new set. This* 
new set caasists' of all the elements belonging to • A ' or B ^or both 
and is called the union or join of A and B, . We write , 



■/ AU B = [ A, O, Cl.^y X, 8 } 

and read , "A U B" as "A 'union B" . 

This process of joinipg twp^ sets is called, an operation on sets. . 
Since we join just two sets'at a time it is .called a binary operation . 
For our present piirpose, we use' this operation of joining only"^^ the two 
sets do -not have any members in coraraori. The elements A, O, axe 
members of A but not of B. . It is equally true that none of the. member 
of B is a member of. A. If two 'sets do not have any members in common, 
as in this case,, then we say that the sets are disjoint sets . For exaipl 
the set- of boys in a classroom and the , set. of girls in the classroom elt^;/. 
disjoint sets; the union of iihese two sets is the set of boys an<^ •gi,rls';/ 
in the classroom. . . ',; : 

PROBLEMS* . 



Find the union of each pair of sets:* ' 

a. ' A = tl}; = [2}, • ' ^ ^ 

b. A = il, 2]; B =/[3} . 

c. A = [1, 2, 3); B = i ..} 

d. D^=:.[l/2, 3); L.= [a, b, cy d, e} 

e. L= {-a, b/^, -d, e};.; D= [1,- 2, 3}' 



•Solutions 'for problems in this chapter are on page 66. 



h. 
a. 

If 



, . W = 
and X = 



S =^{a, .b, c, d, e/ 1/.2, 3}; G = { "a, 0^ 5} •,• " 

= (1, 2, 3}; .G = { a,, 7,. 5} ' . ^. * . 

L'^ (a, b;.c, .d, e); A = {1, 2, 3/ a, •^/^^-S} - 

Which of the problems above illustrates the result of the union" 
of -a set with the empty set? 

If A is a set, what is A U { }? , . ; •■ * 

V (aardvark, bear, cougar, deer, elephant, fox, giraffe,. 

■ hyena, ibex, -Jackal, kangaroo,- llama}, ' ' • 

(aardv^ark, cougar, fox, jackal}, 

(bear/ deer, elephant,, giraffe, hyena,, ibex, kangaroo, 
llama}-, whajs' is W U X? 

• P^OPEHCIES . imDER UmQN- ^" ' 

-^C^l^f*^®:^ few properties under , the union operation that will.. 
*have important bearing 'for us when we^ work with nuiiibers If. 

^ = (Anthony, Barry, Charles, Douglas'fev "^'Z 
, ■ and G= (Ethel, Florence, Grace}, ■ M'.y 

then B U G = (Anthony, Barry, Charles, I^Dugla^,. Ethel/ 
Florence, Grace) 1 
and G U B = (Ethel, Florence, Grace, Anftfiony, Baj-ry 
Charles, DoiJiglas).. 



Observe that- G U B ^ has the same members as B/u G, 
- - G U B = B^U G 



ince 



In fact,^ it is ^ways.true that , for any two sets it is immaterial whether . 
the first' set is joined to the -'second, or the second is joined to. the first 
the same set results by -the union. . "To express this fact, 'we say that.. ' 

THE OPERATION OF pHOJU OF SETS, IS COMMlfTATIVE . ' ■ • 

In. other words, if A and B are/sets, the commutative property under'. ' 

th^ union operation states that- 1 - v 

- ' ■ ' ■ ■ . ■■ ■ " ■ . • * ' ' • 

• -A u*B = B U A.^-^ 

Another way to ^describe this is: under the uriioi operation, the order ' 
of joining does ndt matter. \ .". v ^* 



'.yc^iiev&: SLTB many actual situations in which conmiutativity holds. 
'.'Th^sV'fi^ corarautative operations. For example, it njakes 

; :'ao.4iffe3^^^ ord^j: the left . sock or the right sock is put on. 

! ..•riie-.jftin^Ll result of applying the operation oh both objects is identicair; 
ini .e^ch case. - 

, .V; .;;giaking three red marbles from a sack, four green marbles, from a 
, . sepohd -sack, and putting these* together into a third sack is another 

■ ;',lliustyati6n of a corarautative operation. Taking four, green marbles 

■ ; ^fiirbiii the second sack and three red marbles -frpm the first to- put 
^ .ijogethet into the third sack would net the same result. 

/. J On the other hand, there are situations where the results do 
•v&p^ritd on the order. in which the operation is carried put. For example, ' 
.;■ applying a coat of red paint on. top of a- qoat, pf greeV" paint fifives a 
; different visual effect tlian reversing this p3?6jbedure.. ^ Therefore, it 
'..Is/pertinent tc^ poinit out.! commullativit^ when it 'does ^ijc cur. 

.' ' ; Anbtter property that' is of significance f"or;nu^ 

■ ■ -knoiJto -^/the under the union operatibh'-Jv 

combination ofr.mqr ^t han twd' sets -Is involved in this property; -Such 
a combination is -H^^^^^^^ specif ied ^by'tMe .\J^^ two 

sets. With,a ;set>.sd formedj:,^t|ie''-^^ with' still another ;set may be 
. obtained. To :illij:straj^^ L= (a/ t, c, d,"'e), . 

then . ' ^ ■■.^'^-^/'■''■[^■'^^^^^ \'' " 

If a, IS, ff), ^wevcei'.^^^ 

' ■ (D U L) U G J'^;-'^^^^^^^ ■ 7, i.) , 

The parentheses around ' Bu.t 's^^ to D. 

As D U L is a set, it, is possible .tb ;j6i^^^ and 
this is indicated by the union wj^ 
successively by this process. - The.'j^ppVsl'^^ 
repeatedly is crucial to th^^)r5peiiy";th^i0.we/hWe .i 
. the property further, apd more dire/?tly,:;.h^^ 
result of ■ -the - repeated Joinini^^. - v 

. ^.'.r't--::f'-/-.\;i< v•• 



If L/ and G.' are as above, we see that we can get the 

result of (D U L) yGr Let' us now c^sider. the union of .L and ', 
and then joia'this. set to .. D. The union of L and G is 

L U G = [a, -'c, d, e].:u { 0, 5) . 

= {a, .b,. c,.^a^;ya, 0, >y^i. 8]. ^ ' ' ■ 

The uiiion of - D and this set is then-*^ 

D U (L U G) =\[l/2, 3) U {a, b, c, d, e/ a, 0, 7, ■ 5) 
. . = [1, 2, 3, a,, b, c, d, e/ a, 7, ^ 

• / ■ r' 

Compared .vath , "--^ H *' 

. V (D U L) U G='{1, 2, '3; a, b, c, d, e, a, 0, yJd} 

that we hav;e above/ it is clear that the same set result^ ■/fijbra- 'the two 
■procedures. In general, . ■ . . 

/ FOR SETS, A/ B/; 'MD . C, IT IS TRUE , ' ' . - ^-^ 
. • . ..^^.THAT (A U B).u C- = A U (B U C). • :. •, . ' ' 

v^^^J.^s conveyed by this property is that B may.be joined, with either'; 
A.i pr; C first; the final result of the union of all ^^hifeev sets will 
,be the same. That is :-io say, B.^ may .^e associated firsV^^^ A to 
form A u B or.;. B \may be associated f irs^t. mtlg^.'^'c.'. td^ fom b'u C; - 
trie union of either of ihese- with the remaining' set //(C; or A -as th^ • 
case may be) is the same in both cases. This Is' w^i^t we. mean when we ■ ■ ' 
say that' the union of sets is ah associative 'operati'on. In other words, 
iri a/uhi-o-p^ involving three s^ts, >'the different ways the set.s are grouped 
to fdrm' imions in the intermediate stage does not affect* the final' result. 

■ Because we h^ve-'this, option in groiaping, ,(A U B) U, C- and - , • 
A U (B U c) .denote; the sajftie 'set,^. Consequently, we need, not specify 
in the notation how the union is'to be accomplished. Therefore, 'the 
notation may be simplified by d/opping'the parentheses fed writing • ' : 

A U B u c. * 



Since A u^B U C is a set, the union may be extended again and again. . 
With the samekind of analysis, it. is clear that the associative proper 
^^5? -5^®. opej5"tio?. is equally applicable, to more than three sets 



'.A. third property that will be of interest to' us is one illustrated 
h^i^-^e'-exasapl^e'^ [1., 2/3} U { As. the union is . conrposed -of all the 
•ei'ement's in each of;. .the, .two sets, ajid since the enrpty set has no 'raembers, 
the union is precisely ' [1, 2> 3). Therefore, we must have 1 

(1, 2, = Jl,.2, 3). : . ■ 

In general/'if A is a set, then it is true that , ;^ 

• •• V • • A'u { } = A. ^ ' 

This is parallel to the situatign in arithmetic -when 0..is. involved in, 
. additiony/^uch as: 3 + 0 = 3-, .-.In fact, it will be pointea- out that the 
unibn' with' &e ■'empty 's^ concept from- which 'We derive the ■ 

^prbJ)erty/i;^i•y^,p: under' ad dition-;^' . ' , ' , ' 

'■CO^^^^r r. - . , ' ^ : ; ■ 

Le^;::VA>'"{a,' b,Vc, d, e, f ' . ., ■ f-.''-' 

y^e see that ' .'B . is a subset of :-'"A,/. The/.s^ all the , ele*me'nts of ■ • A ' • , ' 
:wKich are* not .>ei,ierae jits is- fcall^ the relative coniplement of B to' 

/ . . The. retlati^ ; '.cbii^^ 'to.'. A is writt^ A - B. Then 

'"^We'^irea'^-- this . "the. 1^^ of B to A Is'th^ set. {a, c, f}" 

'.iv... -'•■Sometimes we shorten "relative 'complement of B to A" to ^ "the 
;;Goiiiplement of B" . . 

■ Notice that if C = A - B, then . 

• ^ ' ! ■ ■ ' B U C = A. ■ ; ■ ■ _ . ■ ■ ■ ' 

■ IJotice if C is the complement of B, then ' B is the complement ■ 

■of ' c.^: ■ , . ;■ • . ■ , ; ' 

■Many examples of complements abound in actual situations. For 
example, the set ^ of boys in the; classroom is the complement of the set 
of girls in the classroom. .These are disjoint sets , that together complete 
the set' of boys arid girls in the .classroom. The set of vowels and the. 
set of consonants might be another example of complementary .sets. A 
complementary set. will also be referred to as' a remainder set . This ' 
concept- will be developed further when. we talk about subtraction. 



PROBLEMS . 

^. In each of the following problems, state which property or 
properties are indicated. \, 

a. {a, h, c.) u (d, e, f, g) Cdy e/jP, g) u {a/ h, c) 
' b. Au CB^UC) ='a U(CU3) \ ' . 

c. All the children in" K.l or the children in 'the second grade 
are Children in the: kindergarten or chiltoea:^iTi: the first two 
' •. grades. : ' 

' ■ ■' ...^) . 7f::> "-'^ . . • .- 

5. - Given: A =^{1:, 2^ ^10?^ [k,^ ^), 6 = (e,;;.?^-^^^^ ; * 

/• ■ "Find ■ ■ • /'^'- • . • ' ; " . 

.a. The relative ■Qonplemeht of -A to D. 

b. The relative* ■cbri5)leinent of C to E. ■ ^'-^v" 
. c. (A U.C) U B ' 

. d. D u c : • . . ' 

6. ; " .If M = (the male presidents of the United 'states' befoi^ I965) : 

and F = (the. fjsmale presidents/of the United Stated before 1965)^ 
then- M U F = M, State the property indicated. : • 

1; . State which of the following^activlties are commutative. ' ■ ' * 
at? Go two blocks west and theilTthree blocks north .V 
b. " Put on the left shoe and then the right shoe. ^ ' 
..*,,c. Put on socks- and then shoes, ■ ^ ' 
••• : d.: Open the door and then walk into the room. 

.e. .Close the hatch and then submerge the submarine. . 
f. Put on the hat and then the jacket. 

SET IHTERSECnON AM) PROPEKL' IE S 'Cs • •. ' ' ' \ ' 

In the union,; a^ third .set is created from two givel^^sets by pooling' 
^together all the elements in e^ch of the two. sets. There.is another stairiard 
Vay of creating" a third set from two given sets. 'Si;5)pose that one grovqp for 
reaching consists of Charlie, Linus, liucy,' and .Snoopy. ' Si;5)pose .also', that 
one group for mathematics consists of Lucy, Snoopy, Schroeder, Charlotte, • • 
and Violet., "Then we have two. sets, ' ' - ■ . 

■■•^ H ■= (Charlie, Linus, Lucy, SnoopyJ 

\. / ' • M = (Lucy, Snoopy, Schroedery. Charlotte, Violet), i' 



ERIC 



. These sets are' not c^^oint ^ ■ .L\icy ;and Snoop^ members of both. 

In .fact, common members -d^^^'d^ete, suggest a ifa'tural' set of" elements 



namely, the- set conslsi/|hg,^b^?|^5^ sets have, in common. ' 

Associated with ;two>'g%en '>s^^^ is the set whose members are '" V'^*' 

simultaneously 'element^^ sfet operaibion is' called ' ' 

the intersection of the' two ^^k'y an^ is ; denoted by the. symbol ' " 0' "■. : ■ 
Thus/. • ■•' / _ -^V-'- 



;.* . , R n M'='-( Lucy /Snoopy)'. 



' As ■''is the • case . of , the union*, ^the irite'rsec^'on. is also, i^iquely defined. " 

■■- •'•Egt any two sets, a single set is deteimned by their 'intersection. ' 
" • V ' 'V' ■ "" \ ■ ■ ■• ' ' ■ ' ' ' ^ ■ 

•" As . R n.M di-aws on ^members oS-. R' for- its creation,' the intersection 

must necessarily be a subset'of R. . Likewise, R Tl M; must necessarily' ■ 

l^.e, a subset^of M. Thus,, the intersection is a subset of both setsi r - 

.'H''"--' > ■ • ' ' '[ ■ ^ ■ . > ■• " ■.' ' . 

'Even when tvzo .sets are disjoint, we can specify a sfet of the common 
' • . . '' ■ . * " ' ■ ■ . ■■ " . ■ • 

. elements; this is simply the set that has no' members. Recalling tliat>the 

empty set is ' a' subset" of every set] we see that the statement, , , 
THE EMPTY SET IS THE INTERSECTION'- OF TWO- DISJOINT SETS., . 



is consistent vdt}ith^ observatipn we have just made, namely, tfet the 
Intersection must',, be .a subset' each set. Related to, this, of, co\irse, is 
. that the intersection of a' set and its' complement, is' the'enipty set./. This is 
'.liy virtue- of . the'Vf act that a set' and its complement are; disjoint .. • Another' 
consequence of the .fact. that the intersection must be a subset of. each of its 
generating sets* related to the intersection of a subset witlfits super-set. 
Thi&, will; be ■ the. theme one -of the problems to follow. ' ■.■ 

PROBLEMS ■ / ■ 

> 8. For eachi of the 'following problems, 'state whether - O represents 
the union or the intersection.': ' ' ' 

\. ; 'a-.-A ^'d", 2, 3/^},. B = [2^ k, 5, .93, [2^ h] ' ; 

■: .*; .' :^b. Va^'{i, 2, "3}/ B = [h, 5, 6,. ?), C = {1, 2, 3,>, 5, 6,.?) 
' ; ./^:c. A (1, 2, ^i^, 5,/6, ?),■ C = [ ] ' , '• 

^-Z ^ = 2,- 3, 5};; B = il,.^2, 3}, C == [1, 2,' 3] ■ ; 
■"^-^ -.-ey A = (1, •2, V3, Mr :B = (1, 2, .3, ^3, C = ,[l, 2, 3. ^3 . ■ 
, f .: " A = (1,^ 2^ 3^ V], : B = ( ), ,C = ( )• . \ • ■* 

\g. '^A ="(1,2, .^}/ B =■{ ),,• Cr = (1, 2, 3/ ^] 
, ■ ,■ .h. A = [stockholders of Linus Imports, Inc.),. ■ . .0 
B =* (stockholders of Susan, "Exports J Ltd.), ; • 

^...C '= (stockholders of-both corporations) ' ' " ' ' 

. ^ ■ ^ . . '59 , . ■ ■ , . 
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' :'iV" A = {'stockholders of" Linus Imports, Inc/]., / ■' . ■ * . ' ' 

B = (stockholders of. Susan Exjjorts, Ltd..],,';'.;../ .\ 
0 = {stockholders, of the Linus-Susaji merger}.' - : . 

Vind the intersection of each: ,' ., " . ■■■ * 

a. ^ A = i/i^h, h, k, oy ra/v, z), B = {c/e, -h,' J/, o/ r, >; -x},' . 

b. A = {brown-eyed,, green-eyed, . blue-eyed, '.rayen-haiTed/ brunette, / • 
bl6nd, platinum}, ■ .■ >' ■ . .'■ -^"^ . ■ 

. B.= {pink-eyed, , blue -eyed, ox-eyed, black.eyed'; red.-he^ \ 
. • blond,, gray-haired}. • ■■ \\ 

If B is .a, subset of A, what is A n B? ' . - 

We have examined properties of sets under .the .\inion pjeVation 'lnV - 
view of possible applications to -numbers. . Everi more, ' we shall/flnd,' that .> 
these properties are equally applicable\o' s^ts of geometric objects,' ' . 
The same is true about properties 6f sets under t^e intersection operSt'i in. 
We have seen' .that if • ' ' ' - ' . ■ ' . ■ ■ ^ ' 

. ' . R =■ { Charlie, Linus;, LucyV^noopy}, , ; ' . ; 

and- M = {Lucy, Snoo^y^y-fSclx^^ 
then R n M ■= {Lucy^Snoppy}. . ■ ■ ■^'■'''j " 

^^Note that'. M n R' is.^also-'-lLucy, Snoopy} . ■ It is obviously -a xJoint-" in - • 
logic, that if ;,Lucy and Snoopy are^^members. common .to R and M^.' then • 
•these, same elements, are members that are common to M and k\ Our. --'- 
description of this characteristic corresponds ^ to the analogous situation ., 
for the union: '•. . ' 

' \ THE OPERATION OF imERSECTION. OF. SETS IS COMMUTATIVE . . ' 

That is to say, .under the intersection operation, the order of Intersection 
"is • immaterial .• ■ 

Now since the intersection of twosets is a set, we may consider the 
possibility of intersecting this get. with yet another set. To illustrate,, 
suppose F =.{a, b, c, d, e, f } -and ,S= {b, d, f, h}. Then ' ' ■ 

. ...... . F n-S.= , {a, b, c,. d, e,V}.n {b., d, f, h}^ ■ ' '. " 

• • = {!:>/. d, f} . ■ ^ ■ • 

. ' ^ ■.. . . -v^.^ . .■ . : ■ ■ ■ ••■ \ •• 

since by d,. and f. are elements of both F and . S. If ' T = (b, c, 
e/ f, h}, then the intersection: of _P n S ' with T would-be 

^ « (F-n s) n T = '{h, >d, f }■ n [h, c,' e, fy, ft)-' ■ ; : . 

..." ■ ■ .='{b,'f}.:; ,■ ' ■. ■■' . • ■ 



^ As« before/ the parentheses, around/ F and --S indicate' the • . . 
/• grouping" of these .sets to- fbhn the first intersections ' -Thus, intersection: 
■of sets may be formed successively oiie \rpon another -just as unions may be 
. fomed. gu^cessively, ParaliLe-l to our previ^ous- ihlfestigations of the union, 
; we may pursue. the question". regarding, the re sUlt-6f "grouping these same 

.^..threer-sets differently. The, question then-, might be -"How does F fl (SDT) 
■ ' compare with (F D S) D T?" ■ Tq^ answer .this, first observe that ■ ■ . , . ■ 

■■ I • . ' ,.: S n T = (b/d; f, If]' n"-(b,-q, {e^ f , hi ' ' . ' , ' " ' ' " 

. : ■ •• " . . • - = (b/ f, h). . .'. . . . ■ : ' 

•■ .".Tiierefore, ■*■'.'',' ; " * • . " 

■".-..^j : ' F n (3 n T) = [a; b, c, d, e;.f )/f> (b^ f, ,h) ■ . / 

r': \'] v \; fh ■ . ' , r ^ ' 

This clearly ■gives the' same result that we obtained ab6ve. for-. ;(F D S) n T. 
In general,-, we have the associative; ^property 'under intersection: -.. \ . " 

. . .' . FOR SETS A, B> MD . IS/!^_RUiE THAT' ' ^ 

. . ' (A n b) O'C = A rf (B n . : ^ i -''y' y ' ' 

and we may simplify both of these, ex^pressions by dropp-ing' th^ ^.parentheses : • 

(A n b) n c = A n (BncO = A n B n c. . ' 

... V .... . •. ; ■ ■, ,0 - ; . ■.: 

.On reflection, this must be so. . In all these;'cases, ■ the final -result 

■ ■is the set of all elements. .that all three sets have in common. 

■ .;■ ■ • ■■■ 1 ■■ tj'- ■- • s ■ ' ' " . ■ ■ ■o" ■ 

■ Set. intersections' wil.l play, an-.inrportant 'role : in our> work with . . " . . 

■' niBnbers and^vith: geomffe^ abject^.' In paHrGular,;;when 've di'soiiss, ; 

. the r'Ji^atixinal- numbers.' Wis will see that, they figure very.pr.bminentl;^,- / 

such>%s "in reducing fractions an^;- finding combabh denominators ■■ • • ■ : 



11.. If-.^'A, .= B,. arid C 'are the sets ^js'ecified. below, illustrate' the ' .. ■ 

^. ••:■.■■' '• '\ ■ • ■ ' ■ : . • ■ . : ' ■ r-^j^'r 

j^assodij.-'ative property under intersection by different groupings .^-V 

■ ;,b. -A = {2-,;i^, 8, id, 121, f:^^ ■■6r,?^,?^f...' 

..,C;:= [2;■4J\7v'llr,;^^ - '■■i^\,--^v:-i:' '^^ '* 

... ■■•c.--;a'=; {2, U;, -7, ii},".B.==,, (3,,^i^.'9-, :i2)...,.:and.:. ■. ,, Z-l::-:'"- .:> ,r 
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12. If A-.^nd are disjoint, what would be the intersection, 

^ rr-GTT^Wfiat wSild be the intersection, " A' n B n* C D D , . nZ? 



THE PRODUCT SET ' , . * - 

jf ^ • ■ • ^ ■ • 

^.v .In the previous sections of this chapter we showed different ways"that 

• a^hird set may be. created from two ' given, sets., ' 

* » " , . * « ' . 

? There is another way t)f producing a set from two given .sets. This is/ 
to form all possible pairs of elements of the two sets." The formation of 
such sets vrt'll be. linked flirectly to multiplication of numbers as-well as' 
to graphing. , ' ■ ' . ■ ' 

Suppose. in the' kindergarten Joe, Mary and Peter can play with blocks, 
paints, wagon, oi^ turtle. Each child may pick a toy to play with. How 
many combinations are there? ' ' 



Joe 


-- blocks 


Mary 


blocks 


Peter 


-- blocks 


Joe 


paints 


Mary 


— paints 


•Pe:fe'er 


-- paints 


Joe 


wagon 


Mary 


— * wagon 


n Peter 


— wagon 


Joe 


— turtle 


Mary 


tvirtle 


Peter 


— turtle 



. From- this list we see that there are twelve combinations. .In this 

example we have two sets: . , 

C ='(Joe, Mary Peter} 
T. = (blocks, paints, wagon, turtle} 
The combinations of child and toy form a set. of all possible pairs 

in which the first member of the pair is an element of set C and the ■ 

second member of the pair is an element of ^T 

If v/e use initials we have 

. . ; ■ c = (J, M, p} ■ ■■ ,.■ ■ 

T = (b, p, w, t}'. ■ . : 

• 'All thi.e combinations (called ordered pairs) we formed 
• (J, b),^ (J, pj, (J, w), (J, t>;, 
/ . •• • K (M> P),. ' (M, w), (M, t), 

■ (P, b), (P. p), (P, w), (P, t) 

where. (J, b) meanf.the combination. Joe-blocks. -The set of all these 
ordered pairs forms a set, called the product set or cartesian product . ' 



The product 'set of. ai^d T is, represented by the pymbol C X T, 
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In the product set we have a set whose elements areonot .single * a? 

' ' ' ' ■ • _ 

elements "tut ordered pairs . "No member "of a pfoducrc sel; is a member of 

either generating set. , • ■ . ^ . ' * 

.,;Consider ' » 4 • , 

, " . A = la, b, cj ■ . 

^ (1, 2). ^'^^ 
Then A X B is the'^set 

»((a, 1), ^, 2), (b, 1), (b, 2), (c, 1), (c, 2)). 

Now let us form B X A. B x A is the *set . • ^ # 

% . ((1, a),^(i; b), (1, c), (2^, a), (2, b), (2, c)). ' ; 

The pair (l/ a), is different from the. pair (a, l).. Bty comparing 
A X B and B^X A we s,ee tliat A X B is not equal to B X A, but 



. N(A X B) = N(B X A). ^ ' ^ . 



BR0AI3ER CONCEPT (3F A UNION 



In our discussion, of ^the vmion, the concept of this operation^ waa^raade 
on the basis of tvo. disjoint sets. The reason for this restriction JJ».that 
eventiially we intend to link thj.s concept .to the addition of whole nximbers/ 
' Actually, the definition of union dogs not have this reslric;tiotr. 

• ■ ' ' • ■ ■■ t> 

THE UNION. OF A AND B IS THE SET ■ 

WHOSE ELEMENTS- ARE MEMBERS'QF A, OR 

.MEMBERS OF B, OR OF BOTH A AND B, 

* • • ^ 

That is to say, elements of A U B are members of at .least one of the 

two sets,' A, B. With this definition, the concept of a union is broadened 
■ ta encompass joining sets that have members. in common as well as sets that 
are disjoint. For exaDople, if 

A = ( O, A) an* B = ( A, Q^iO^,^], 

.then" 

AUB=( O, A, D,^,<i'). 

Ik^Note that the common members and A are not listed more than otice; 
this in accord with our previous agreement on the specification of a set. 
The properties .that we have noted before under the restricted operation 
still hold for the broader concept of union. ' . 



. PROBLEMS ' ^ V ' 

. ■ ■ . t.... ., . ■ . . 

■ 13. For each pair of sets given below/ find A U B,, A fl B, and A X B 
a. A = {a, b; c, d, e], ^B = {c, e, f] \- . . 

• , / ..t)." A= {c,^e,.f}, b'=: {a, b, c, d, e] 
■ c. A =*{a, b, c}, B = {a, b, c] 

...d. A-= {a, Ij, c], B = .(d, -e} ' > . , 

1^. If A is a^ set what is', "a U A? ^ r • ' 

SUMMARY ^ PROPERTIES " ' . ^ . 

• • . 

. A. summary of the properties for sets that we have mentioned €n thic ' ' 

Shapter .is catalogued below, where A,. ^ B, and C are sets. These are 

properties that will be particularly mealningfu;^ for us when we deal with 

nmbers or sets of points. ' •* ' 

1. .The union and intersection of sets are commutative : 

* • ■ . • 

A U B = B u'a and ' A fl B = B fl A. 
Note here .that the oVder of operatiori is immaterial. 

2, The union and in-t;ersection of sets are associative : 

. t • • (A U B) U C = A U (B M C) . and ■ . . 

. (A PI B)n C = A>/(B'n C). ^ ' 

Note here that the grouping for the operation is immaterial,. 

■ 3. ' ^ u { ] = A; . : ■ ' • ■ ■ " . 

APPLICATIONS TO TEACHING . 

The concept of joining disjoint sets has been reported to be fairly < 
. easy for. children to comprehend. Apparently, join is a -word that is used 
occasionally in other situations. Sets of buttons, l^oks, or other concrete- 
objects may be joined with other sets of any concrete objecjts to commuritcate" 
in a natui4ll ^way^the- notion of #unioh. ' . * 

•J ■ ' ■ * r ■ 

The notion of a corarlUtative ope^tioil can also.be rendered in a . V 
^ concrelje. form sifch fes book3 from the shelf joined with books on the' desk 
: and b^oks on the desk joined with^booka ^ the siielf. In either casi, ^ 
the samev^set of books is in the v^onJ The words "ung^n*^' and "commutative" . 
. need hot be introduced at' this point. ' ^ ■ ^ 



■ *» 



The concept of intersection is not introduced until the second , 
grade-and--forma,li-zed-i-t^the-thi-rd-g-ra46;-^ th a t it — 

has propertie,^ that are analogous to those for' the xinion. Vfe shall 
make use of the intersection' in the next chapter oh geometry as well ■ 
as in oyr treatment of ratiorfel numbers.^- ' 

The cartesiafl product will be used' here mainly in conneation vath 
multiplication and with graphing when we use "ordered pains of numbers 
to locate points in the plane. The number^ line -.-.111 be introduced here 
along' with the .presentation of whole numbei^s ^in Chapter ?, Eventually, 
the student Jill exuiounter the cartesian product in terms of relations^ \ 
between two sets. The various, correspondences between the elements' 
state which elements of - one set are' related to which elements of another 
set. .Then, a principal undertaking will^'be to' study the .characteristics 
associated with various kinds of relations.. From. this will evolve the 
•important study of functions. -Graphing, df course, gives a! pictorial 
representation of relations. Thus, .graphing will.be a valuable support 
for establishing some of the underlying concepts of relations. 

As we have hinted fn the text, the rfotion of a relative complement 
will b^ applied to our development of • the concept of subtraction. In the 
^presentation* of thes^deas, teachers have reported that they fin4 it 
helpful to use the wo^s "remove'' or "left over" prior, to the particular 
lessons.' ' ' . 

QUESTION , ' 

"Why is the intersection of two disjoint sets the empty set?" 

^he intersection of sets consists of all members that the sets have ■ 
in common.* Thus,., if A = fl^ 2,' 3; ^] and B = {2, h, 6y .8], then 

• - . ^ ^ B.= {2, h]; 
2 and h are elements of both A ^and B, Now, if C = {1, 2, 3/^0 
•and 'd = {^,'.b, c, .d], C and D are disjoint because the sets have no 
membfers in common. By this token, the set consisting of elements that 
these ti/o ^ets have in common is then made up of no members. Another way 
of stating this is ' " . ^ 



VOCABULAElf 



Associative 
Binary Operation 
Cartesian ^Product* 
Commutative 
Complement* • 
Disjoint 5et^>J • 
Intersection- 



Operations 
Ordered Pair 
Product Set* 

Relative /Ccgnaplement of a Set* 

Remainder Set* 

Remaining* Set* 

Union* . " 



E3ffiRCISES - CHAPTER h 



■ 

b. 

c , 



Find. the union. and the intersection of A 
A = {1, 2, 3, ^, 5}'; and B" = {i, 3, 5)/ 
If B is a subset bf A, what is A U B? 
If B is a subset of A, what i& ATI B? 



and B ,tf 



. Explain how the union and the intersection of any set with th^" 
empty set agree with your findings in Eiercise . 1. 

A recipe calls, for separating egg whites from egg yolks an J 
. emphasizes the particular order these are. tp be added. Explain 
the. implication of these directions for the' cake-mixing operation. 
State which of the following situations are associative, 
a. Putting peas and carrots together, and adding water. 
Eating hot dog, mustard,' and coffee. 

Paying for groceries with a quarter, a dime, and a nickel. 
Putting kerosene with -^f ire, and adding water. 

State why the intersection of two sets is alwayd a subset of their 
union. r 



b, 
c . 
d. 



1. 



a. 
b. 
c . 
d. 
e . 
f . 



SOLUTIONS FOR PROBLEMS 



' .'if 



(i, 2} 
fi, 2, 3} 

.^^^ 33 ./ . . \ . - ' 

fl^^jl,' 3, a, b, c, d,. e.) 

^'b/ c, d, e, 1, 2, 3''} = il, 2, , 3, a, b,:c, d, e); same, as i-n d. 

(a, J, c, d, e, 1, 2, 3/ «, ^7. 



66 

73 



{1, 2, g, 0,. y, 5} 



h'-, {a, b, c, d, e, 1, 2, 3, «> -^Z ; 5 ]; same as inf. 

2. a. Ic ' ." * 

( " ♦ b. A U { ) = A ;^ . . ' • 

3.. W U X = V , ■ 

k. a. *Conimutative property under union.^ ^ 

. .^^ b. Conputative property under union; only order of B ancj C 
'is changed. % ■ 
.'c. Associative- property under ipipn. 

c. {1, 2/ 3, 5,, 6/7, 8) ' ^ . 

d. ;{l/2, 3, W 7/ 8] - 

, ■ . _ ^ 

6. The union of M V and the empty s*et is ' ' 

' • ' v . ' • ■' ■ , ■ ' . • • / 

7. a. Normally comnmtative; thi-s depends on the layout of the blocks, 

' ' .' also on "the location. If the location of the starting point .is 

3 .^block's south of the north pole, then walking 3 blocks north, 
the. north pole is reached. At that point, -tHere i^ no westerly 
direction; everywhere is'-tsouth. 
b.' Commuta*tive ' «. . 

c ; ■ 'Not commutative ^ . . ) 

■ d. Not . commutative 
' e. ■ Not .commutative 
■ - f . Commutative 



• ,a. Intersection . • ^ . ' 

"b . \ Union - . 

, ,c; ■' Intersection 

d-. Intersection , ' « 

o*e. Intersectio*n; in a later section of this chapter, "Broader 
.'Concept "of a Union", it will turn out that this is also the 
union of A \and B. 
f Intersection , ^ ^ * • 

■ g. Union * * ' s ■ ' . 

,hi, Interseation ' * . 

i. Union' • " . * ' ^' ■' * 
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' ■ ' b. ■ '(b4..ue-eyea, '^^londT 



■_10.- .If 3 IS a subs6,t;'of ■ A/ .■theh'.' A n B =■ B .- , ' 

■■'ii'.- (A n B) n c =,[2^%'6,}^^ 10,' 12)' n '{s, 6, 9, 12} = C6,-.i2) 

' . :.^ A n (B n c) '= ."^Z 2^;^^,^:^'. i2} /ia6, 12) = (6,li2l , 

: ■ . h.- :U.() B)n ,c = {6,'^.fi;[^:if>7; ii}- = i ''] : , ■ : 

■ ■•.■A^n' (Bj9 C) = {?,,'.4/6, ?,^ 10,^12^^ „■ ^yj-':^' 

: ■(,An;B):rT;C.=v(-^J:'^ 6; 8^ IQ, ,a2}.;=,t;j.; ' ■] • 

• -A n CB.n 'c) = i2;,A, ,.T,'ii}.rr, {6V-12K- -n-'r-'-T''' 



■J . 



,1,3. 'a. 



12,- The empty'.sef-'lri.'elthfe?- case^- 

. AU B-.= (a, b,/c^^d, e,;f); ' A h:' B ; = ^.{c, e^j . j// ■ • ■ ; ; 
■ A x /^, { (4, c),-;1:a,^ eh ^(a, f ), (b, 'b);' (b, . e) > ;'.(b,: ^);, ; ' ■'. , 

:/\ , c), "(e,,f)); the. pairs .niay be ^li sted ■ ; ' , ' 

. 'V, ' = Ip a differen*;!ioi:der; for exajnple,.'^\^dy/.e)' '^-mgy' be'; 

iibfesf^^-st ^ir. However> ,.the' order -of 'the^ 
wi'tMn -each pair must" be 'qbserv&d.. 

, bu1i (e, .d)/ Is not a'-me 



■■} 

t" . 
•5 






, .e, f)j A-n B _= {c,:.e)j 
b), (c, ci; '(cy'd),. -(c, e)/'ip^)^^: 

■c), i^r &y, ief e), (£;.a),; ' " 



'x B 

^ ■;. 

lit. A UTA = A"' ■ 



; A n B ■=■ |a, b,x c),; 
7'(a/b), (a, c), (b, a), .(b,,i 

A,U. B =.. {a,r'*>,' c, d, ,e); ■ A n B.=,{ };^,, 

), (a, fe), (b, d), (b,- eh'(S 







Chaptejr 5 ' 

:A- nfeRorucTioN .j6 .^geometry 



INTRODUCTION 



The, last ^^gt^er- :dQart /v^ operations on sets to form new sets-. 
".The ground no^il^Bf^^^en- prewar e^ f or.'^i con 3icle ring sets of points using 
. • the • set ppe rati^|,'s -ta g^enerate , ^^^^us . kinds of geomet ri c f i gure s ' 
:'Rk»c.^ri^e ■h^-iafc'« ^^^^yjcef]j^'^±±e^^ which to move at this juncture, 



.Besides bei 

•V.g.eoraetric 
'ie'xtending' 

. . * ; We sha 
post "helpful 
^ concri^^e>6^?j 
. infonnationV 




j(^|'of.;their properties will be useful "in 

hapters' ahead. . ". ■ , 

ch to geometry in. a way that will be^^ . 
•small cl:^ildren. That is, we will consider 

rom them certain desired geometric 
shift to - a .more mathematically . logical'approach 



GEOMETRIC Sgi;.ICS' r^y<r&^ 
^ Obi.seiy^(^-O%;^fr^oncrete objects such as those shown below will be 



■helpful 




thding of abstract representations of figures. ' 



ice cream 'cone. 




box 



Dl'SCtission- of 'the characteristics pf these shapes facilitates familiarity 
* 'with^ some of the vocab.ulary- associated with them.- 




(a) 



(b) 




oye dr'awl^ngs . are examples, of , typical representations of 
^ geometric ; solids ..' Ther^ may be.^dme difficulty in visT^alizing the 
/^''Mimensional na.ture .of -the. figures - since the drawings are restricted to 



two dinieKsionis . ' The" dott^ii. lines are included to aid perception. They 

- represent parts .of the. figures which v/ould not be visible from this 
vantage .point . : . / ; .' v . 

' In all off these figures, the "inside" is not filled. The object 

- identified by "(sl) ,iobks like a block. . It is not like a block in terms 
of .being composed of matter- such as wood. It is shaped like a block 



but^is holl ow. Physical .pbje^ associated v/lth the geome tric 

solids illustrated are a 'shoe box; (including the- lid), an empty .oatmeal\^ 
bo:x v/ith the lid" on, and^'a bsaioon. " Thus, the word "solid" in "geometric , 
GGlid" has the mathematical meaning of "three -dimen.-sional" rather than the' 
. coiinnon usage of "firm" or "not liollov" . j ' . 

. ^ T:-e figures (a), .\.b)/ and (c) . above can be abstracted from 
numerous physical objects v/hich are available to the teacher and children.' 
Each has characteristics which convey the ideas we want to teach. For 
exanrple, by looking at and touching models of (a), children ' \nll learn " 
to recognize "straightVand "flat"- objects- with "corners" . In (b), 
they-v;ill feel a "rounded" object vhich also has "edges" and "flat" 
parts, but.no "comers". The third figure illustrates a "rounded"' surface 
v/ithout edges or comers . , • " ' 

For our purposes in developing some basic concepts' and vocabulary, 
ve vail concentrate only on Figure (a) . The subject of geometric solids 
wijl be developed^^ more thorougjaly in a. later chapter. 



7\ 



.. " • - • . - ■ : (a) - ^: . ■ 

This "box" (more formally,- a rectangular prism) is made of six- 
flat surfaces which are, called faces of t^ie prism. The face of a 
geometric soJLid is a flat surface of the^ solid. ■ 

Vrnere two faces, meet is an edge of the solid..* Each face of this 
figiu'e has a boiindary of four edges. The ■ "skeleton" of the prism is 
made up of twelve edges . ■ .' ' 

One otKer characteristic vhi.ch We v/ish' to identify. in the above 
.-.olid is that it has '"comers" where three edges come together. Each 
is .a vertex f plural: vertices) of the prisnir Note t'hat any two gf these . 
three edges would meet at the same place and form the same geometric figure. 
.Thus the twp i*igures to the, right below ■ , ' ^ , * 



and 



A 
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eq mlly veil locate' the vertex of the prism Identified' by V., Thus,, 

—^-5— — ■ ■ '■ \ : ^ • ■ — 

u a vertex may be •determined by tl^e meeting of two edges of, a face. 

A point of a geometric figure may sometltoes be designated a vertex, 
■ however, even though i% Is not the meeting of two 'edges of a face." 

This Is the case, for exaingple , ' with the vertex of a cone. . 



1. How many faces does- this solid contain? ' 

2. iftilch of the figures have edges, but. no vertices?.. 








(a) 

POIUTS AND PATlg ^ ' \ ' ' ' 

The basic ingredient of all geometric configurations is what is 
called a point . "A point may be thought of as a precise location. ■ Points 
are represented by dots on a paper or.. as the end of a sharply pointed pencil. 
All of ' these are yipual aids 'to assist, us -ip conceptualizing the nature 

. of a point . . ; • 

•* ■ ■ ' 

These representations are "misrely j£tteinpts to symbolize the idealized 
... ' . . ^ ' ' / 

geometric entity called a\ point. The diff itixLty ' is that a. point is an 

idea rather than a physical ob.lect . The point ^hich we 'representl^y a, dot, 

no matter how small" the dot, covers, many locations . . 

' ■ . . J f _ ; ■ ■■ ■ ■ ' ■ _ .■ « . , ■ ■ ■ 

. ■ when we arrive at the' description. 0/ a poitjt as an exact location, . - 

this is not a definition of a point in. the forma^ sense. If we say a - 

point^is an exact location^ "exact locatiph" must be understood. _ The 

■iiictiqnary might define location as a "position in space", .position in 

•^pace ;might refef us. back, to point ., If none of these words were meaningful 

to us,, thedictionary would, hardly clarify matters. However, the circiilarity 

in dictibnary, de.finitions is. necessary because there ii only a finite 

number of ■ words accessible in ■dictionary.' Eventually some word in the 

chain., of definitions must reappear., Implicit in this-^ls that at least one. 



• Solutions to problems in this chapter |^re- on page 



8k. 



word in the chain nnast be ' simply understood' so that -other^n^- be .defined 
■in terms of it. ."P.oi5^t" is such a word in geometry. ' In a Xse it 
the'- "first^Vord in the vocafctaary of geometry, and we say it is 'an , 
undefin ed term:"' • ^ . ■. •. • , 

r 

aln 



. Once the •,concep^t''~o£.^,p^ i^^^j^dersl^ood, . we will ' aga^n rely on 
-representing-points-V facilitate discussing them 

^ They.- are commorjly/^ letters. The'drawing represents 

>;Point "P., ,or simply P, by which a point is understgod." ■ ' , ' • 



. , EyeiV geometric, figute is, .a set of points. ' A ^ curve is"a set of' 
points'ifolloved i)r moving • 'along a path -from one- point , to .another . : . 




. Thus the drawing above represents ' a .p^th: from point A to point -B^ . 

or from- point , B. to point A/ . It. is. evident .that there are other ■ 
■ . curves from A to B; indeed there are infinitely many.' . 

. ..Inherent in the • notion of path is the idea of : cbntinuity/- -There, 
may not be gaps in a 'path. 'Neither of the drawings below, is' a path 
Yfrom' C to^'.D. ' . * >• - ' 




According to the strict- mathematijal definition, -feuTves do' not -have to-be-, 
continuous. ■ Ve',.^ however, will consider only those- that are .. / %eaf ter, 
by "curve", we shall mean a continiious' curve Portions, of the path' or V. 
the entire path may be straight. As a- path' may be *used to specify the 
■set of points in .a curVe, any, of. the .following figures -represents 'a.- curve ■ 
from P~ to 



0 



3, "^tate whether or hot each of tine following figures, represents a* ctirVe 



from. A . to B. 




■ ■> / ■ 

LINE' SEGMENTS 



. ".Let us 'represent two points by the dots, below labeled' .A and .B. 
We now trace' several paths froni*poirit A .' to ^point* B "I'as sho.wn- above . • 




One of the paths shown in tfie'^ picture 'is of special inrportance. • It 1:5- 
the 'most direct .path .from -A to. B. tinis^ath, -rej^resented below,, is; 
called * a- line segment . . ^: , ! .. , ' 



The symboX.for thi,s .line segmei:lt is AB or-^BA an4^the poirife^^^^ 
B are' called the endpoints . of ' AB. A- line segment Is najoi^Sc^ihif^Ss^'j^ 
•two endRoihts ., '.. Since bo'i:h . AB .and; BA denote the same; se^en't^' ,"^^ . 
. order ifi.: -which the' etidpoints aire' named is' irrelevant.. With the'/cioh'S'^pt / ■ 
of -line segment,' we can .now identify an ^^dge ,of ' a rectangular prism as^- 
a* line segment.' ' . ' *. A ■' ■ ' 

PROBLEMS •> ■ ■ • . ^ . - • . ' ' ; ■/ ; . 

^^V'..' ■ Representr/ AB ■ 'such' that it can 'al'^o bp named ' a's' the union -of .' 
. .. /. AQ, ■ and MB. ' ' ' . ■ ' 



^ ^y ^^^ assume Q Is between. 



.„ ,^^ . , , - . . ...--T- A and M. 

^ State. ..all other possible relationships of one point- teing between ~ 
'. . two other' points.' ■■ ■■ ■■ ' ' 

: . ■ AB is i^^^ied- the. set^^^^^^ B, and all j^bih^s' between, 

them. Thus the, notion of be^Vetenneas iW'^'ihtuitively deJrt^d. However, '. 
there .inay bV need to^^a what is meant by ''between". If ■ A, B, ' 

are ' three points as -indie ated , in * ( a ) , it may be :ciuite ■ nktural to ' ' 
■consider , that B is between A and C. Jhren' if the ^points were as ia- ' 



(a) 



B G 



3 

(b). ■ 



B 



(c). 



B 



C 



(d) 



(b), or (c) one might concede that B^ is'between A. and C. But if' 
the three pointp; were as in ^ (d)^ the .question, as to which point is 
between whiph . other _,two. points is not so- easily resol^^^ 

• Implicit in. the decision as to -whifih -point is between<tsfo others ' 
apparently is"a «ur\^ .c6nnebtlpg thesQ points. If: a curve- passes through 
the thiree'poins as in_ (e)f ^ iihen 'b- -is between^' Vi. -and C;^^; ' 







«i A 

. . (e),C '^.^fW . ■ .^g)> . : ■ 

..Iti (f), ; A_ i6 between B and Cy.^ and^ in-^^ 1g)., . C ' be^^ A V jand . ^ 
;: B, *his> of course, cm be done ifor points .Jhj!Qh we ^may^ Jiave^ c^^ '^^ 
sufficiently cle^ with ^gards tc^etwe^nness; Thus;.' iji* (h), A is 
between-. B and C. Eventually; ■ a ^umber will Be assoc^itfed with- each' 
^pair of points. We will call thls^uiriber ope' poiSi -to . 

the :6ther.. Betweenne^s cati then.be SJkted in teiiis. ^f^^^ ;/ Even \ ■ 

. with ^this definition,, a cuiVe(-;is involved -in ^he ■6'bncii^i^b' of ^istanc 
•/'CsQinmon sense^ interpretatiorl; of -betweennesa, whete n^ curve i's^peci^ is* 
. ; sih5)ly that "the points are to lie along a<j;straight*rAai5^^^^ we^say that 

a point, is between two. others.,, .it will-be oui'^derst€uidthg- then, that; the - 



three points' are all on the^aite iirie segment 




I 



Once a lirie sfegment .is: defined by the location of its/ two' endpo.irits^ 
• and. all the 'paints; between ".tbem, i determinesotvo dit'ecti.ons . ; If . vjs ■; .. . .-^ 
. - imagine. extendiJUg /a.^gi'veri»*segmerit." infinitely .far iri^both' of , :the3e "difectidns^.. 
■ . we Conceive of a geometric line". , ■ ' • * " ' . , 

A circulairiiiy^^ will be noted, in. def i'ning.-^^.line and betweennesS'. ■. -A • 
■ lirie is concelvqd of 'a£3- ari extension" of a,, segment, and a se gmeat is' "de f jn q.^ 
e .a&''the ;set consisting of. tvcJ endpoirits and. all- the. points, between." pri' the ."• 

other." hand, betv/een is stated Irj terms of /points " bri ; a lin^,;. . This ^ 
. . .' .is. ^avoidable in definitions^ .and ultimately, we must ac.cept .thesl^-'hbtio'hs^^^^ 

•' as prlmitiy^'^^^ti.ii.-und§fined.' . Thusy. in "gesm^try; • a line is 'accepted simply' r/ 
/ ..as: "a- ce^£rin;%et' of poirit^'V * .• . . . . ^^'^ 



■M 




.■P , _ 

The dravn.ng*Tepres^ts: the; line, f.ormed .. by 'extending ^ PQ/ in both : 
of its determined direct ion S./ The arrowheads are Used to indicate that 
' ■ the extension is infinite, ■' V/e .adopt; the notation .;.PQ for "^tie line ' ' 

and \^ in order to distinguish" it from 
is PQ. We could, also refer, to. the. lirie. 



:''ij7^J,\cb*ntairling V tv/o noints P 
\ :■: . > t ■ • ■ ■ '-^ ■ ' 
■J;,^*Kiine , ceirment PQ" vn:itten 'as 



.^^^■f'^ PM,,\ ''MQ,' ..QM, -ancj-so .on. In general, airfy ."two points in t^ie. set. "of points", 
in" the line n^.ay be'. used to name it;' . Again/ 'carder :does" not matter.' .\ ' ■ • .."," 

^ X*t...rs .imp,Qf-£.aht not . to use tjiis terminology. lqose!J.y'..- A lirie. has • . ' 
no ^ndpo^ntaj ^."^hil^^ va line -segment inus^ ;• ^ . ■ 

.SPACE. " ■ ■ ■ ; ' '-y''^^' ' •' ' 

iTov.-. triat _ve understand th^J geometric; concept of" a point, ^. we -may ; ■ 
a'jv/ de f.i ne ; 'e ome t r i .c ' .sp^^'te ■ 6 r simply .space as thV set- :0f all points i V-*^ V ' 



^Ti-.e usual connotation of "^Sgate <^s.. the . set of all^ points in a . 
thi:ee -dimension.' extent . 'The notion of 'space .in the *mbre general. 'sense,, ■ , ; 

. ■ J ' . . ■" » .'" -J ■ "^ ■ . V , -.Y ■ . 

as, .simply,- a. set • of all, j)oints, -.is extended -to the branches of mathematics " ' 
; -otner thsm.'^vc jmetr;>'^i Thus, in probability, the set of ^aLl possible out- * . ; 

come^'of a. certain definition is described as the sample!' space. -".The / . 

meanin.^ of space is generally detarrnined by the cont^5?b;in which ^it is,.: . ".■■■ • 
; used. ■Unle.ss other-.7ise indicated, '.:space iri.this tekt will, refer to^. , - ^ 

infinite , .three-dimensional -s-pa'ce . -■. •■ 



•PliANE 



Let us now consider a subset of the. set gf points of space called X' 
a plane; Again we do not give a formal definition of the plane. . • 

•Any flat surface such as the floor, the- top. of the desk or a piece 
of paper Suggests the idea of a p;Lane/ Like the" line, a plane is unlimited 
in extent. That is, any flat sui^face .-used to represent a plamorOcr repf^sents 
a portion of the plane. . { J^tKT^ I'H^^^^ 

In teaching children, to express the raeftniilg ^f plan^|gljpbbjec(^ 
.^as the floor, tabletops,- ai>,d faces of blocks .should be exaMi^a and felt..-^ 
The notion of the infinite, .extent' of .-the plane is approached by thinking 
in terms of an ^ever-expanding tablet op and so on, ' ' ■ 

S]^LE-gLQSED CIJRVES ■ .^ " ' . ' 



In our .discussion' o"f segments, we '^ionsidered paths b^ween i^wo- points 
and observed that each of the/^ths "describes a curve... A path thus specifier 
a set of \points known as a curve from A to B. When. A and , B coincide, 
;,the curve is said to be closed. Thus, each of the. diagrams illustrg^ted ' 
represents a curve. The ones.. appearing, on the' second row are closed curves. 




(b) .. 




. A 




(c) 



.(d)- 




(e) 






(g.) 



Of the closed curves that we have" drawn, the first three are 
distinguijshed from the last two. None of the first three curves crosses 
itself. To describe the fact that, the curve does not cross itself, we 
say it, is simple . By simple ' closed curve^ we shall mean a set of points. '. 
in a plane represented by a path , that begins, and. ends at th^ . same point 
and >^oes not cross itself. ' . . 

Simple closed curves have the important property of separating the 
test of the plane into two disjoint 'subsets,, the interior (the subset ' " 



of the plane enclosed by 'the curve) and the exterior ..;,..T'hus, . vl^h i simple 
closed curve tfiere is^a natural partitioning of a plane into three disjoint 



subsets: 



>(l) the set of points that, are enclosed by the Q^fy^ 
*^'t'. (2) the, set of points that ^I'fe on the curve o- / 

; the set of pointsi^that are neithe:^enclosed by the 

curve nor on the curve. ^>. *' ^ 

~ . i.w ' 

With the separation, any curve in' thfe plane connecting a point of the . 
interior with a point of 'the etterior necessarily intersects th^simple 
closed curve. This .is illustrated4)y the q^ure below, where *'C is the 
simple closed curve, P is an interior point, Q" is an exterior po^ft, 
and "A is a Diane curve, connecting P" and Q. 



exterior 




PROBLEMS 



6. , Which' of the following curves are simple? 




'(a) ■ 



(b) 




7,. cWhich of the above curves are closed?' Which i$ simple and» closed? 

«.. . V 

8, Which of the curares in Problem 6 is a . union of two simrfLe ■ 

.. ■ * ^ ■' . f 

■closed curves? / ■ 

9. If the letters" o£ the alphabet were printed in block typfe without 
c,. serif s (no "ta;Lls'y, which letters indicate simple . closqd curves? 

* , ' A BC D.... 

Which are simple. but not closed? 
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10, a. Can a curve be drawn from A v^to B without crossing the given 

curve? from, A to C? from. A to D? from A Vo E? 

State the reason or each case'V 




/ : • 

• b. From which point in ^he above diagram is it impossible to* draw 
•a curve to any other point ^without intersecting^ the 'curve? . 

POLYGONS 

An important class of simple closed curves is the class of polyps.' 
A "pglygon is a simple closed curve that is a union of line segments. Not 
all unions of segments form simple closed: curves. For example, the union 
of^ two segments may again be a segment. In the picture below, th^* union 



tl^ 



^ of AC- and BD is - AD; the union is simple, but not closed- Nor 'is 
any of the figxires below a. simple closed. curve although each is' a union' 
of line segments. ; Triangles, qioadrilaterals, pentagons, , and so on., . 







are examples of polygons. Note that AD- above contains many other segment 

\For example, AB is contained in BC.. is - contained in AD, AD is' 

contained in itself , and so on. Likewise, with segments of a polygon, 

stigments are contained-in segments. If a segment, of a polygon is . 

contained in no segment other than itself, then this segment is- called . a 

side of the polygon. For example, PR is a sideof the triangle' 

. shown below. ■ ' ' • • ■ ' - 

. P 





triangle 



quadrilater^ * • pentagon 

■■?8-' " ■ ■ • 



hexagon 
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A poly^oh of three sides is a trianglex fo^' side s, ' 'Si quaarilat eral ; 
five-sides, a pentagon ; six sides, a hejx^gon ; and so on. The endpo'ints 
of the sides are the vertices of the polWon^, Note that each vertex. 

• is a common endpoint of 'two sides. Note also 'that the number of sides 

. is the same as the number of. vertices. 

CONGROKNT SEGMENTS . . 

Congruence is a very', important and complex ide^ vlth many . consequences 
in geometry. We shall confine ourselves to an intuitive approach to the • 
/idea of congruence, that is, if one geometric configuration is on exact . 
(copy another, we shall say that the two figures are congruent . 

^ To decide whether two segments arfe congruent, we can make a tracing 
of one and see whether or not the tracing fits exactly on the other. 
If tlxey.fit exactly, the segments are said to be congruent. It is, in this 
s^nse^ chat juarkings on a ruler perform the function of the movable copies 
« of • £iegment.s . . ! 



• • • / .4 

11^ Mak^ a treeing of CD, Fit this copy on AB ■ to see whether 
or not* AS and. CD are congruent. 



C ^ 



l^p Which of the following pairs of line ' segments are congrufent? 



P ■ . Q 
R T 



. X 



THE NUMBER LINE 



Congruent segments give us a way of .rilating numbers with points on . 

a line. This 'i.^ the ^ case with the- number linis. '. Given.' any two points on 

a line-, a segment is determined. We can continue .to niark off points,, one 
after another so that each • segment, is . congruent to the first. 



.The points may be labelled 0, 1, 2, 3,- h,. in, the order o/ the ; 

wiiole. nwnbers. Although one can asslgnH^.ese labels from, right to Wt, 
conventionally- we proceed fflbm If ft iio right. .When points are labelled 
thU3, tne nuznbers assoc^^ated v,lth the points' are ^tailed the coordinates 
of the' points;, and the line together .witli, its coordinates is called 
the ni.iinber line . * f \- 



. 0 ■ 1 2 5 h 5 
^* The Numb^ Line' 



41 i.^ number line . thuaf^ives. us a 1-1^ correspondence between the 

■ set of endpointii; congrufent segments and the set of whole numbers. 
if 

Ti.ut 1^ eacij endpoint is associated v/ith one and only, one whole number, 
and each v/:iole pumber is associated \Nrith one and only one endpoint of 
tc:jfi cor)jri^ent segments on the line. This device is quite iisef u],-^or \us . 
It enables us to visualize the' order of numbers by the position, of " 
. correspondmi.:; pomtG on the line. We \-n.ll later connect ^erations . - 
in aritiunetic v;it:| operations on the number line. ?■ 

problems ' ■ . • ' . . . ■. 

> 

.13. Vrnat is the sinall^^jJ^//hole number represente'd on\he number .line.? ■ 

/ ^ ■ ■ ' 1 ' ' '■ . 

Ik. Mr.at can you say about every number represented by a point on the 
Aumber line that Lies to the right of a given point? 

APPLIGATIGN . TO TEACHING ■ ♦ " ' ' 

Loc;iically, 'as geometric figures are made up of poi'hts., one should begin 

the study of geometry v/itN the concept of what constitutes a point". ' Linesj,. ' 

' '.. f ^ 
cui^es,^'- planes, solids, and spaces may be generated from a 'point. 

. ^ : ■ : ' y ' ^ . ^ . ' : ■' 

Des^iite the J-Ooical basis," the sets of geometric objects that children 
have to manipulate ' are sets of ■ three-dimensional objects. These are. the. 
concrete obj eats v/hich provide ^'Children with' experiences from which- they can 
abstract the mathematical concept's? For this reason we begin with models of 
solids, Rrom th^ models", v/e identify faces, -edges^ and vertices. Once 
identified, v/e can use these primitive elements to construct other. geometric 



1 



figures. ?or ex^le, "skeletons" of 
certain line segmen-||iki .• .. . 

, I^dtr childre%/ the approach t^ closed" 
Hiust .be -eniphjasizefi that. any. close'd f.igur 



Ids and prions are union^ of- -c 

•• . - • " . * 
^is entirely geometric. . It 

^tiot . lie in./a '^^f^lane. is 



called a solid , even, though ' it is hollow 
consisting only of the faces Is- a "sotid'^ the'-' 
%U is a- "sblid^ 



r It^is a good; 1 
.tinall. and encourage the \ 
■;t|f ore beginning' the chapt 
-ihe* faces of the' solids 
'so that the children may maji 
stick models of polygon's vlifrj 
used fo 
, models 
3-dimen 
at 





.e, a rec.tangular. "bb;c >5'.',5^^riV 



ay^ a. set of . wooden' 
to examine and' 
pgniz-ing 'Geome 
on a large shi 
L of ' a-^oli 
L'/'.^e c6nsrue^''t- 



bf^a r^^Qtangul'ar 

/ .} " ■ ■ 

iw'cj.t ,.too- ; 
e^Al/daics 

apd^dt^nlayed' 




home which quall'fy as cyla,rid^;rs^"4rid' Rectangular .bdxe's ' a^^ 

Solid figures- may be , rdeiitt§t"^^cl-a.^.^^ -i^IlG:; ' For ■example, ' 

.it would 

r ■ 
.r 

pjism as 

s>/^f 'W'Mf^£^^^ -Q^e 'vs ; ' rounded .^^^e'-' ; ^-v"^" 
■ .-^^k^'^^-^ i- ■^£lat;\r^^•oh■ v-s .: ioimded regioii^ 





vJrJ^;;^v^.;; ^ vs. soXijj 



'Ave ■• d that the. ■ s tii|dy of. geome'f ry , e ach ■ .jf^- .the 



;ts^ a poitt|:y\B line, -^nd a pl^n^- m^^ be! regk:(;;ded 'as -a p^rilnitiv^*- 



3-*fepa) 



it . Byi ' the s e , "we c ^|g^J|^^^•n^ ■ o t^^l r gdoirjj^^io . ob j e c t s . ' ■ v^«6 ^ w a ' 
' ^ may ' s ^'rve , a s ■ a . p ^^1^^ i v^? eje^n t , an^>.l.t f ifan^afjr^ oi u t 
that we consideS^poin^s, -lines, -pXanes^ spaces ,^ element g^^' S ^^^l ^^ *" 

' ■ What is me an t by^ t he s t at eirient that sp ace " i ^ -'^^ set of' al 1-. p c i nt,s ?■ J' . '"^ 

) ■■ ^ '-^^ ' " ' ■ ' % 

Using various T)hy SIC al".-. objects as •moqels'^51^ might move, tor an ' « 

ever.-shrii^lng . dot ks representation of a point. 1^ coHc^t.'or point ^. 



that . we have in . min d " i s thus ^h aVs t raction from v^ 3ual . no^pJ^^^q" n; 
i'deallzed. conpepf: that of an exact pOySition jiaving no l^-i^^.t-^^^i^i "^Adth 
^In other words, having no dimensions . The space th^jjfeg^we cofeAly. think 




o:^^:as three -dim^nstphal. space can be. ylsiializ'ed ^as the* set, of all ^possitie/ 
p^fe'li^ion^ - in- tliiB sp'ac^. Certainly "ve can" Imagii;!^'' that wherever there ^ ■ 
is a^lociNfcionVr'^^ caiti^ylsualizeVa^pQint;. ! the - totality of all positions '\ : r;' 
Tills ..up^ the space 'eiil' about us/ This .is an account for our \ ' .';':";* 



thus ?rills ..i^ the space * ^1 about us 
■ &f iriition ' of space aS^the set of all\ points 



liowever, the definition. 

have 



If, we think .o5 the 
w^- "s^e" th^t tM'^ • too-'- 
the pd'ints located" on the iipa^i^ed surface 



is a .good deal i«ore "far -Jieaching tban this . . The word . "all "v^may 
ipany frames^ reference. ' / ■. A'; 

■" - ^' • • \ ' ' . :. ■■■ ' i, . / 

he pra;n'e.,as, the idealizing of .ian eveXexpanding tabley-.'..^ 
O' ls cbE|)osed. bf a cplldctibn;^. point'ajfenam^ ally /-;^ 
;the .iipa^ed. siirface. ;yWi,th .ref^ence; tO\this -sur^^ 
the - collection- ofaall points stf't^s trie ted i's. alsp' a spate .■ . Th?s 'iS'tb0i-.v'% /'^ 
space" WB -call ^e plane\ Becaus^'^t^e plane!;occ^p'ies an e^iitent ail'otigiEi- 
dimension* which we mighty conceive of as/ length and along onfe- which vie : ■ 

. AW. .'/>.%-r ^ ■■• ■ 

might ■ cottoelye'^Df* as; width, ■ the^ plane?;4§v said to^ 'extend alori^J tvoM#mensions^^, 
•Anothe/,-"^y^,# s^ng this is ,.the plan^-d's^tVo-diibensioneil sp'&cjg'/ConeJ ^ 

that hasyno, ^jPiickness Similarly" sp^fe ,fn';a li^x^ vis "■oneid4^ 
/ space .is? dependent^pon how liiuch,. this ••411" tenctimp&'ssel.i .^wliat'ever •fej-"---"'''^--^ - 
,;it is .tl»5-,'set' oi>>air^o^tq . I^pfeual teipjihplogy and wilj^out.^oth'^ 

qualiflpa-giorf, .by *i"spa,c||K^ of ihree... 



dimensi;c5r^€ -i^ rrj^ec^ , 



Beitween* . ■■ 
...... /•■ .. ^ ^■ 

Closed' Curve* 

Congruence*^ ^ ' 

G ongnienti . ^ . ■ • . " 

Congruent "Segjlents^j 
^o6rdinates*^"^j^' ^ 

Curve* ; ' . . ; 
• Edge* . ■ > ..'^.V 

Endpoints . ."^ 

Exterior " (outside*), of .> 
Simple ci'O'Sfed-Cufirve*^ 

Face . ; 

Geometric Solids, 
•* . ' ' ■ 

Hexagon* ' ' .* 
Interior (inside) >of a 




* -Line 



Degmenty* 

' • • ■ *! " 
Number Line*-' 

Path* . 

}jlj[ntagori* / 

Plane*;/ ■* ' • ■ 

•Ppifl* /,:-;>;\; ^ 

'Polygon* 
Quadrilateral'* 
Rectangular 



3t t 



■Si] 
■Spa^ 



^Clo§ed^ 



Sample "^Closed Curve* 



angle*. . | f 
ei^ex a Pc^Lygon*- 
Vertey of a- Prism* 

ft ^ ■ , ■, .. 



Line^ 



,••■/ ^ 
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.;. . :' EXERCISES - CHAPTER ^ 

•I* .'Draw a' representation' of a geometric solid shaped like' the pyramids, 
of Egypt. How many vertices does it have? » • 

2. . .Explain the differences between AB and AB. . 

3. How many different lines may contain: 
- a. one certain point? y 

b;. one certain pair of points? " , i • . 

k. If any of the following statements are false, re'write them correctly, 

a. Two points det^^Tnine a line segment. 

b. Three points determine a iy.ane. » ' 
.. c. The intersection of two planes may J)e a line. 

5. Show why PQ cannot be- divided into disjoint segments so that 
the. union is PQ^, ' ' ' . 



P V R Q . ' 

In the following figure, which of the points, "^A^ By C, is. 
bet we eh the other tiJ/o? 

A 




b. If three points are connected" by a curve,* is one point necessarily 
•. between the other two? 

7. a.' If a .railroad does' not have spur tracks and dq^s not cross" 

itself^ .what, points form the boundary restricting the extent 
of a train's joxirney? ■ .. . » 

b. To restrict the extent of a ship's operation, what kind of 

• . . . boundary might required?. , . ' 

c. .' What kind of iDoundary might be required to restrict the extent 

of an airi)lane • operation ?■ 

d. What ferfd of boundary' might be required to restrict the extent • 
of a submarine operation? ' 

8. If one number is greater than another^ what do you know about ■% 
fheij" positions on the nijjfber line? >^ 

9'-. a. According to the outlines' for Books K-3 "in Appendix'A, in 

. - which grades are closed. curves presented formally as a topic? 
b. In which grades :are topics discussed using basic concepts of ? 

closed* cur^fes? • " ' v. - 
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^0' 



S.0L1 



'S FOR PROBLEMS 



a, only. The- rounded surface intersects the two • faces dn tW edges 

b. and d. hfeve both vertices^ and. face's; c, has ne^kl^f^'!^''.' 
e; has'a vertex -as well as a face, , - ' . ■• 'v ■ ' • 

■(b) and (d) , represent curves»from to B; ' (a) represents a 
curve from A* to A or from "B to B, There are two curves 
represented from A to B, however'; (c) is not a curve from- 
A .to-B., it is not continuouis. • " 



B 



or 



B 



' A 'M Q 

Figure corresorids to the first possibi 1/ity shown in Q is / ' 

between A and B: .M is between A and B; ' M is between .' 
Q and B. * ; . ' ■ . ' 

(b) * and ^d); The.'curves (a)' and (c) .cross themselves oi>ce 
and so are not simple. ^ ' ' ' • . 

(b) .and (c); (b) ■ is the only ciirve both simple and closed, 

(c) The tWb simple closed' curves whose union is figure • (c) are 



0 are simple cl 




C, G, I, J, L, N, Va^", Z a,re simple tut not closed'. 



a. The curve is simpL 




3.osed; therefore the plane is' separated 



into 3 disjoint sets ;vth.e- interior of the gurve, the curve, 
and the exterior p^'the curve. and B '^are in the interior; 
D is in the curve; ■ A and C are; in the exterior. 

Thus no curve can connect A to '^A to D, or A to' E 

without ■ crossing fhe curve. A and C can b.e connected by 
^ such a cutrve, however. 

b . ',(1 D - any curve, that contains D intersects the curve at. lea^t 

. once, namely at D . 



ERIC 



11, AB is congruent to »(?DV.,v, ... 



12, (b) ••: ■ _ . 

.to the ri'ght of a given pi^^Ks 
ll^-,. The coordinate of every :point' t, ^A, , . . .^^^ 

V •. • ^ the^ giv^ippoint , - , 
.••greater thar^ th^ coordinate \. " 
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, ■ ■ ■ ' ,1 Chapter 6 ■ ; V , ' > > " . / , " 

. '^Ar. . NUMERATION: NA^NG NUMBERS . ' . f-^ 

' niTRomcTioN, . ^ : ■ \ ^ ^" ■ 

In this- .chapter we shall considei- explicitly the important distinction 
between n^bers an'd their names, . We shall concentrate our. attenti&i to . 
schemes for neiming' whole numbers; that is, to the problem of numeration. 

' WHOLE NUMBERS AND THEIR NAMES ' 

■ ' . ■ • ' 'J ■ ' ■ 1 ■ 

We know that the- whole number "twelve" , for exataple,. la ;a property. ' • - 
of the set ' • / " ■ ■. 

. -{a, b, c, d, e, f,..g, h/i, j, k, 1) 

and of taii'^aets equivalent to this set,- The word_"twelve" is a name. . 
for this, number property and is not the nmber itself/ Similarly, the- 
BJi^^^r numeral "12" "is another name for. this eecme nmber . -^.•'.JDhis is- 
'-.true ;also for the numeral "XLl" , written in the Roman system' of ■ notation. ■ 
In fact, when we write . V' V ^ ■ 

::■ - ■- ' ' ■ XII =-12^' ; - ■. ; ''^ 

. we sinqplylare asserting triat\ "XTI" a^d "12" , are two different" names 
for the same ,thing ; . that is,, name s ■ for the same :numbe r . ' ' ' •' i\ 

JiB we now consider principles, of numeration,' it. is' ln5)ort'ant . f or 
-us to. lj.eep clearly, in mind that, number and ^numeral ar^- not synonymous. 
A n\imber is< a .concept, an' abstraction. A whole "number is one kind, of ■ ^ . 
nvunber, and in various preceding chapters . we. have considerisd eelegted 
aspects of the whole number system, .'On the other. hand, -a. numeration 

• system is.- a'' system' for naming number?; thus, it is a -numeral. .system. ' 
In this chapter,' we fehall be concerned with numeration systems for .naming 

i-iJhol^e numbers. Oox emphasis will be on the numbdlj^ names 6i*. niamer^s,' ■ 
rather than on- the _ numbers' themselves. . \ . ■ ^ ■ 

■ ANCIENT NUMERATION S:fe'i;EMS 

\^ Man, during the course of .his history, did not always use our.' 
.familiar Hindu-Arabic numeration-system. His earliest schemes involved 
little. more- than t'ally marks, such 'ai ' / , for.- "one", , //. .-f or "two".. 



../// for ."iihree!', etc^:- Such primitive schemes w^e f ar- from effective. . ^ 
and\effxcient/ particiaarly' when dealing wi^^^ 

. The Egyptians, the Chinesep-the Greeks, the Pomans,;. .and others "all. * 
developed numeoration .systems that iiTft)rovenlents\up^ tally 

schemes . However ,*nohe ofk these was -as' sophisticated as the.. one developed 
by the Hindus, which evolved in^o, the" Hlndu-Afabic system: ve\ use' t'oday, ^\ 
Nevertheless^ a brief consideration of-al^^ leasi one of these earlier ' . • 

, numeration /systems 'can be-.pf interest and can ^^J^n appre'clatioh • ' 

"the principles and advantages o$Hbur own system:.. ' ' . 
A MODIFIED. GREEK SYSTEM^ >^ ; • , "C^' 



•. On-e of the Greek systems of .jiumeratiih' Used twenty-seven basic symbol^^: 
thenwenty-four' letters of the C^rgei alphabet,- an" 6b sol^^^ letter,., ai^d . ■ . 
two letters -borrowed Trom the Phoenicians. , Each' of these basic symbols- 
named a particular number . Other numbers: were, named by . combining -bk^ic , ' 
syrnbols according to ■■establi^ghed'*prin^iples or "rule-^*^ ' ' • ' • 

^ Let us illustrate a modified version of this Greejc system by . using 
as basic symbols the twenty -six letters of our own- alphabet rand one 
..^^:^^^^..f^^^^ .by:.each ba^ici,^ • 

is indicated. below in. terms of our own Hindu-Arabic numerals.. ' \'' . 



A 1 ; 


■ ; ■'. •J:= lo\ 


♦ 


S = 100 ' 


B=-2 . . ■ 






T = 200 . 


d= 3 . • ■ 


. / L = 30 




U = 3bQ'' 


'D^ ■ ■ 


•M = i;0 




V = koo 


.•■E^= 5 . 


N = 50 . 




w = 500 


■F = 6 


■ 0 = 60 ■ 




:X = ^OC 


g'.= -7 ■. . ■• 


JO. 




'Y='700^ 




Q = 80 




z =.8oo 


I = 9 


R = 90 




S7= 900 ■ 



A compound symbol such as "PD" is interpreted to mean'- 



in 'our. own system. Similarly/ ^'^ •/ " I 

■ •"WKH" means ^Ob + 20" + 8/ or-' 528/, 
■ ^ ' ; ^ '?TR" means.. . 200 ^^p, rqr ^ 290^"" aild 

• "UF" means' 300- + 6] ■ or 3O6 4 

^ in teniis of our. familiar numerals, " . 



Notice that the symbol ' "DP" vovild ,bef interpret&d to 'mean ■ > +. 70, 
- :ov ^ho. Thusv it .would, be^true that. ^ ■ '" '■• 

■. ' • ■ • . ■ . W- ^, ; PD = DP, ■ > ; ^" 

■ However,^ we shall agree that in^such insl^ances we- shall writ^ the basic 
•; ; symbol for the ''larger number to the left of they. basic symbol for the . 

- ', . ^ smaller riumber ; ''Thus, the preferred form would 'be PD' instead, of Dp! 
Sin^larly, it would be true that • ' ' * " 

, ^y- '■ ■ \ : -Wra = WHC. == KHW = ffl^ • ■ 

■(, • ' • . ^ ■ " ■ 

. Of these six different names for the s^e number, , the preferred form': 

would be ..WKHV' ■ I' . ' ■ " 

.... • i ; ■. . •■ • ■' ■ ' . ■ • . 

■ • PROBLEMg '.* " ' ., . ' . ..o . ' ' \ • 

.1, :.E:^ress: eiach of these modified Greek' system numerals as familiar-- 
Hindu^Arabic numer^s,.^ « ' , ' ^ ' ' ^ ' ■ ' "' 

2. Express each of the;se" Hindu-Arab^-C nujnerals ^n the , "preferred fo:c7n" 
of moetifie'd Gree^'- system numeral's. . . / ■■' ^ • 

I ' .. .a^ ^ .■, . b, T35 " ■ c, r 210 d\ ; 50it' ' e, ■ 888 ^ . ' /. 

.3« .. Ppes ■the-,modifiedvGree^s;irstem.M s;5rab5'l for the nioinber. 



"zero."?"* If sd", "jrhat is rHihat symbol? . If; nbt^ why is such a basiq"4 
symbol-'noi, used- in .the. '^y stem? .. , '; .'' 

^ Buirj-what a\DDUt- ;iaming>numters greater than V RI; or 999? - IVe^ ' 
carinQtrnaine ^uch lumbers wifhout .some further agreement' or extension 



ti . . ■/ : .■■: V 



* Solutions for. problems in this ^etopter are/bn 'page ^ .V 



of .'the system. SoVsJet' us agree that we may" use. a. slash inark ' (/ ^ 
*i'i;idicate that *^he number named . by a' l3asic\ Symbol is to be multiplied 'by ■ ; - 
oae-thousand .(lObo).. . Thus,. * " . ^" ' ■' ' ' 

• ^' "V.-;- • /"E. -meanS.. 1000 X 5, /or^^OOOV - jk. • 

A- V /,P means lOOO'X 70^ ^^^r-'^Ya . * ■v^^ ; V . L' 

' • ' ■ atid /.T nfeans .lOOO x 200,- or^ 200,000 

in te^s' of our familiar numerals. In a numeral (J^om^^ed of a Collection • 
of syiribols, -the ' slash marl^S^efers to only the one syr^pl ' that^j i s immediatel!^ 
;tOy itsv;^ght\ .. '"'v' .. • • ... ^ • f^'H'^'^' ■■'.-^'^'■.'^■^ 

^- ' • Exp?^ss ;ea>h of- t>^fese modified. Greek system Inumerals "as familiar - ^ 
Hindu-Aifrabif:'- numerals . ,i , ' • . '■' ^ ■ ■ 

a. . /bymg - ^ .■ V b. 7q/aul " '.c.-'/v/oBc^ ' 

; You undoubtedly have noticed t^i^at the ^number "ten" .'is- of particular 
• sl^ificance: in; the modified Qreek numeration System. For instance, the ■ 

symbols,; J,' K^;,. - R'' named multiples -of ten ■^{lO-, ^20^ 8o, .9^) 

■ and^ the^ symbols 5, T, ' . ^ . , . 2.,^^ named/miia&ples- of. I^h tens or ■ one . .. 

hT^dfed (lOO,',^00/^.■■. ./ 800/ 900)!. - / ' \ ' : ' V : - ^ 

r \ ; -"We.may say' that "ten" is thej bage of thiV 'riume rat ion* system It"' 
is the_Dasic; nu:nib'er ■ that we , use for ..groupings within -the system.. ' 

FEATURPS OF :,mJMERAT3S^N systems' ' ' " '■ ' ■. . ■■'z ' 



■:■ ManjS*'n.umer^tipa system's have .threerfeatures that,a"re^ signiiSicance 
as we .turn to - a ■consideration of pur; awn Hijjdu- Arabic system^ 



0 



.1. One' of these features is' that of ''basey .a basic number ■*j^n -terms . 
of which we effect- groupings within^^e sys.tem. This .n^ may^ . 

not J.'ten" , • If ilr^e .base is. ' "te^"''. . we . of teu^.ref eij,i>t;p;.that system as ' 
a depfnal system. ('Decimal"' is derived f rom; the; Lstti^iV^ decgm which^ 
mear/s "ten".)' ..: ' , . ■ • • ^ "'^^'^V;:. ' ■' '.■ • 

/ 2.. Another feature .is -a set. of basic symbols^r -number, nances From- 
'thess.^ .all other numerals are- built . As we- shall see. , the choice of " ' 
baseivjften determine Sj the number '^f basic syn^Bols used within a numeratipri 
system. .■■ ■■ .■ • \ '. 



^ ' 3. A third feature is a set of principles or rules for combining 
basic symbols to f om^ other humerais so that every yhole number may be , . 
name 4 in terms of these "tfesic symbols only'. It is '"within this third 
feature 'that we find a principle that sets the Hindu- Arabic system apart 
from others that' preceded it. V^e are referring^ of course to' the/ 
principle t)f place value .' ■ ' , ' ^ ■ \ 

TfiS mnXJ - ARJlBIC MJMSRATION / SYSTSM ■ • 

Let us examine each of tb,e preceding features as it relates... 
' specifically to our Hindu- Arabic "numeraticn system. - 

1.' The Hindu-Arabic -nimeration system is 'a decimal system.: its ^ V ■ 
base is ten. -Tr.is is seen clearly in the fac^: that' ve internret the > 
number ■ "sixty-three"^ for. example^ as "six tens' and three (ones')''^ " 
"Sixty" itself . means "si::' tens". This fedTture may be illustrated in ^ 
the gtoupin^s 'belo'/; for the interpretation of the' number "sirxty-three" . 
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■ ' ^ ^ ^ . . . ' - 

I2 . The Hi n du- Ar ab i c* nume rati on ' sy stem ut i li zg/^ ten basic -* symbo 1 s 

or' digits : 0, .1, V?"* 5^ 5^ '■7^ 3"^ 9 such that . . ' ' ' 

' ^ (y names the nimber zero; ' . 

^ . ■. . > 1 names .the number one: > 

^ . 2 names tne numoer t.vo; ■ . - ^ 

t . •• . . . ■ ■ ■ y ■ ■ ' 

- . V ' \^ V ' '\3 name^s the n^'jmber three'; 

■ ^ ■ ^ ; . ^ ' ^ . > . 

' V* 4 names the number four; 

- ■ t • . / ^ ^. 5 nair^s the n*jmber five; ' . • , ■ 

1 ' * . 

1 ^ > ■'^ o . n,ames,^ne numoer six; ^ 

,' :. 7 nam.es the num:ver seven;' 

X ^ * ^ o names .the number eight; 



ana^i P names 'tne numoer n^nie. 



•i 



' . '• - 91 . 



\ 



Notice the inclusion of a symbol for zero: 0. This is in marked 
contrast to systems such as the Greek, the Roman, etc . , that had no 
zero symbol. The need for a zero symbol- in the case of the KindurArabic 
system is related closely to" the place value principle discussed in the 
following section. . . ^ « / 

5. The Hindu- Arabic numeration system utilizes* a principle of. 
place value, along with principles of addition and multiplication, • in 
order to combine basic symbols or digits of "the system to name whole 
numbers greater thfen nine. We ar| quite' familiar with the fact that in 
the numerbl 2222, for instance, each digit 2 does not have the same 
"value". The "value" of each -2 is deteniiined by its place or position 
in the numeral as a whole': * ^ 



2 2 2 2 



*"2 ones 

-2 tens 

••2 hundreds 

»-2 thousands. 



Or, we mey convey th^' • same . idea ir^ a- slightly different way: 

2 '2 



2 

i I 



-^2 X. 1, . or .2 . 
— r2 X-aO, or 20 
— 100,; or 200' 
-^2 X ibpO, 9r *2000. 



Here we^see the principle of multiplication ."in association with tl:ie 
"x5lace-value urinciTDle . . . ^ ^ ..\ /.. / 

' ■ ' " ' ■ * ■ . . ^ / 

We frequently find it helpful to.;M9e an expanded form of .notation^ 

to Emphasize both the multiplicative .andT additive principles that apply 

to the' interoretation of a numeral such, as / 2222: ^ 

■. ■ ^. ■' \ 

2222'-= (2 X 1000)-+ (2 X lOO) f (2 X 10)'+ (2 X l). 
^ -f ' ' . ' • - 
. None of the notations used thus' far has made- explicit -line important 

role of the base, 'ten, in deterMnii;^- the "place values"'. Each place to 

"the left of the on^ place in a .numer^ has associated with it a "value" 

that is ten-times the "value" associated with the place immediately to 

its right. For the nmeral 2222,- we can show this important 'idea in 



this way 




*-2 X 10 X 10 X 10 X I 

*. 

(2 X 10 X 10 XlO) + (.2 X 10 >^10) -f (2 X lO) 4- (2 X l). " ■ 

'iniportance of the zero "symbol, o/j In connection with our 
2 -value numeration system is reflected in numerals such as 2220, ^ 
^2202, $022; 2200, and 2002- . Without the zero symbol such numerals 
could not be distinguished readily from 222 (in the case of 2220, ' 
^2202, and 2023) or from 22 (in the case of 2200, 2020, and 2002). 
Without some symbol.to denote- "not any" in a particular place,, a numeration 
system with a plaqe value principle would not be feasible^ In fact, the' ' 
relatively late invention of a* symbol for "not any" Ca symbol for the 
number pertaining to the empty set), was the reason -for the relatively 
jLate creation of a place-value numeration system. * . 

, ^ The following chart may be^helpful in suimnarizing -some of the 
ideas just discussed ' regardrng our numeration system. 



93 '^•^ 



EKLC 



1 



J/^ 000^ 000' 



otres 



1.000, 




lOtlOttO^lO^lOrlO 



7 



1 00 WO 



lo^'ioftiotio^io 



/ 



10,000 



10^10^10*10 




0 



otits 



WOO 



iOtlO^k 



5 



Units 



100 



10 '10 



0 



10 



6- 



■. , 'Consider the numeral ], 205,0li6.vwhich' ve read as: "seven million, twO' hundred five thousand^ forty-six", 
(notice that the word "and" is not L i reading -Merals for «e nwbers. 'othervise, itwovddnot' 
Jhe>:iear,. for exaaplg/, vhen we s^y hundred and five thousand" whether ve mean" "200 + 5,000" or 
"205,000".) ' ■/, / . /v; / * ■ \ 

' We may' interpret the numeral'/ 7,335,01+6 to mean: ■ '7 millions, 2 hundred-thousands, 0 "ten-thousands, ' 

5 thousand's; 0 h,undreds, h /tens, 6 'ones. Since Q ten-thousands and 0 hundreds hoth result in 

zero, these may be omitted in the interpretation. Thus, 7,205,01+6 means: 7 millions, 2 hundred-thousands, 

5 thousands, ,4 tens, 6 ones, ^Ve also may use an expaned notation form: ' ' , 

7,000,000 + 200,000' + 5,000 /•^ or ' ' 

(7 X 1,000,000) + (2'X 100,|)00) + (5 X 1,000) + (1| X 10) + (6 X'l),' or ; 

(7 X 10 X 10 X 10 X 10 X 10;X 10) + (2 X 10 X 10 X 10 X jq.)^lL'o),4 (5 X 10 X 10 X 10) + '(4 X 10) + (6 X 1). 



PROBISMS^ 

~~^r^' - ■ > z, • . - • 

-'.'Write the base -ten mmerkl for each^ of . these .expressioa^. 
. ^^j^^ i^T^, h^dredsy i^-' teas'/ 9 : piles.- . . . -a • *^ 

thou^ai^Ss; '*-3 hundreds^ 6 ones*. . " ■ 

, 000-;+^ 6000 + 86'+ 3 . , / ; ^ . ' //V';':- - ^ V\v;r. 
[^<-Vocx))/+ (o x^ ipo) + (2 X iG>^+-.fii.*'X- 1)- . ^. 
10,000)'+ (o^x 100 (9 "'X i)' ; , - ' 

10 'x 10 x'lo) +*(4 X 10 X 10) + (s^-x i) ' . 

10 X 10 'x 10.x 10).+/(5'X 10 k lO X 10) + (o-X 10) o 

'ess each of these base ten nmerals in three .ways as shovn 
llustrative example below. * • - , 

lie; * 4257 = 4000 + 200 + 50 + 7 




m 



4257 = (4:*x iboo) + (2 xibo) + C5 y 10} + iix i) - 

4257 = (4 X 10 X id X 10) +' (2 X 10 X 10) + (5 X 10) + (7 X i) 



6l84 



c. 40,702 



. GKOUj-JjjG BY FOURS (BASE-FOTR NOMERAJIION S YSTEM ) 



r .We-are fanjili^ vith 'grouping /objects by t'ens^in connection vith our 
deciiai'place5''alue faumer^^ibn system. J For instanceT^ \ • .- 



XX 



XXX 



xxxx 



xxxxx 



xxxxxx 



xxxxxxx 



Nmnb.er-.o?' 



Tens 



xxxxxxxx 



xxxxxxxxx 



[xxxxxxxxxx I 



[ XXXXXXXXXX I X 



[XXXXXXXXXX i XX 



{ XXXXXXXXXX] XXX 



I XXXXXXXXXX I xxxx 



I xxxxxxafoocl xxxxx 



L XXXXXXXXXX] XXX 



i xxxxxxxxapcl 



-^1 



• Ones' 



:2 



Base Ten 
■Numeral 



7 " 



10 



U 



12 • 



13 



■ 15' 



23 



Etc. 



\^!^' Suppose that ve agreed to group -objects by ^fours rather than by tens. 
Suppose,, for example, that instead^of grouping fourteen objects as 



XXXXJ XX 



(joqcxxxxxxx) xxxx , '1 ten and k ones, 

ve had grouped the fourteen objects as ^ ■ 

3 fours and 2 ones./;. 

•96 

•■102 



ERIC 



We certaliily havet not changed, th& number of objects:- fourteen. We have 
only changed the way' in vhich these fourteen objects are gr'ouped:. as 
"3 fours and 2 ones"" rather .than -as "l ' ten "and- h ones".. * . 

<The numerals of our base- ten place" value -system ^reflect a tens-ani- 
'ones'^^ouping; as\ ' • * v *. 



opes * 
ten(s-) 



Would it be possible to 'develop, a base-four place-val'ue numeration" scheme 
whose numerals reflect a fours -and -ones grouping, as/ 



3 2 



L 



ones 
^^ours 



/■Let us use sets of one, two, three,'....; fifteen object-s to 'see how 
such a ba^ four'numeral system migrvt be''develpped. . This is - done in the ' 
chart on the opposite page which includes contrasting base ten' numerals . 

■ Ndte'that in the decimal system, ,e^ch set of ten otijects is groined. 7 
a^ 1 ten and the number of these groups is indicated in the tens, place. 
Thus, 23 is 2 tens and -3 ones, .and the number of ones left ungxoT:^ed 
is-. given by the digit J, The possible digits in the^ one's place are then - 
any of .the numerals 0, 1, 2, 3; 9- Similarly, groups of tens ar^ ^ ' 

regrouped into hundreds when* there are ten or more of- these groi5)s,, gro\;ps 
of ■ hundreds are regrouped into' thousands when there are .ten or more of the 
hundreds, 'and so on. Thus-, arly digit in any place .is one of the numerals 
b, 1, 2, 3,; ...,'9. A similar' analysis shows, that any digit in base^four^ 
nume'ration^ system is one of the numbers 0, 1, 2, 3 since any number Cof*: * 
groups exceeding 3 wbuld'be, regrouped 'into gro.T:5)s of the, next larger size. 



<9 



^ 10, 



Kumber of" 



Fours Ones 



Base Four' 
--Numeral 



Bale 'Ten 
. Ny!!3,6ral 



^ -1 



XX 



2 



XXX 



'.3 



ixxxxl 



^ lb* 



[xxxxl X. 



11 



IXXXXj XX 



-•2 



12 



Ixxxxl XXX 



13 



Ixxxxr ixxxx} 



20 



pcxxxi jaaocxi X 



21/ 



JXXXXI IXXXXj XX 



•2.: 



22 



10 



Ixxxxl IXXXXj ^zxx 



23 



11 



Ixxxxl Ixxxxl Ixxxx 



30 



12 



|xxy?cr Ixxxxl ixxxxj . x 



3 , 



31 



13 



Ixxxxl Ixxxxl Ixxxxj "-XX 



^2 



Ixxxx} Ixxxxl . Ixxxxl XXX 



'33 



14 



15 



We now face a probleis.- What, for instance, does the numeral ' "I3". 
.mean: "l ten and 3 ones", ckt "1" four and 3 ones"? We commonly 
resolve t hi s^pz^oblem in7the f ollo-^ring vay . • ■ ^ • 

If->ns see .the. numeral '^13", for example, we assume that it 'is 
-written in base t^ and understand it to mean "1 ten^and 3- ones". 
This simply follows familiar cohy'ention. j 

If, on the other handy^e wish to write a numeral to^ convey a base 

four .grouping such as "1 four and 3 "ones" r^-e agree to'use^th'e form 

"13* ' ". The' subscriDt ".four'\ indicates the base in which- the 
four - - ' ' J ■ 

■ riumj^tal i's 'wri't'ten . ' ■ , ' . 



*This numeral should be* read: one, zero, base four\ Succeeding numeral 
in this column would be read: one, one , base four; one , twQ^ Base . four ; 
pne ^ '. three , base , four; etc. • * . ^ ' . v - 



98 



10.4 



/Oa occasion, when shoving the base ten mimeral for thirteen, fov-<\ 
instance, -we may write '"l3^g^" instead of simply "13"> J^t to be 
certain that there is no mi smder standing- Thus, ve, agree that .. . * 

^ 13 = 13^ ' - ' • . • 

ten 

However, ]De sure to keep clearly in mind that 



and that 



In fact, it is true that 



13 / 13,,^- 



^3ten ^ ^3,,^. 



■^3ten " 31^Q^- 



and that . ^ 

-^'^touT "^ten' 

PROBTiKMS ' . ^ ■ ' . 

7/ Write "Yes" or "No" to indicate whether each of these is -a true 

statement. . •» " ' 

• \en "'-^four • c. 3^^^ = 3 ^ 

b-. 2^ = 2^ d. 10 = 10^ * 

" four ten ^ four . ^ 

8. Express each of these base four numerals as base ten numerals. 

■ a 21 ^ ' b- 30. ' c. 12„ , 

four four , four 

9- "Exp'ress each of these base ter^ numerals as a* base four numeral. 

a. 8 b. 14 - c. 11 

10. Using base f^ur numerals: • . ^ 

• a. Name the' even whole numbers less than sixtee^. 

b. Name the odd whole numbers not greater than fifteen. 

EXSENDINq/ GROUPING FOURS 

. Our base ten ^numeration system includes more than' just two places, 
'a tens place and a ones place. Likewise, a base four numeration system 
includes more than just a fours place aiid a one's place. We now consider 
an extension of grouping by fours. 



symbol / means "is n^t"^ual to". 



99 • 

., 105 



We know that. ninety-nine is the greatest whole number that can be 
names as a two -place numeral in-'our base ten numeration System: 99. 
.The next whole number, ten tens, or one hundred, necessitates a new, 
place to the left of tens place. Thus, we name ten tens or one hundred 
with the nymeralw^ - . 



0 0 



s: 

^5!fes 

■tens ' • 

ten tens or hundreds 



Similarly, fifteen is the last whole" number than can be named with 
a two -place numeral in 'a base four numeration system: 33. The next 
whole number, four fours/ or sixteen, necessitafes' a" new- place, to the 
left of ■fours place. Thusy^w 
numeral 



•we name four fours or sixteeu with the- 



0 0 



jf our 



ones^ 
fours 



-fc-f our fours' or sixteens 



lour 



The fpllo'vvlng diagram*^ may help us interpret 2, numeral such as 



r 










Ixxxxl 


ixxxxl 


Ixxxxl 


Ixxxxl 


Ixxxxl 


ixxxxl 


ixxxxl 


: Ixxxxl 


Ixxxxl 


[xxxx] 


ixxxxl 




2 


sets' of 


3 'sets 




four 


fours 


. of four 




or 


sixteen 


\ 


Thus, 232. 
' ^ lour 


is ano"L 


her "name for i;6^ : 232^ 

ten ' f our 



46. 



XX 

2 ones 



100 



The pla«e values assoqiated with a base four numeration system 
follow the same pattern as do the place values associated with a base' 
ten numeration syjstem, as shown in this chart: • 





Base X Base X Base 


. Base X Base . 


Base- ~ 


^ One 




Ten X Ten x Ten 
(.Thousands) 


Ten X Ten ' 
(Hundreds) 


'Ten 


One 




Four X Four X Four 
(Sixty-fours) 


Four x' Four 
(Sixteens) 


Four 


' 6ne 



four 



Thus, the numeral ^^3^^^^ be interpreted as: 

(•2 X k x-'\ X i^) + (1 X X i^) +. (2 X i^) +. (3 X 1) 
(2 X 64) + (1 X l6) + (2 X i^-) + (3 X 1) 
128;+ l6 +,8 + 3 ^ ' 



•2123, 



four 



2123 
212?four 



four 



155 -(i.e., 155,^J 



PROBLEMS 



•'11. Express each of these base four numerals as &base ten nij^eral. 



a. 312, 
d. 



four 
2301 



1332 



four 



'3012 



four 



our 



1230. 



four 



OTHER BASES 

A set of obj^^cts may be .grquped in terms of bases other than ten 
or four. Consider, for instance, a set of 23 ol^jects that are grouped 
first by sixes, ^ then by sevens, and -then by eights. ^. 




^cx^ooQ^)^QQOQ95)^aDQQcS^ XX 3 sevens and 2 ones, or '32 



seven 



^^^ooo^ooc^^xx^ooooQcS xxxxxxx 2 eights and 7 ones, or 27 . , ^ 
■ ^ eight 

.^loiio? ■ 



4?hese illustrations po:^nt to th^ if act ^that the place-yalue'patterr, " 
associated^ vith base ten .and-base:Vour niay be |Pplie^ to other bases 
as veil. For*, instance:* \. " 



B X 3'^ 3 X B 



10 X 10 X 10 x 10 
■ 10000 ■ 



4x4x^x4 
256 ■ 



3x3x3x3 

81' ■ 



3 X B x*3 » 



10 X 10 x 10 
{ 1000 



B X B' 



1(5* X 10 

. 100 ' 



: 4 X 4 X 4 



3 X 3 X 3 
I 27 



2 X 2 X 2.x 2 



5x5x5x5^ 
625 ^ ■ 



6x6x6x6 



1296 



X 7 X " X 
. 2401 



•8 X'S X S X 5 
4096' 



9 'X 9 X 9.x 9 

6561 



2x2x2 

0 



5x5x5 
125 



X c X 6 
21*6 , 



X 7 X 
. 343 



4x4 
16 



3 X 3 ' 

• 9 



2 X 2 

4. . 



5x5 
•25 



3d 



X o x G- 

^ ■ .,512 > 



.5x9x9 
^29 



^ . X ; 
49- 



X 6 

64. 



X 9 

■Si 



10 

•10 



4- 



7 

•7 



9 

9 ■ 



3 denotes case-. 



102 . 

.108 



A "chart such as .the following one may be . helpful in showing for 

the "Whole ^numbers one through twenty-five their numerals in each of 
i& ■ ■ * 

these bases. ■ " ■ , 

BASE ' 



Ten 


Nine 


Eight 


Seven 


Six 


Five 


' Fovir ■ 


Three 


Two , 


1 


■ ." 1 • 


1 


1- 


1 - 


1 . 


1 


1 


, 1 


2 • 


2 ■ 


2 


2 


. 2 


2 


2 


2 


10 


3 • 


3 


3 


3 . 


, 3 


3 


3 ' 


• 10 ' . 


, ■ ■ 11 ■ 


k 


' k 


k 


■ 1;." 




1; 


10 , 


■ 11. 


^ 100 :• 


5 ^ 


■ 5 


5 


5 * 


5 


10 


11' 


12 


'.lol 


6 


^ 6 . 


6 




10 


11 ■ 


12 


20 


no 


7 


, 7 


■ 7. 


10 




12 


■ 13 


' 21. 


111 


8 


"8^ 


10 


'11 


12 


13 


20 . 


22 


1000 


9 


■10 


■ , . .11 


12 


13 


" -ll; - ■ 


- 21 


100 


1001 


'10 • 


' .11 


12 


13 




- 20_ 


22 


101 


1010 ' 


11 


12 


13 


iT .■ 


15 


"21 


23' 


102 


1011^ 


12 


13 


'Ik 


15 ■ 


20 


■ • 22 


".30 


110 


, ■ 1100 _ 


13 ■ 


■ Ik 


15 


. 16' ■ 


21 


■ 23' 


31 


' 111 


1101. 


1^ 


15 . 


. 16 


20 r 


■22 


2k 


.32 


112 ' 


1110 


15 


16 . 


17 


21 


23 


. 30 


33 


±^ 


Till 


16 - 


17 


20 - 


22 


21; 


31 


100'. 


121 


10000 . 


"IT 


- 18 


21 


■ 23 


25 


32 ■ 


' 101 


• 122 


10001 


18 


20 


. 22 


2k 


30 


■' 33 


/ 102 


200 


10010 , 




-.21 . 


' 23 


25- 


' 31 


3^ 


103. 


. ' 201 


. 10011 


20 


22 - 


21; 


26 


32 


- 1;0 


110 ■ 


■ 202 ' 


10100 


21 


"23 


25 


/'° 

W 31 


33 


'l;l- 


111 


210 


10101;," 


22 


2k 


26 


31^ 


>2 


112' 


'211 


10110 


23' 


25 


'27 


32 


.35 


^3 


. 113. 


212 


10111 




26 


. 30 


33 


■ 1;0 




120 , 


220 


11000 


27 




31; 


.l;l 


100 " 


■,.121 


■ .2^1 


11001 ■ 




As seen 


from the chart, the 


base 


numeral 


always 


appears as 


^ 10 wh€ 



written in .that particular bdse system. Similarly, in a particular base 
system the numeral 100 always designates the. number obtained by multi- 
plying the base by itself. ; • ' , ^ 

■ ' • •• . . ■ ^ 



The place-value pattern for a particular .base is used vhenev^^e 
vish to revrite a numeral in that base as a base ten numeral. Consider, 
for in'^tance, the place-value pattern applied t'o the numeral 2^135 



nine 

2 4 3 5, 
- inine 

• 5 X one • 



' 3 X nine 

'h X nine x^nine 

• 2 X nine x nine x nine 



In'' terms of this^ pattWn ve may vrite: * ' • 

^^^^nine = ^ 9' X 9 X 9) + ( 4 X 9 X 9) + ( 3 X 9) + ( 5 X l) 

/ * ■■ = (2 X 729) + (4 X 81) + (3 X 9) + (5 X 1) 

. ( 

. = 1458 + 324 4: 27 5 ■ 

■= I8l4 

■Suppose that we were concerned with the ni;imeral 2435 , instead 
' ; SIX ^ 

. of the numeral 2435^^^^- • Then, the base six place-value pattern would 
permit us to write: * ' 

2l«53i^ - (2 X 6 X 6 X 6).+ (4 X 6 X 6) + (3 X 6) + (5 X 1) 

=,(2 X 216) + (4 X 36) + (3 X 6) + (5 X 1) 

= 432 144 +. 18 + 5 ' 

=599 ■ . \ ^ ' ■ 

PROBLEMS ^ . V ' 

12. Express each of these as a base-ten numeral. 



seven 



10k 



A HfOEE ABOUT NOPATION 
■ f We have been expressing various nondecimal' ba^ft. numerals as^base 
"ten numerals.\ln this vork we moved directly into base ten just as soon 
as ve expressed a nondecimal base ^^^^^^^^ expanded form. For 
instance,, vhen ve write 

• •■ ^^\iyQ =^(£ X 5 X 5 X 5)^(1 X 5 X 5) + (3 X 5) + (^i x -l) 
. ve have! expressed all numerals on the right-hand sid^of the equation in 
base ten notation. 

If for some reason we had wished to express 213^^^^^ in an' 

exp&ded form within base five (>rather than in base ten), then we would 
need to use base five notation throaghbut the equation. We might convey 
this idea by writing 

213^five = (2 X 10 X 10 x'lO)^,^^ Cl X 10 X 10)^,^^ (3 X 10)^,^^ 

« 

These two notations ai-e in keeping with the fact that 5^^^ = ^^f^^Q • 
' On still other, occasions an expandl^d form for 213^^^^^^ might be 
expressed as ^ ■ 

PlU = (2 X five X five X five) (l x f ive *x five) + (3 X five)^ 
five . 

: , +. X one) . .\ .'" 

In such an instance we have expressed the base consistently as the word 
"fivp", thu^voiding the place-value numeral's 5^^^ or 10^^^^ . 

In practice we select whichever of these forms is best for a ^ 
particular purpose. t. - 

SUMMARY 

The main purpose of this chapter has been to assist. in developing 
a deeper understanding of our Hindu-Arabic numeration system, a decimal 
or base ten^system that. utilizes a principle of place value. In addition 
to a consideration of this system itself, attention was directed to two 
things that hopefully contributed to this deeper understanding: (l) a 
• modified Greek numeration system which had no place-value principle, 
•and (2) place-value numeration systems having bases other than' ten. • 
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This, latter material/ should have clarified the fact that the '^principles 
vhich underlie our' Hindu-Arabic numeration .system are not determined 
by the facythat lis base, is ten. These principles are more general ones 
which, canybe applied with other bases ^as veil. The case of the. decimal 
base is l/ut. a specific illustration of a more general case. 

roughout this chapter ve sought to emphasize that "any numeration 
sy^tji is a scheme for naming numbers. Although apy p^ticular number 
may be named in various ways, -the ^properties of a number are not affected 
£y* the way in which it ijL named* #|^. 



APPLICATIONS TO TEACHING ^ \ ■ ' , ' ^' ' 

. Frequently we display sets of objects in ways that emphasize the 
decimal base of our numeration system. For instance, we may display a 
set of 53 objects as i 5 rows of 10 objects, and" 3 more- 



Represeritations such as 



of objects in terms ^of 



ooooooooo' 
ooooooooo 

ooooooooo 
ooooooooo 
ooooo.oooo 
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this do help children to think about collections 
sets of ten "and some more"/ and consequently 
direct attention to^he*. decimal base of our numeration system.' This is- 
true of any. representatiion that displays collections of objects as sets 
of ten, regardless. of w^.ether they are arranged in rows, in bundles/ or 
whatever; ' j 

The development of |the place value concept is a different and more 
difficult matter. Ihe liLace val^j^e idea is associated with the numerals 
we use, and may or may not be reflected in the way -in which a set of 
objects is arranged. i ' ^. 

' • ■ .. » 

In^the numeral 53 Ithe 5 ^ is in- tens place and the 3 is in' 

ones place. However, when a set of 53 . objects is displayed in rows of 
ten (and some ones), as above, the display itself does not .suggest the . 
idea of a tens place and a ones place in our numeral system. But we may ' 
move in the direction of this idea by showing a collection of 53 objects 
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.in such a way that sets of .10 are placed, at the left ef the ones- 
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With some objects we often shov each set of ten as a "bundle" rather 
than as shovn above- *In either ^stance, we show the sets of ten to • 
the left of the ones, "hinting"- at, the 'place value idea associated .with- 
numerals. We " of -fen- further this "hinting" ^by using 'place valut devices 




in which sets of ten or bundles of ten ere placed in "pockets" 
TENS, and remaining ^single ob;iects are placed in "pockets". marked 

<^ An abacus representation of. 53 clearly is associated much more 
closely with the place^ value principle- . . 



Here 'the number of tens and the number 6f ones are shown by the beads . 
in different positions- The number of tens and the number of ones also 
may be' shown by tally marks (as at the I'eft below) dr by digits (as at 
the.. right below) -in appropriate positions- ■ , 



Tens 


Ones 




■HI 



Tens 


Ones 


.. 5 


3 



: We should be aware of the different purposes and uses that aye 
associated with two forms of number charts: 



Counting Chart 



I, 


J 2 




4 . 


5 

* 


6 


7 


•8 


9 


10 


11 


■ 12' 


, 13 


14 




■ -16 


17 


18 


■'19 


20 


. 21' 


22 


■■■23. 


24 


25 


26/ 


27 


28 


■ -29 • 


30-. 


31 


32 


.33 


.34 


35 


'3.6 


37 . 


38.' 


.39^- 


40 


, '^1 


42 


43 


44 


^5 . 


■ 46 


47' 


48 


■ ^9 .: 


50' 



Numeral . ChEirt 



0 


/I - 


'»2 


3 


4 ■. 


.5 


6 


7'; 


8 


9 , 


10 


11 . 


»L2 


13 


14 


15 


16 


17 


• 18 


19 


2a: 


21 


'22 


23 


24 


25 


26- 


27 ■ 


, 28 


29 


■30, 


31. ■ 


32' ■ 


33 


■ 14 


35 


36 


37 


38 


39 , 


40 


, ^1 


42 


■ 43- 


-.44 


■ 45. 


46 


47 


48 


. 49 



The. ^Countlng Chart highlights ten as the base of our numeration 
syst.em.^-. Ii.'.s?e locate 35 , for instance,. 'on fhe Counting Chart, it 
clearly 'Jaay be 'associated with 3 rows of 10 "blocks" and 5 "blocks 
in the next row. 

The. Numeral Chart highlights an important feature of the structure 
of o.ur. numerals. The" first row of numerals Aists the' ten basic symbols 
or digits used in our numeration system. The second row of numerals' 
\^cludes those with " 1' in tens place; the third row, those with 2 . 
in tens place, etc. * • 

, Each chart has its appropriate place in an instructional program. 
If a child is able to complete correctly 'an example such as 

. -^.T = tens + ones 

this does not guarantee that he 'also can complete correct!:^ an example 
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such as ' . - *" ^ , 

k tens +• 7 ones - ^ 

The develo-oment of an mderstanding of^ the place value principle demands 
that, children explore its meaning and application vith a variety .of 
representations and in a ;varlety of ways. Suggestions made here regard- • 
ing numbers l^ss than one hundfed can be extended, -of course, to apply 
to nmibers great e;;: than ninety-nine. ^, . 

QUESTION • 

"Why do we have to teach'other base rfumeration systems?" 

Contrary to the belief of many lay persons, the reason for" teaching 
other base numeration systems such as :base -two 'numeration is not due to- 
the- increasing -influence of .computers in our "Society. . The main intention 
is to sharpen bur understanding of our owru decimal numeration system. It 
is- not the ultimate 'goal that the children should be able to comput^ 
with' facility in other numeration systems. In the attempt to understand • 
•how and why the decimal system works, often rote computation dulls our. - 
sense to what occurs in 'the computation by the mere fact of being too 
familiar with the mechanics. 3y forcing ourselves to -see the grouping and 
regrouping that may be necessary in other bases, for example, we see 
more .keenly the rationale behind so-called ."carrying" and "borrowing'\ 
To illustrate, the traditional method of dealing ^^th. finding the combined 
lengtn of an object 1 foot 8 in^^^.e^ and another 1 foot 7 ^in?hes .. 
is presented: ^ . ■ . ' . ■ 

• . 1 foot 3 inches. - , j . ■ ■ 

1 foot 7 inches . w * * 



- ^ 2 feet 15 inches ~ • 

One may shudder' to find youngsters "carrying", wi-thout regard to what is 
being carried: - . . " ' - 

/ 1 '.foot . 8 inches . ' < ' 

■ 1 ■ 'foot 7 inches 

■ 3 feet 5 inches ' ' 

-Here, it is clear us that tvelve of the units called "inches" are 
reauired for regrouting into"' each foot, and the combined length should be. 
2- feet 15 inches! or, re^roupflng, I feet 3 inches. The associated 
computation is in b4se twelve; '^-^f^lye '^^t^.^elve " 23t,^-elve: 
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EXERCISES - CHAPTER 6 

In each. ring write = or > or < so thatfthe sentence will be 
true. ' ' 

a. 7000 + bOO + 50 ^^7000 + 60 + 5 • 

b. . (3 X 1000) + (8 x'lOO) +-.(1; X l)Q 3840 

!• ^23^eight0^23V ^ , .... 

e. ^00 03100^.^^ ^ 

3120^0^ Q (3 X 4 X 1; X 1;) + (1x1^ x i;) + 2x1) 

Express each of the following as* base -ten (decimal) numerals. 

d. 103 



-^five 

b. 21^ . , ^ 

eight 

c. 123^, 



SIX 

e. 72 . 

nine 

f. 1111^. 

• • five 



1. 


• a. 


>7 . 


2. . 


a. 


OC 


3- 


No. 


It : 




a. 




5.. 


. a. 






e . 





- SOLUTIONS FOR - PROBLEMS 
b. 852" c. .620 

b YLE c . 1 TJ 



d. 14-03 * e. .999 



d. WD 



ZQH 



b. 81330 ■ c. U6OO93 ' 

b. 8306 c. . 2751 d. 1+6083 

f.' 70S'09 ' g. 8403 ■ h., 95060 







6i.Sk: '6000 +100 + 80 + 








" • (6 ><^1000) + (1 X 1000) + (8 X 10) + {h X i) • 








(6 X 10 X 10 X 10)- + (i X 10 X 10) +' (8 X 10) + 


■ (it X 1) . 




■b. ; 


7350:- 7P00 + 3OO + 50 








(7 X 1000) + (3 X 100) + (5 X 10) . 








• (7 X lb )?: 10 X 10) + 10 X 10) + (5 X 10) ' 








' kOlO'2.: UOOOO + 700+ 2 








s^^ . {h x'lOOOO) + (7 >^ 100) + (2x1). 








{Ur X lO.x-lG X 10 X 10) + (7 X 10 X 10) + (2 X .1) 


7. 


.a. 


Yes ■ ■ b. Yes"^" c? Yes d.' No {h 
< 


= i°four) 


• 8. 


a. 


9 • * b. 12 ' 'C. (6 ■ 




9.. 


a- 






10. 


a. 


^four' ^four' -^^fouri "^^four' ^^four' ^^four^ ^^four^ 


-^^four' • 




■ 


■^four^ 3^^ur' ■^■^four'-'^^fourV ^four' ^2four^^"^fo\ir' 


-^-^four' , 


11- 


a. 


54 ■ b. 126 c.' 198 = ^d. '177 


e . 108 


12 .* 


a ir 


(3 X 125) + '{hr X 25) + (2 X 5) +. (1 X 1) ;= kSe 








(5 X 512) + (6 X 6k) + (7x8)^ {k X 1) = 3001;^.. 




I- 


c. 


{k X 3i;3) + (6 X i^9) + (5 x 7) + (3 x 1> = 170i^ , 






d. 


(2 X 81) + (1 X 9) + (2x3) + (2 X 1) = 179" 






e . 


, (3 X 256)' + (2 X 6k) + (1 X 1+) + (2 X 1) = 902 





t 
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- . CHAPTER 7 ' 

ADDITI0N ' \ 

OPERATIONS • ' ' ■ ' ^ * 

.The. four basic operations of ari^toetic aire, addrtion, subtraction, 
multiplication and division. A binaiy operation in mathematics is a way. 
of associating with an ordered pair of numbers a unique third number. 
An or^ered^pair is a set of two objects,' not necessarily different, onp 
of which is designated as the first object of the pair. If dog^ is the , ' 
first element pf. an ordered pair and cat is the. second element, we usually 
write (dog, cat) to indicate the ordered pair, ■ * . 

When we are performing the operati.on of addition, we associate the 
number 8 with the ordered pair (6, 2)-. When we are performing the 
■ operation of subtraction, we associate k with this same -ordered pair, 
(6, 2"). For the operation of multiplication, 12 is .associated with 
(6, 2) and for division, 3 is associated with (6, -2). 

UmON OF SETS AND ADDITION 

The union of disjoint sets- is the basis for tine concept of 'adding 
whole numbers. 



If 



'and 



then 



A = {a^ bj c^ 'd^ e) 

B = [x, y, -z}, 



AU B = [a, b, c, d,'e, x, y, z} , 
We toiow that N(a) ^ 5;. N(B) = 3 and N(A U B) = 5 + 3, . ^ 

The sum of the- cardinal numbers of two disjoint ^ets is defined 
as the cardinal number of the union of the two sets, • ^ 

We say 

3 +-.5 =.8. ... ■ ; ■ . 

■ • lis ' 
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• Three and y- are called addends , 8 ='is the. sum. ■ 

When- we start^with tvo"disjoint >sets and form the union, we are • 
operating on sets. When we" stkrt ^vith tvo numbers and get^ a thircf we' 
^ are. operating on num;^^;rs.- Addition is^.a b^ary operation on the cardinal 
number^ associarted i^-^ two disjoint $ets, « / 

; ^ ■ We .call addition a binary operation because we operate on just 

two nuuibers at a time. -Union i's an operation on sets. ...Addition is 

an operation on ntmbers. We* join (form their union). sets and we add numbers. 

PROPERTIES IHDER ADDITION 

Since addition is associated with the -union of sets, we can expect that 
properties- imder the union operation may have iilrplications for the 
addition operation. We observe first, that the union of two sets is a 
set. This, of course, is from. the definition of union. As a whole 
number may be assigned to any finite set, corresponding to the fact that " 

THE Uin:ON OF TWO SETS IS A SET, 
we have " 

THE SUM OF TWO WHOLE WUMRERS IS A WHOLE IJUMBER; ■ 

Both of these are statements of closure properties. The first is the 
closxire property of sets under union, and the second is the closure 
property of whole numbers undeqr addition. "If an operation that is 
defined on a set is such that the result is an element of the same set, 
then we say that the set is closed under the operation. For example, 
let us consider the "set of whole numbers ' . " . ' 

■ W = {0, 1,2, ...) ■ 

and the operation described by "doublirig- the number". 

Then we see 



the doubling of ■ 


1 


gives 


2, 


the doubling of 


2 


gives 




the doubling of 


*3- 


gives 


0, and so on 



In'o.ther words if we perform this opei^ation. on any whole number we get 
its double. That i'Svthe result of performing the operation on any whole 
nmber ti is 2 X.n.^ince doubling any whole number is again a whole 
number we '^ay the set of whole numbers is closed under the Operation 
of doubling. „ ■ ^ 
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When we add any- two whole numbers the restilt .is always a whole namber. 
This mean's that., every time we add two 'whole nvmibers, ti^e resiilt is always 
•iTa-'the 'set of whole numbers. ; A consequenceN of this' property is that we 
•'may, repeat the "operation using the sum as one of the addends. 

Another, property of sets under union pertains to the order of operation 
If 'A --and' B are sets, the result of joining A . to "B is the same as 
joining B to At We suimnariSie this .by saying that the union is a ' 
commutative operation. For any sets A and B, • 

^ ^ ^ ' A U B = B U A, * . , • 

Corresponding to this, we have J^he commutative property of whole numbers . 

under addition. For any whole numbers a and ' b, . 

■ * ■ 

a + b= b-^a. 

> For instance, the suin'of 3 and \ (which maybe written 3 + ^) 
and .the; sum of \ and 3^ (written \ + 3) both are the same number, 
"7- For* this reason, we can write ./ ' 

, . , 3. + 1; = 1; + 3, 
Both 3 ■**^^^^'' — 8^ + 3 name the ' same number. 

. We have said above that a consequence of the closure property under- 
addition is. that the operation may be repeated on the sum. For exan5)le, 
since 3 ^ is a whol^ number we might add' another whole number, say, 
. 9^ to the sum. This would be indicated in the grouping of . 3 ^ 
parentheses, thus: 

Since the sum 3 ■** -^ is also 7, the expi;ies&ion (3 + ^) + 9 means the 
sum 7-+ 9;* or, in other words, 16/ That is to say, > ' * 

r (3 t i^) +.9 = 7 + 9, and 7 + 9 = 16; 

therefore, ; (3 +• i^-) + 9 = 7 + 9 

; . • , ='.16/ 

Since I6 is. a' whole number, this process may be continued as needed. 
Thus, we may'add. say, 5, to *the result of (3 + ^) + 9 to get the 
result of ((3 + i^-) + 9) + 5, which is the same as I6 + 5, or 21. 



Our next concern is to p\irsue the concept of groiiping the addends-, " 
Recall that for sets, the grouping mder union nqt chan^ th'e 
.resulting set. That is, union is. said to be L associative operation.. 
Consequently, both (A U B) U C. and A U (B U C) give rise to the same 
number property. Therefore,, we have the associative property of whole 
numbgrs under addition: . ;^ . 

' ■ ■ 'FOR WHOLE MJMBERS -a, b, c, 

. • ' ■ (a + b) + c = a + (b + c) . " 

-If ■ A has' the number property 3, B has" the number property 
>, and C has the. number property 9, then A^U B has the number 
• property •• 7 and (A U B) U C has the number property 7+9, or I6, 
For these same sets BUG has the ni;imber property I3 and A U (B U C) 
has the^number property 3 + I3, or 16. A, B^ C ' are ^f course, all 
disjoint since addition is derived from the union of disjoint sets. To 
trace "the machinery" behind this property, «ve can display (a + b) + c 
and- a + (b + c) as follows: 

(2 + ^) + 9 • 3 + (i^- ■+ 9) 

11 

■ 3 13 ' 



11 

■ 7 +■ 9 
II 

..^ 46 = 16^ 



'^tt the vertical equal signs indicating equality as we read vertically. 
This may be interpreted as follows: 

(5 + If) + 9 = 7 + 9 = 163 
independently 3 + + 9) = 3 + 13 ^ 26, 

Since* I6 = I6, we can follow the chain thus: 

(3 + 1+) + 9 — 7 + 9^16-^16^3 + 13—3 + (1+ +9). ■ 

^^rom this, we conclude that (3 + if J + 9 = '3 + + 9) • The associative 
property states that this characteristic is not restricted to just the 
numbers 3, h and 93 it hol.ds.. for aijy whole numbers a, b, .and c; 
that is, (a + b) + c' = a + (b + c) . 
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The property for closure, allows , us to * repeate.dly add as -many' nknbers 
- as we wisri^. The connmitative and-.^^sociati'^ properties dllow us to do ^ 
the adding div whichever way we please, as long as each: a^^nd .3.^ approprjlately- 
accounted for.^ For .exanipleV ve may reqvire the sum,: 

, , ■ 3 -^•■^:t 9- + ^ + .7. • • V;. 

"Closure states that this can be done; merely add any two^ then continue 
to add any of the^ other addends to the result a.nd so on, Conjmutativity 
and associativity say^ that if we^so "choose, we" are free to 'pick appropriate 

combinations at will. ^ ^ ^ 

• ' ■■■ ■ ^ ■ ^ • ■ 

■ ■ For ir^stance,, in the above exanrole, it may be. desirable to -look 

for combinations of ten since addlrig one ten to another is, 'feasy for us.. 

For the above sum, we may then -rind, it convenient ^ to groi^)" in the . 

■ following way: (6 + \) i (3 + 7)- -Hence, th^ scheme of our pro'ce dure 

. andT the reasons permitting" us to use this scheme is: 
}.*■•-. ' . • ^ 

.. . •"■ 3 +--6 + 9 + k:^''^ = (3" + 6) + (9 + i^-) + .7 ■ ' — -- . 

/ ^' ' / = (3 6) (^+ 9) + 7 Commutative Property 

. . ■ ' . = 3 + [6 + (ii-' +. 9) ] + 7 Associative Property 

'= 3 + .[(6 + i;-) t 9]. + 7' Associative Property 

■ = ^ + 7 1+ [(6 + ii-) + 9] Commutative Property 

. = (3 + 7) + (6 + k)-^ 9 Associative Property 
The use of the commutative and associative properties of addition 
allows^s to go ieap-frogging and add any two pairs of numbers we choose 
in finding the sum of many numbers . Use of tjjp commutative arid associative • 
properties also is the basis for checking addition 15y adding in. the opposijbe 
direction. For example, to add - * ' ' ■ . 



11 



we night add irp and have 



' If we add dbwn ve have. 



[(8 + k) + o] + 3. 
[(3 ^ 6.) + k] +. 8. 
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We can'' show that these two name ihe^ same number .because of the commutative 
and associative properties.. ' ' ' . • • 



[(8 + l|) + 6] + 3 = (8 + ii) + (6 + 3)' 
. ' = (8 + !,) + (3 + 6) 

= (3 + 6) + (8 + ii) 
= (3 + 6) + (1; + 8) 
[(3 + 6) + 1^] + .8 



PROBLEMS* 



Associative Property 
• Conmutative Property 
Conmutative Property 
Conmrutative" Property 
Associative Property 



1. 



Which of the following- statements are examples of the commutative 
property mder addition? 

a. 7 + 8 = 8 +■? 

b. 9 + 8 = 8 + 9 _ " ■ 

c. (7 + 8) +19 = (8 + 7) •+ 9 ■ . . 

d. (7 + 8) +"9 = 7 + (8 + 9) 

e . " 78 = 87 

f. (7'+ 8) + 9 = 9 + (7 + 8) ■ • 

g. 7 + 8 + 9 - 9 + 8 + 7 ' 



Which of the following statements are exampi^s of the associative 
property under addition? 

a. (7 + 8) + 9 = (7 + 8) + 9 

b. (7 •+ 8) 9 = 7 -H (8 H- 9) 

c. (7 + 8). + 9 = 9 + (7 ^ S) ^ . ■ 

d. ■ 7 + 3 +'9 = (7 +■ 8) + '9 

e. 7 + 8 + *9 + 10 = (7 + 8> + (9> 10) ' " . ' . 

f . (7 .+ (8 + 9)) + 10 = ((8 + 9)^ 7) + 10 - ' 
. g. C7 + (8 + 9)) + 10 = 7 ((8 + 9) *+ 10)^ 

■ Which property or properties of ^hcle numbers mder addition 
' make(s) each of the following true?' . 
a. ,(7 + *8) + (9 + ^) = .(9 +Wt'(7 ^ 8).'. . ' / 
' (7 + 8) + ,(9 +• 10) = C7 + -8^) +;^10 + 9) . 



b. 

c . 
d. 
e . 

-f .'. 

S- 



7 + 0 = 15 

7 + 8 + 9 + 10 = 10 + 9 ' 
7 S 9 = 987 - . 
■7 + .(8 + 9)'+ 10 = (7 + 8) + (9 + 10)" 
7 + 8 + 9 + 10 = "(7 + 10) + (8 + 9) 



* Solution.^ to' problems in this chanter ^^all be fomd on nage- 1^* 
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Another property of sets m'der the mion operation that is significant 
for the addition oiDeration is one that is connected with thewimion of a 
set vith the-eii5)ty set. We have observed before that if A is a set 

"then V A U ( } = A, Since the number property of the empty set iS' 0, 
ij: the number property of A is a, then the corresponding statement 

*f or the above observation* is: 

" * ^ ' FOR^ ANY WHOLE NUMBER a, ^ 

a + 0 = a, ■ ' 

i. 1 

Of course,*, because of^He commutative property, ve -also have 0 + a = a, 
• Since addition of . 0 , to any number produces that identical number, 
0' is called the identity element vith respect to addition. No other 
element plays this s^ame role. The property referred to above is known 
as the property of zero under addition , or in short, the addition 
'property of * zero. 

ADDITION ON THE NUMBER LINE 

Th'e operation of addition may be viviqlly pictured on the number line. 
Recall that the numlier line is constructed by placing marks on a line so 
that the segmentjDetv^en any tvo neighboring marks. is congruent to one 
chosen ^segment. This was accomplished by laying off .copies of the chosen, 
segment end to end. The chosen segment determines a unit in the number line 

- t —i — : — ' — »- 

0 1 2/ 3 ' ^ 5 6 7 

' To visualize 2+3=5, let us first locate' 2 and 5 on the 
number line-; . notice that between 2 ^ and 5 .are 3 ^its. Furthermore, 
we can observe that between 0 and 2 are 2 units. 

^■h ^ • * ^ • ' ^ 

0 1.2 3 ^ 5 6, 7 

This process may be more effectively indicated by arrows as illustrated 
below, showing 2+3=5- 



.2+3 = 5 
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The above diagram shows an addition using the number line. More than 
this,, however, the example may be in-^erpreted also as an illustration of 
the closure propertyT An arrow of - ,2 units "followed by" an arrow of 3- 
units^ Is ass.ociated with an arrov of a whole number of units. Each unit 
may be regarded as a step.. Thus, 2 steps followed by 3 steps result 
in. a to;tal of 5 steps. Note that the steps originate from 0 as 
starting point 'and that we advance in accord with the increasing order 
of ,n\mibers-. • ... , ■ ' , • ' 

. Consider now the sum 3 + 2 on the number line. Here, 3 steps 
are followed by 2 .steps>and it is clear that we get the same result 
as before. Incorporating the diagrams for . 3 + 2 = ^ and 2 + 3 = 5 ' 
into- a single diagram, ' we can 'illustrate the commutative property 
under addition. * " ^ 



1 


7 

h- 




- 

— 1— 


?- 

— { — 


fc< 






1 — '■ 


2 




3 : 


k 


5 


■6 


1 — »• 

7 






-5- 






- — ^ 






I —2 


mi 












• 


« H 






— « — ^ — 


— ^ : 


— ^ 






1 ■ 

1- : 


^ 2 




■3 




! 

■ — *i 


H 

6 


7 



The a:ssociative property can also *oe illustrated using the number 
'line. However, the process is more involved. As an exaiiiple, we know that 

■ * . ' (2 + 3) + = 2 + (3 + k). 

The first expression, (2 + 3) + k, may be illustrated by a simple 
exten^n of -the above method.. An arrow of 5 units results from the 
2 and 3 unit arrows. To this, i^ abutted (attached end to end) the 
k- unit arrow, thus 
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^ I I * 1 1 1 1 1 i 

0- 1 2 3 h J 6 ? 8 .9 ' 

1 — 2 + 3 m \ \ M 

• ' ' (2 + 3). + l^— - 

(2 4. 3) 4. 1^ = 9 \ .. ' 

This of course/".is analogous to the chain of statements 

(2 + 3). + 1^ ■= 5^+1^ = 9. ■ • 

The illustration for the second expression, 2 + (3 + 1^.)^ is not 
as direct. For this, it may be more helpful to start vith the analogous 
situation first. In analyzing 2 + (3 + 1^.)^ we note that 3 + ^ = 7; 
that is " 3^.^" and are names for the same nimber. Thus, 

2 + (3 + 1^) = 2 + 7 = 9. 

Accordingly, we are seeking an arrow corresponding to 3 *** ^« This arrow 
is then abutted to the arrow of 2 units to arrive at the result for 
2 + ('3 + 1+) . ^ ' ■ . 



0. . 1 . 2 3 ' ^ ^5 
I 3 + ^ 



-3 + h- 



■2 + (3 + ii) 



r 2 + (3 + h)= 9 



. The disigramming may be simplified by transferring the arrow for 3 *** ^ 
directly onto the 2 unit arrow as is shown below by the dotted lines: 
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2 + (3 + . - 

It is "by^ incorporating the diagrams ^or (2 + 3) + = 9 and for 
2 + (3 If) = 9. that we show associativity^ 

• ^ ^ T ^ , 

^ 0 1 2~ 3 ^ 5 ^~ 7 § - 9 ia 
2+3 ^ *^ 5 

(2 + 3) + ^ ' \ 

' 5 — 



"0 IV 2 ^ 3 5 7 s^^i 9 io" 



3 + if 



2 + (3 + ^^-) . ^ 

Frecjuent use of the nianber -line to illustrate addition of whole nunibers 
will promote familiarity with properties \inder addition. Thus the number ^• 
line -can help a great deal in working with numbers and in answering questions 
ahout nt:ffl)ibers. » ■ 



PROBLEMS 



Draw number lines to show the following addition examples, 
a. 3+6=9 ' . 

h. If + 5 = 9 

c. (3 +■ 6) + 7 = 16 

d. 3 + (6 + 7) = 16 

Draw number lines to show that the following numbers^are| commutative ■ 
under addition. ' . 

a. 3 and 5 ' '/ 

h . '30 and 50 " 
c. '(3 + 6) and 7 
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6, Are the diagrams in Pro*bleiii 5c the same as those in Problems ko 
and W? Why, or why not? 

7. How would arrows be used to indibate advancing from one point on the 
whole number line to the next point? What does this surest about 
the whole number immediately following a given whole number a? 

SUMMAHy OF' PROPiilKCIES ' " • . - 

The properties of addition developed so far for whole numbers may 
be summarized as follows, where a, b, and c are- whole numbers 

1. The set of whole numbers is closed under addition. 

a +.b is a whole number ^ . 

2. ' Addition of whole numbers is" a commutative operation. 

. a + b = b + a 

3* Addition of whole numObers is an associative operation. 

(a + b) + c = ■a-'+ (b + c) " 
There is an identity element 0 for. addition ^- 
' ' a + 0 = 0. + a = a. 

NUMBER SKNllKNCES ^ ' ' ■ 

In developing the properties of numbers and various operations on 
numbers, we have been using a rather special, language involving: ' 

Symbols for numbers, such as: ^ 1^.5^ 2, 9^ 3^ 
Symbols for operations, such as: ■ +, X; 
^d Symbols showing relations between.. numbers, 
a . ' such as: =, >, <. 

A great deal of mathematics -is in the form of sentences about numbers 
or number sentences as they are' called. Sometimes -the sentences make true 
-statements as in "9 + 5 = iV', , sometimes the number sentences are false 
as in , "5 + 7 = 11" • Whether it is true or false no more disqualifies 
the statement as a sentence than the statement, "George Washington was 
vice president under Abraham Lincoln" is disqualified as a sentence. 
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'Aiy niaiiber sentence has to have a "verb" or "verb form". The ones 
ve have encountered so fetr^are: *=^<'is "equal to",^ "is less than", "is 
greater than". The symbols which ye u"se fc5r these verbs are" listed below 
with a number sentence illustrating the use of each, 

=^ ; "is /equal tb"; ' . 3, + .4 = 7 

" <; "is less than"; .. ' 5<2X5 
•> ; "is greater than"; 7 + 1 > 7 

As we have noted, verbal -sentences may be true: "George Washington ■ 
was the first President of the United States," or false: . "'Abraham Lincoln 
was the first President of the United State s , We also encounter sentences 
such as: , "He was the first President of the United States," If read out 
of context, it may not be known to whom "he" referred and it may thus be 
in^^ossible to determine whether the sentence is true or false. In fact,, • ^ 
" Q was the first President of the United States" may be a test question 
requiring the name of the man for which it would' be a true sentence, Such 
a sentence is called an open sentence :and is of great usefulness not only 
in history tests but .in many other situations as well. Open number sentences 
are the^ basis of a great deal of work in arithmetic. Solving a problem 
in -arithmetic, f or ^eyample^ incorporates -the notion of- an. open sentence-. 
As an illustration,' the problem . • 

+^ may be stated: >-7 + '5 '= Q or 7 + 5 = , 

The number "that makes Y + 5= | | a true statement is the solution for 

■Open number sentence^ are called equations if the verb in them is "="*, 
"Sentences with any of the other verbs listed above are called "inequalities". 
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PBOBLEM 



8, Write <, ' >, or = in each blaaik so each mathematical sentence 
is true. . 



a. 8 6 

U 3 + ^ 16 

.c. (20 + 30) 

d. (200 + 800) 

e. (1200 + 1000) 



(30 + 20) 
(200 ± TOO) 
(1000 + 1200) 



APjPLICA3!iaNS TO TEACHING "v , 

Addition is associated with the union, of disjoint sets. 
By this^ the commutative, property is clearly. illustrated; whether ve 
join the' first set to the second set or ^he second set to the firs t^ * 
the^union consists of the same members. Recording results of joining 
sets using numerals may cause some difficulty without some .intermediate 
st^s. For example,- from the diagram' 





"some children might not be able to proceed directly to • the, number ' 
sentence^- 5 + 1 = 6. 

. A suggestion is to separate this problem into different tasks. 
Use of the flannel board to display objects in each set will be helpful, 
Then the numerals may be written below each picture with the numeral 
for the union showing the addends. 




5 + 1 . 
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This may "be followed "by a review of the procedure the next day, writing 

6 "below 5 +1 and finally^ coii5)letion of the eq\iation + 

= ■ , Some teachers have reported ronsiderahle success with providing 

each child a specially outfitted cigar "box for^this task. The lid of the 
"box is lined witn some flannel material on which three frames have heen ' 

drawn'. Beneath these frames appear the "skeleton" sentence, ^ + 

= That is, the personalized flannel hoard -looks something like this; 



'With each prohlem, the child constructs sets with color paper cutouts 
that he 'has in the hox, and .con5)letes the corresponding number sentence , 
witi^ construction paper cutouts oh which have heen written various numerals. 

In forming their own sentences to accQrcpany a pictorial ""situation, ■ 
some children may have difficulty getting. the "=" symbol in the right 
place . Drawing a double line, "between the" appropriate framep may help 
with the^-association of ideas. ^ ,.■ ^ 



The -use of the numher line has "been reported to he extremely helpful . 
A numher line is fastened to each child' s deskj thet child eventually 
operates independent of this device in accord with his own rate of ' . 
development* .. ■ . 

quESTJON - ; . • - 

"Why do we say that an operation is a way. of associating an ordered 'pair 
of numbers with a mi que third numher? • Isn't it true that hoth (6,2) 
and (2, 6)- result in 8 for addition?" ^ / ^ 

It is true that hoth (6, 2) and ' (2, 6) result in the same 
number^ under addition. This is the property which we'call the commutative 
property of whole numhers under addition, illustrated here hy - 

6 + 2' = 2 + 6. ' \ 
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The necessity for considering an qi)eration as associated with an ordered 
pair is more sharply "brought to the fore when the operation is not 
connruta'fcive, as for exanq^e, in subtraction, 6-2 .and 2-6 do not 
have the sane result, and it is a vital issue which of the two nunibers 
is considered the first number and ^^ch'the second under the operation. 

VOCABOLAIg 

Addend* Identity ELement* / 

Addition* Inequalities 

Associative Property Addition* Nxanber Sentences 

Closure Property of Whole Humbers . Ordered Fair ^ 
under Addition* < ^ ^ 

CcBDBUtative Property of Addition* 

Equation* 6 

EgERCISES - CHAPESR 7 ' " 

1. ' If ^the operation" of addition is applied to each ordered pair helow, • 

what -whole number is associated to each ordered pair? 

a.' <3,_4V • d. 36) . . - 

h. (9, 8) - e. (36^ 24) ^ 

c. (16, 7) f. (7, 16) 

2. Which ordered pairs in Exercise 1 give the sSae number? Why? 

3. Which of the following sentences are true for any ^ole numbers 
a' and ^h? Why? ' " 

a. (a.+ h) + 0 = a + h * , 

"b. (a + h) + 9. = a + (h + 9) / . 

c. (a + h) + c = ("b + a) + c ^ . 

k. By inspection give a whole nuznber that makes each sentence heloV true. 
. k. 3 + □ = 10 . . . 
h. 7 + 16 = □ 

c. □ + 8 = 14 . . 

^ d. □ + 99 = 500 . . • 



What properties of addition of whole niimbers are illustrated -by each 
"of the following statements? * 

a. 5 + 7 = 7 +'5 ' . . ' ,^ 

b. 3 + 0 = 3 

c. 8 + (6 + U) =: (8 + 6) + U ^ ■ ^ . . ■ 

d. 8 + (9 + .7) = 8 + (7 + 9) 

e. 0 .+ 18 = 18 ^- . . 



f. \k + Us + 7), = •('9 + 7) + lU 



SOLUTIONS FOR PROBLEMS 



1. a, b, c, f . ; 

2. ' "b, d, e, g • . 

3. a. conmutative property 

b. copmitative property 

c . clo sure' p rop erty 

d. conmutative property 

e. na property; statemerrt is false 
■ f . associative property 

g. conmiutative and associative property. 

k. a. H 3 ■ 6 



•3 - h 



8 9 . 10 



•V . 5 
— 9— 



8 



10 



'6' 1 2 3 5 6 7 ;8 9 10 11 12 '13 14 15 16 17 
i — ^ 3 + S. -7 — - -^^ 



, ' 15 .16 



■(3-+ 6) + 7^ 
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0 1 V 3 ^ 5 6 7 8 9 10 11 12 13 li)- lKi6 17 
I -3-i ^— ^- 6 + 7 ■ ^ 



-3 + (6 + 7)- 



.0 1 2 3 i)- 5 6 7 8 9 



-3 + 5- 



0.123' l^ 5 6 7 ^8 9 



■5 + 3- 



b. 



-30- 



-50- 



0 10 20 "30 kO 50 60 70 80 90 



^30 -50- 



-50- 



■30- 



0 10 20 30 ,ko 50 6c 70 80 90 



-50 + 30- 



0 1-2-3 -5 o 7. -8 9.;i||^&'ll 12 13 Ih ]l5 16 X7'18 

— 3+6- — '■ — 7 — - — ' ' 



■ (3+^) + 7 
. . '129 



0 1 2 3 '♦'•'5^6 7 8 9 10 11 12 l3'"iJi^l5 I6 1? 18 
» — — : 7 ^ ^^3+6 ^ . 



- 7 + (cl^) 



Ho; Ik: and Ija .fhov^apsbciativlty of 3 + 6'+ ?.; 5e shows 
conimitatiylty'of (3 + 6) and ' 

Abutti^ff a . 1 oa^it arrow to an ailrov corresponding to a given ntOHber. 
,Thidi «how9 that "toe ^jhole number after, a given whole number Va is 
obtained by adding' 1 to a, ' 1^'^ 
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MULTIPLICATION 



Mk/riPIJCA!ECQS ; M^ THE PROIUCT SET , '■ " , . ; v 

• Multiplice^tion of whole ntonbers is a binary operation which associate's 
vith tiro whole; numbers calfed factors and a unique third whole number called . 
the product /- '-'^ 

.-. ; MiltiplicBttptf is related to the product set of twa sets just as" . 

•' addition -is- reiateli- to union of two/disjoint sets.- The product set. * ■ ; 

•;df -.two sets'. A.' . and^' TB, results from a process of pairing each element of • 
. . " ■ ^ ■ . » . ... 

\.Bef A .-.with each element. ^of set B. For exaii5)le let 

' [./ ; ." \ ^:'v> v^.';b;=;. {o, a} . ■ ' •; 

, . . . ■ - ■ .* . , . ' ■ ■' ^ ■' ■' ■ ' . ' 

.* * ■■ We find 'the product :5et .-. -A rX B'-,^y pairing each elemenl'-.of A -with 

"'each: eleiqent "of vB . as ' sh^Bt heiow.- ' V't- 

'This is the set of ordered pairs, A X B = {(a, o), (a, A),-(b, a), (b, a)^ 
. (c, o), .(c, a)}. An orderly ..arrangement of these, pairings ,is called an- array 
^There are . 6' different pairs, three rows and two columns as shown on 'the 
:left .below. ■ 



- 0 



7 I 



a. 

■ C- 



(a,- O) (a, a) 

(b, o) ' (b, a); 

(c, 0) ■ (c, a) 
6 different pajrs 



Q. 0 
0 0 

0 6 
3x2 



number property .of . A X B iis 

v^'^'V'. ^ -NCa x b) = .3 X 2, or 6. 



This cardinal number- is called the product of ^3 and 2v The product, 
written 3x2, and r"ead ^*three times two" is defined as the nijiiiber 
property of AX B , when N(a) = 3 and N(b) = 2- The array of - A X B 
may be drawn as shown on the right above ^ The product is the number of 
dots in the array. . ..^ • * 

Notice-that k^^2.'><^2-'[ the union of. three dis- 
joint sets each havi'i^g/' 2 v elements. In'- ' ' ' ' 



other words^ 3^2 may be"thoiight'"-of ' as the sum of three twos, 

;;':;'3\.X;2 =,2>-:2 + 2. 

The product 3x2 may alsoijl^e-.thou^ht of.-.'^.s the union, of two 

disjoint sets each having three elemeiits Thus, 3x2 may be -thought 

> '■ • 

of as the sum of two threes, ■ . 

3 X'-2 = 3 +^3. • . V 



Every product involving counting nMbers may be represented 
an array. Some arrays are shown ^elow.*- 



by 



0 

'0 

.c 

0 
0 



0 
0 
0 
0 
0 

5x1; 



0 
0 
0. 

0 
0 



0 

0« 

0 
0 
0 

20 



0 0 0 0. 

o/jo 0 0 
• \ = .8 



0 



0 0 0 0 0 

0 0" 0 r-o 

0 0 0 CXT 0 

. ■ 3 X 5 = ^5 



On the b^is of such araays, ve can thinkyof multiplication ia terms 
*' . ' • . ' (» ,•'. y 

of counting sets as follows: ^ r - : . ^ ' .i 

. •. , ^ * \- ' ■ 

. '^VE^ NUl^BEBS''^ a';*-A^ b, M a BY b 
' • -.^CTANGULAR^Ai^ OF OBJECTS CM BE CON-.r 

• STRUCTED. SUCH THAT THERE ARE a ROiflB MD*^: 
b COLUMNS IN .THE ARRAY. THE NUMBER, 
a X b, -IS THE NUMBER OF OBJECTS 'IN THE ARRiSY. 
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PROHLEMS * 

. -t. • ■ . » • . . 

3.. • J.lirav arrays illxistratj.iig..the following products. 

■•'■•'•'a. 3x5 ^ 1 X'3 • 

b. , 6 X 2 . 

c. 2 X 6 f . 9 X i*; ';■ *.;:". ' • * 

2. Given A = (a, b}, B = (.0, A, □ , H ] . 'Find-.; A x-|: Find . B X A. • 

What is NCa X B)?' What is N(BXA)? Is A xB-7=' 'B^X A? Is N(a X B) = 
♦ • ' *. . 

N(B X a)? . 

PROPm'iKS UITOER MULTIPLICATION 

In' "^he above, we have related nniltipli cation to the product set. 
The result* of the operation of nraltiplication on toy pair of numbers is " 
called the product of the tUo, numbers. 

When we examined 'the union of two sets to get an insight .-intb .-^the ' .// 
properties under addition/ we observed that the union of the two- se^^is* 
a set. The product set may similarly be examined to gather/eoine infor- 
mation en the properties .of the set of whole numbers under 'multiplication. 
As in the case of union, the product set of two sets is also a set. It 
is true that the elements of the product set are not elements of the original 
sets-«jithey are ordered pairs of these elements. But, the cruclaL-point 
is that the cartesian product is a set, and a number ; p^roperl^ "may be 
assigned to this set. From this, we can intuitiveiy accept the closure . 
property of whole ' pumber3 under multiplication ; ' • 

% - ; -THE PRODUCT OF TWO NUMBERS IS A WHOLE NUMBER. . '' . v 

• If A = [a, b, c, d} and B = [ a, 0^ 7, 5, <}, then the product 
set A X B is a set with 20 members. We have^ seen that if A / B^ 
then the cart^fciiW'lTstoduct B X A is different from A X B since th^. 
pairs are (irdored. JPpr example, (a, ^) 'is a member of A X B whereas 
( ^,a) A^Va--iaeml£jfer .jDf B X A. By ''displaying the members- of B X A\.;aS:>we 
had donecfary^iSiiii-'''^^ should see that 3 X A also has 20 members. 



♦Solutions to, problems will be found on page 1^7- 
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• -.^ B X A = (( «,a) . X a,'h), ( a,c), ■;.•( , .. ^ . . 

v', * ■ ; - •■ • '( «,a), ( 5;t);:..(-a,^),' («,d), '■ 

'. ' ■■ («, a)., (<-;-by, {■t,o), (t,d)}. 

Therefore'., evqp thovigh^-.-A X B .^' B X; A, both product sets are equivalents 
that is, -they have -the sam6 ntmiber property". 

Notic^'Jfrom tfie above display's that an array of 5 disjoint sets, 
each having k members, and an array of " U" disjoint .sets, each having 
_5 menibers, have the same nmber property. / 



A 



3 



WW 



k _ sets, 5 members 
■ in feach set 



5 sets, k members 
in each set 



Since multiplication refers^.only to .the- nimiber properties of sets 
involved in the cartesian product, the fact that the cartesian product 
is not commutative ha$--no bearing on the coimitativity under multiplication. 
It is still true" ^at the ' set of vhole numbers i_s , commutative under 
multiplication ; that is 

FOR MI. raOLK NyMBERS . A AND ^ B, A X B = B X A . 



In the example that we^'have used, Ux5=5xU. A U "by 5 array 
has the same number of members as a ' 5 by U array. . 

array as a union of U disjoint sets, each having 5 . members 
also shows that U X 5 can be computed by the successive addition. * 

• / • k addends 

•that is, 5 is. used as an addend U. times. (This is sometimes 
referred to as the repeated addition description of multiplication.) 
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Although multiplication of ^rtiole ntmbers. may be described in terms of 
repeated addition, it must be remembered that multiplication is defined 
as an -operation on two numbers and is independent of addition. The 
operation shoving the. association of a third nxomber vith a given pair 
may be indicated, for exaiaple, by the usual method: k x ^ = 20 or 
8ln?>ly (1^,5)— 20. "(I^,5)-^20" may be read: "to k and 5 is 
assigned ^he nimiber, 20". Likewise, addition may be so described; 
thus ik, 5)-^ 9 may refer ,to an operation of addition. 

3.^ Draw two arrays to illustrate that 3 x = 1^ X 3. 

k. Is it possible" to draw an array to Illustrate ^ X 0? Why 
or why not? ' . ' , ^ 

5. each pp^eration given below, state which ajrithmetic operation 
it refers to. 

• ■* 
a. (2,5)— 10 ' d. (1,1)— .-1 

'h. (3,5)— 8 " e. (1,1)— 2\ 

(5,0)^5 fa (2,2)-— 1^ 

6, " .In.radding, there is a particular number a such that a + a = a; 

^ find this n\mber. 

'7. In multiplication, is there a number such that a X a = a? 
Is there, more than one numban, a such/^hat a X a = a? 

We have defined multiplication as a binary operation, that is, fit is 
an operation on two UTmbers at a time.* To find the product of three ntniberej 
for example 3, k, and 5, we may multiply 3 and k and get the product 
12.^ We know that this product is a whole ntmiber because the set of whole * 
numbers is closed under the operation of addition. "We then multiply 12 
and 5 and get the product 60. • 

We write this ^ . 

(3 x l^) X 5 = 12 X 5 
^ ' = 60. 

We mights have multiplied k and 5 getting the product' 20, . and then 
multiplied 3 and 20 getting the product 60. We' write this 
3 X (1^ X 5) = 3 X 20 ; 
= 60. . 



In either 'case, the product is the same; th^t is 

, (3 X ^) X 5 = 3 X (^.x 5)- ' 
Observation of several exainples' and oiir intuition, convince us that 
the order in which we associate the factors "in multiplication does not 
affect the product. ^ 

This is true in general. 

FOR MY WHOLE lJUMBERS a, and c 
J' 

(a X b) X c = a X (b X c) 
>This is called the associative property of whole numbers under mult ipli cat i on > 

For the example that we. used above, 

, (3.x U) X 5 = 12 X 5 = 60 ' ' ' ' 

and 

3 X (1+ X 5) = 3 X 20 = 60. 

Alternately, this may be written as follows: 

(3 X X 5 3 X (U X 5) / 

11 11 r ■ 

12 X "5 3 X 20 * 

♦ ' 11 » 11- 

* . 60 = 6o- 

Showing again that (3 xU)x5=-3 x(Ux5). by^ virtue of the statement, 
60 = 60; that is to say, both expressions name the same numb<^r. 

The physical model of a box made up of cubical blocks with dimensions 
a by b .by £, may be used to illustrate the associativity of 
multiplication. , " " 




a -X b bloc^ks' in each vertical b X c blocks in each horizontal 

slice; £ vertical slices. ^ ^ ^ ^ slice; a horizontal slices. 

Model illustrating the associative 

property of multiplication. 



The amber of blocies in such "a box is; (a X b) X c and is also 

a X (b X c) indicating th^t it is true that (a X b) X c =. a X (b X c)^. 



PROBLEMS 



9- 



Show that 2x3x1^^ = 8x3 involves both the commutative and the 
.associative properties of multiplication. 

What property or properties are involved in each of the^ f olloving? 



a. 2 X..3 X i^- = 2 X 12 
b* 2X3xi+ = 3x8. 
c. ■ 2 X 3 X i+ ='6 X 1^^^ 



d. . 2 x'3^ x 1+ = 2 X 1+ X 3 

e. 2 X 3 X 1+ = 3 X 2 X 1+ 

f. l+X3X2 = i+X3X2 



Just as we coiild "pick and choose" pairs of addends in a sum, 
the commutative and associative properties under multiplication allow 
us to "pick and choose" pairs of factors in a product. For example^ 



100 



3 X X 5^X 25 X^2 = 8000 ■ V' 



Natural combinations yielding .t^ns, .hundreds/ and so on-might make for 
ease in computa-tepns.. To be .sure,.^" f pr,* the saine- prqd^t;, one can proceed 
to con^jute- labb^Risly as fbllpwsv ^. * */ • 



8 X k'- x ' 5.^:.x 25 ^' 2 
^32^^^-^^^^ 



8000. 
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PBOBIBf 

10. Shov by grouplDg with -piarentheses how a X b x c X d may be 
regarded as a product involving 3 factors instead of % for 
each of the fpllowing: 

■ . # 

&. 2 X 3 X X 5 = 2 X 3 X 20 
■ • b. 2 X 3 X 1+ X 5 = 6 X 1+ X 5 
c. 2 X 3 X ij. X 5 = 2 X 12 X 5 

. The niniber 1 occupies, with respect to multiplication, the same 
position that • 0 occupies with respect to addition. Notice that. 



1x3 


= 3x1 


= 3, 




1x5 


= 5x1 


= 5, 




1x6 


= 6x1 


= 6, 




1x8 


= 8x1 


= 8. 





It is true that 1 x a =.a for all numbers a because a 1 by a 
array consists of only one row having a members, and therefore the 
entire array contains exactly * a memb.ers. 



5 



. . . .} _ ic. .....} - ^ iC\T~7 

.1x5 = 5 —^1x6 = 6 ^ ■ •» 1x8 = 8 

Since 1 X a = a, the number 1 is called the identity element* 
for multiplication. The property is referred to as the property of 
1 under multiplication ; \ 

FOR EVERT WHCfLE HUMBER a, 1 X k = a. 

Becadse of the commutative property under" multiplication, we also 
have a X 1 = a. 

While 0 does not act as the identity in multiplication, it does 
have a special role. The number of members in a 0 by 3 atray (that 
is, an array with 0. rows, eaph with 3 members) is 'o because the 
set of members of this array is empty. In general, if a l^s, a whole . 
nuEber, the number of members in a 0 by a array is 0; thus, 

FOR EVERY WHOLE HUMBER a, 0 X a = 0. 
It is also true that a X 0 = 0. 
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• The char.acteilstics of 0 in multiplication of "annihilating" 
(so to spealO all numbers, except " 0- in the product has an important 
' consequence* If any factor is 0, the product is O; 

. What .has been done so far sliovs that" multiplication, as. well as 

addition^ is an operation on feis;;- vhol? nunibers which has the properties ^ 

of closure, commutativity and associativity. There is'- a special number' 

1 that is an identity for milt ipli cation Juaf as 0 is an identity 

'for addition. Moreover, 0 plays a special role in, multiplication for" 

which there is no- corresponding property in addition., . ■ ' • 

/ ■ ' ■ - 

There is. another inrportant property that -links " the operations 'of 
addition and multiplication. This property which we shall now study 
.i.s the basis, for example, for the following statement: , 

A xXl + 2) = [h X T) + (i^ X 2), ~ ' 

This example may be verified by noting that both k x (7 •+ 2) and 
{k X 7) + {h X 2) give the same i^esult: ^ 

1^ X (7 + 2) = it X 9 = 36, and ■ 

■- ■■/ ' {k xl) + {h X 2) = 28 + 8 = 36^' ' ■ ■ 



'/.^e property is called the distributive' , property ..of multiplication over 
'^ addition . . -.The, distributive property states; that, if a, b and c are 

any "^^'oi*^.* numbers, then" ' 

a X (b + c) = (a X b) + (a X c) . . 



The distributive property, may be illustrated by considering an a 
by (b + c) array. 



b + c 



a ■• 



. ! /■■--■.■ .- ' ■ 



139 



144 



It is true that^this array is formed from an a by b array and an 
a by c array. ^ 



b array 



An a by c array 



Consefauently> the number a x (b + c) of members in the large array 
is thW sum of (a X b) and (a x c), . the numbers of members of the 
suWts. Tha^ is, a x (b + c) = (a x b) ,+ (a x c). 

Since multiplication /is commutative,^ both the "left hand" and 
the "right hand" distributive properties hold^ that is, 

Left hand: a x (b + c). = (a x b) + (a X c), and 
Right hjxLd: (b + c) X a = (b X a) + (c X a), 

For example, by these distributive properties, 

; . ^:r. Left hand: 3 X (5 + 8) =(3x5) + ( 3 x 8), and 

,: * Right hand: (4 + 7) "x 2 = (4 X 2) + (^^X.2). 

Recalling that vhen we say A = B we mean A ankr|5-'"^ both name ' 
the same thing, then if A = B, It really makes no difference whether 
we write A = B or B = A. ■ With.this in mind, since the left hand 
distributive property says that a X (b + c) and (a X b) + (a X c) 
both name* the same number, the statement 

a'x (b + c) = (a X b) + (a.x cV " 
can equally, well be written as ' 

(a X b) + (a X c) =\ x.(b + c).;,: 
For exanrple, - . ' ' . " ^ 

V . • (3 X 5) + (3 X 8) = 3 X (5 + 8). 

Similarly, the right hand distributive property may.be expressed as e*j 

(b + c) X a = {b X a) + (c X a) 



or 



(b.x a) + (c X a) = (b + ^) X a 
l4o 



For eacamplej . . ^ 

(i^ X 2) + (7 X 2) = (it + 7) X 2. 



The distribuH;ive property is. very iuiportant as it is the basis for 
contputing ike product of two makers, ■ ' 

.Xeffha;nd: (5 X 1^) + (5 X 6) = 5 x + 6} 

= 5 X 10 = 50; also 

Right hand: (7 X 9) + (3 X 9) = (7 + 3) x 9 ^ 
. . = 10 X 9 = 90, • 

The convenience may- be further illustrated by the following examples: 

(9 X 17) + (9 X 83) ='9 X (17 + 83) = 9 X. 100 = 900; / ' 
{2k X 17) + (26 X 17) = (2if + 26) x l7 = 50 X 17 = 850; 

(85it X 673) + (ll*-6' X 673) = (851^ + iW) X 673 = 1000x673 = 673,000; 

(84 X 367) + (8J+ X 633) = '84 X 1000 = 81^,000. . ' 

PRQ-pr.ra/is * ' ' . 

11. Use the distributive property to compute each of the following: , 

a. (57 X 7) .+ (57 X 93) . •• . 

b. (57 X 8) + (57 X 93) . feint: 8=7 + 1] 

12. Show that (57 X 5) + "(57 X 5) = 57- x 10 by the distributive - 
property. ■ „ ' 

One might questiion whether addition distributes over multiplication. 
That is, is it always the case that 

. a + (b X c) = (a + b) X (a + c)? , 

This would, bie false if any set of numbers a, b arid c can be found 
that would disprove the statement. For exanrple/ a = 1, h = 3, , and 
c = 2' may be tried. For these values, / 

. a + (b X c) = 1 + (3 X 2) .= 1 + 6 = 7; but 
^ ■■;.;V, (a + b) X (a + cl = (1 + 3) X (1 + 2) = 1^ X 3 = 12 • 

So ■ft cannot be stated that a + (b X c) is always equal to 
(a X b) + (a X c). • • ^ 
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SDMMARy aF -PROFERTIES 

The properties of multiplication developed so far for whole nimbers • 
may be summarized as follows, vhere ay b, and c are whole' numbers-. 

1. 'Whole numbers are CLOSED, under multiplication: 

^ • . "-sV . 

"iVlv a X b is a whole number, .. 

'S ■ , . V* ■•■ : ' 

.2. ^. Multiplication is a COMMUTATIVE operation: V-y" '--.r* • ■ > 

• ; •. ^ .-■<: j :'. V J-'* 

• , a X b = b x;,a. . , [ rOv:^;^ V-'V'i^'i . ' 

3. Multiplication is an ASSOCIATIVE operatiotr r*-^-'^- 

(a X b) X c = a X (b X c). 
h. There is an IDENTi'lY element 1 for multiplication: 

a X 1 .= a. . 
5- / Multiplication is DISTRIBUTIVE over addition: 

a X '{b +.c) = (a X~bl + (a X c). ' 
6.. Zero' has a special multiplication property: ..^ ■ 

0 X a = 0 . ^ ' ' . ■ 

MULTIPLICATION USING THE NU^p LINE' 

•Through the interpretation of multiplication as repeated addition, 
. multiplication may be illustrated on ,the number line. For example, 
3 x1^. means 3 addends, each addend being h. That is, 

Therefore, this may be represented, by 3 successive arrows as shown below: 



0 ^ 2 I. k 5 6 7 8 9 10 11 12- 



12 

3 X h = 12 
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On the other handle U X 3 means k addetidd^of -i* The representation 
.•iin tiie-^^Hmber line'is as follows:- 

3 ' 3 ■ ^. 3 : Is _ ' • 



6 i i 3 ' 5 • 7 ^ • 9 



10 11 12 



12 



U X 3 = 12 



As«-ve can see, the two representations above a^.e different; however, 
"both of these yield ^.the' same result/ By combining/'-these two in a single • 
•.*d±«gram, we illustrate the commutative property, inder multiplication, : 

,Wien more .than two factors are involved,,^ t^ils too may be illustrate • ' 
For example; .to show (2x3) x U, we have the following, ^ 



I — I— 



.0123^56 12 18 

.'2x3 2x3 2x3^ 2x3 *:/ 

— — (2 x.3y,)^*:^ : -t 



, . (2 X 3^ X U = 2U "'^ 

0 

/Xikewise, 2 X (3 X U) may be shown by obtaining twp (3 X U) Varrows" • 
and abutting them. By combining the diagrams for . (2 x 3) x U and 
2 X (3 X U), associativity may be Illustrated, , ' jr^ 

PRORTriM ... ■ . - 

13. Represent multiplicatidn' on the number line for 2 X (3 X k). 

AEPUCAJIOHS TO TEACHING - 

We introduce the array as a means of providing -readiness for the / 
concept of multiplication. The rectangular arrangements of ''flannel, 
board objects, blocks on the floor, panes ih the window, eggs in a carton 
may all be described^ as arrays. If we have an array such as^^ 



lead.. the children to recognize'^thsit t^-s set^... ■ 

Ad:^. two cats in each set or aa;.tsro' sets of. three catkin ea-ch set, ■ ' 

Co^x^tetivit^ multiplication- may .be- cpnytsyed; by airanging-^chairs 

facing .tbevioard, f-or exaniple:, lii an; airay. of . 10 ' rows, . ' 2 to .each row. 
^en the ,.cli6;i'r^ are turned • 90° from the original direction, there will 
be 2 rows,. 10' to each row. In eacli case (lO X 2 .of^ 2X lO), the 
number of children is 20. ' . 

■ } ■■■■ ■ • ,-;'v.v: 

The associative and jii^stribu^tive properties are not presented: xi^til ' 
the second-grade^ To illustrate the distirrbutive property k "saiks, 
each contaiiitng, say, 5 red. blocks and 3 'Ve^Ubw blocks may be used, " 
Thus^ ia-. th^^X^lf sacks,., there- are ^ 20 . red block? 3ad ■ 12^ . 3^ ' 
or, 32 blockk;.// 'r- .f--'.', / ' . ■ V*:' ' V^!. 

qDestion : ' • • * . V ^ f ■ : - . • ' -^S^ ^^^i'r. 

"Is there any practical situation that ..requires students to know' what • 
the distributive property is all about?'*^ . ' ■ . / ' 

•■■/ .The answer to this question depends on .what is meant by "praetltai*':-..- - 
As indicated in the text, the question for example, - of the auditorium'.- 
seating may be a . very practical situation td-the children, or the fact ' 
that there ar^riDcta^ions when one can make coinputation easier may be» 
very pra$^^ai '"^^^^ Learning to recognize that" ' ^' 

:'.:\ ;■ " ■ a X (b + c)^ (a.X.t> ^ Ca^^Cc) • - - , , . . 
and >-V (a X b)*+ (a X c) -'.^ x ih..^ c') 

♦ ■ ' . 

say exactly the same thing is quite important, • Later, this is applied 
to factoring many expressions as a step in solyihg equations. That Is ' 
a very practical situatijDn for some students. ' " 

Aside from this we make use of this property whenever we multiply » g-; 
by numbers named by tw^i: or more digits. 'Hh^: fact that we multiply 



•each ot' "the ^digits, 7 and 2-, individuaOJl^ by in -the problem 
72' "x k is beised -upon this^prcjperty: 



t ■■72 
"ISET 



This is ^>ecause 72 X k = (70 + 2) x'i^.^ sin.pe 72 'dnd (70 + 2) * " 
are name's for the same nmber. Thus ,. ^- '■ ^ 

- ■ "V':' 72 X = (70 + 2). X i*. \ ' ' -^^^ \ . / ■ 

; ■ : * = (tox1|). + (2x1^) ' \ • 

: " • , = 280 + 8. ■ ■ ... ■': ■ »' 

This- sazn^ property jnay be applied to smairer n\mbers . Forv exainple, ■ : ; 
5 X 8, .'i-may -.he'.. rewritten 5 x (3 + 5) "since* 8.. a,^.' (3 + 5) ^^ame ■ ' . ■, 
■•■the saane ntmiber. . By the distributive property^ - . »■ ■ '■ 

' ' 5.x-(3 +-5) = (5 X 3.) + (5 x5)- - ' ■ ' 

Jhus., a "lai'ge" factor may be broken down^ as' the sum of ^ two "or more 
smaller' addends; in" this case^ ,S.* "is. thought, of as* ; 3- + .5,<*'AltTiQugh:^:..' ^ 

■there'.'are activities in' Book ■ .1 l'eadi-ng^ to/^this' pxpperty,, the topic ■. . . ' 

. ■ • ■ ■ '• ."V . ' . ■■■ ' ' ' ,^ ■ V..' ■■ • *'■ ■ 

/"is not openly treated mtil i:he end..of ^:Gfade^' 2. ■ ■ : , ■ \ - ' : 

V*... •. • ■ . .- VOCABULABY- " ^ . ■ • . ■ . 

k'. ' ' f ■ ■ .s . : 

• Array*" «■*'' '* ' Factpr^.-i' v^^ '■> • 

Associative-Property Identity Element^*- ^ 

./ • . of Multiplication * Multiplication* , ' 

Closure Property of Whole Product**-.-' ■ 

~ . • vltumber 8^ .Tender Multiplication*' Product Set* • z'.''^. ■ .*■. ' ' 

■"•■•Dlktrihutive- Property of . ./ * ..Property of One'under MultipliGation* 

. Multiplication over Addition* ^ , ■ : ; 

> ■ •■ . - EXERCISES - CHAPrER_8 : ;■ . ' 

1. Show hy trying to' indicate the' steps in repeated addition hoy the 

. c ui mi Lut ative property of ^multiplication would sin^^lify- .the. .calculation., 
of 1000 X^ 3. ' ' . ' * / ^ . 



What Dfttheaaatical sentence is suggested by each of the arrays below? 



b. 



Mr. Rhodes is biiying a tvo-totie car-. The Qcotpany offers tojis in.- 
5 .colors and.bodie^'in 3 colors. Draw an array that showaVthe 
varioTis possiMe^ resxats, assuming that none of the body colors 
jare the same as any of the top colors. 

*• 

Mr. .Rhodes is buying a tvo-tone^ car. • Colors available for the ''*^ 
top are: red, orange, yellow, green and^blue. Colors available 
for .the body .are: J*' red^ yellow and blue. Draw an array to show 
the various possible ]^^ts. If Mr. Rhodes insists that the car 
must be two-toned, ho» many choices does he have? 

. ■ - . 

An ensemble of .sweater and' skirt is "offered with the sweate.r, available 

in five different colors ah'3.the sltirt in k colors. The ^rt also 

comes in either straight or flare styl^ for each of the k colors. " 

How many different ensembles are possible? 

Here'is^an array, s^iarated into two smaller arrays. 



^ {n = kx8) .■(p = ^X3) (q = l^x5) ^ 

> Array A ' Ari^ Array C . ' 

a. How majy dots are in Array- A? Array' B? Array C? 

^ b. Does n = p + q? • . 

^c. Poes 4 X 8 = (it X 3) (i;.x 5)? 

' ^A familiar puzzle problem calls for planting ,10 -trees in an 
' oAhard sq, there are 5 rows with ! ; 

\ trees eac^ row. The 'Solution * 

is in the foni^f the star shown in • • • • 

the figure to Me right. Why doesn't \ 

this star illxxstrate the product of 5 • 

anid 1;? 



11^ 



8. - The middTe section of an auditorium sea-6s 28 to a row, and each 
Side -section seats 11 to a row. What is the ca]^acity of. this 
auditorivmi if ftiiere are .20 suc^ roys? 

. V ' • . .. .. .. 9 ' 

9-, Use' thfe coiaiiutative and associative properties to ge^the answer , 

guidtly hy "pitdd-ng and choosing" appropriate coinbibations> 
a. 5 5< 3 X 2 X 1 • ^ ' 

. i). 125.x 7 X 3^x 8 ^ . , V 

. ■ c. 250 xUxl^X,2. '# ' > * * ' .'^ 

10. What does the* followfeg"^ operation indicate for* 3 X l^-? • ^ 



> 



11, ' Make each of the following a trlie statement illttstrating the 
cListrihutive property. , ^. 

a. •3 X(1^ + ; ) = (3^X 1^)^^* (3 X 3^ 

h. "2 x;( + 5) = (2%'l^) + J X..5) 

c. r 13^ (6 + V), = (13.><" ) + (13 X _)■ 

d. - (2 X 7) + (3 X _) = + _) X 7 

--. . ; -J^ - 

sblUnQNS'.PQR PROBLEMS 
i, a, -o o o o o , . ^ 

'..0 0 0 0 0 \ . 

00000 " 

* ■ . h, o o . 

. ■ o o ■ • . ■ ' 

;'o 0»- . 
0 0 

- ■ - »" 

. c . • ' 

0 0 

0 0 " ' - 

" / 'O o o o o o 

.0 0 0 0 0 0. 



.3* 



11^7 -^-J^ 



0 0 0 ' 
0 0 0 
0 0ft 

0 0 0 
0 0 0 
0 0 0 

•o o o . ' 

0 0.0 o o 

0 0 0 0 0 _ . 

O O O O O'V 

0 0 0 0 0 

Q O O O O 
0 0^00 

0 0 0 0 0 \ 

0 0 0 0 0. .^f 

0 0 0 0 

0 0 0 0 

0 0 0 0 

o o o 'o ^ 

0 0 0 0 

0^0 o o - 

0 0 0 0 

0 0 0 0 

0 0 0 0 



2. AX B = [(a,0),(a,A)/a,n), (a,^), (b;o)/b,A);b;n), 

B X A= ((0,a)/(0,b), (A,a), (A, b), (H,a), (H,b)(q,a)(n,b)} 

N(A X B)\ 8, N(B X a) = 8,^ A X B B X A, N(A X B) = Er(B X A). 

- 'oooo'ooo 

s o o o o o o o • 

'0 0 0 0 0 0 0 

'sxU ° ° ° ' ' -'^ ^ . ^ ■ 

U X 3 . . ^ ; 

. • ■ '"^ ■ ' ' ' ' ' ' ■ * 

k. No, 3x0 is th^ number property of the empty set. 
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5. a. multiplication d. multiplication 

addition e. addition 

c- addition f . addition or multiplication 

6* a = 6^ 

7. Yes; ,eitliey a = 0 or a = l 

8. 2 X 3 X '5 =2 2 X (3 X 1^-) associative property 

= 2.x X 3) commatative property 

= (2 X If) X 3 associative property - 



13.. 





= 8x3 renaming 






a. 


2X3Xl^. = 2X (3Xlf) ^1^2X12 


associative ' , 




b. 


2 X 3 X 1^. = (2 X 3) X If 


associative 






= (3 X 2) X If 


commatative 






= 3 X (2 X If) 


associative 






= 3 X 8 






c. 


2X3xif=(2X30xif = 6xif 


associative 




d. 


2 3 x.if ='2 X If X 3 


commatative 




e. 


2X3Xlf = 3X2Xlf 1 


* commutative 




f . 


If X 3 X 2 = If X 3 X 2 


none ' involved 




a. 


2X3xifX5 = 2X3x(ifX5) = 


2 X 3 X 20 




b. 


2X3xifX5 = (2X3)xifX5 = 


6 X If X 5 ' 




c. 


2 X 3.x If X 5 = 5 X (3, X If) X 5 = 


2 X 12 X 5 ^ 



10. 



11. a. (57 X 7) + (57 x 93) = 57 x (7 + 93) "= 57 x.lOO = 5700 

' b. (57 X 8) + (57 X 93) = (57 X (1 + 7)) X (57 + 93) ■ • 

=. (57 X 1) + (57 X 7) + ,(57 X 93) = (57 x l) + (57 x (7 + 93)) 
= (57 X 1) + (57 X 100) = 57 + 5700 = 5757 

12. (57 X 5) + (57 X 5) = 57 X (5 + 5) = 57 X 10 = 570. 



— I— 



If 8 12 16 20 2lf 
-3 X If • — 3 X If « 

2 X (3 X If) ^ 



0 



Chapter S ^ ■ 

SUHTRACnON ' . 

THE HEMALNIMU SET 

If A = {Cornelia, Sally, Jimmy, Emily, Elsie, Edvard, Douglas} 
and if B = .(Cornelia, Sally, Emily, Elsie}, then B is a subset of A, 
When B is specified as a subset' of A, another subset of A is simul- 
*taneouflly specified; namely, hy all the elements of A that are not 
elements of B. In this vay, an operation is defined, producing f rom ^ 
A and B, a set. called the cong)lement of B relative to A, or more 

Bia5)Iy, the remaining set. Thus, if C = {Jimmy, Edward, Douglas}, . 
and A and B are as ahove, then C is the remaining set. 

Together,, the union of B and C is A, so the two subsets . 
"coii?>lete" the given set. Since C is carnposed of elements that are 
not elements of. B, . it is clear that the intersection of B and C 
is the empty set. In fact, these last two statements can he used as 
the hasis for defining the relative coii5)leinent, or remaining set • We 
denote the operation "by the symbol "j-". For exaii5)le, if 
A = {0, A, □, J)} and B = {0,D}, then A - B = {A, J}. This 
is read "The relative coii?>lemen't of B to A is the set .{A,*,^}", 
Of course, the goal is to connect this operation with subtraction, 
and this goal is immediately achieved hy looking at the appropriaie 
nuniber properties. Note that in this example, the, number property of 
A is 5, the number property of B is 2, and the number property 
of A - B .is 3. In general, it is true that 

. N(A . B) = N(a) - N(b). 

" Since the definition of A - B requires ' B • to be a subset of A, 
there are evidently restrictions on B. B- can be the empty^ set; B can 
be iylentical to A; these two sets, A and the empty set, establish the 
limits on B. Consequently, if N(a) = a ahd N(b) =*b, we have the 
restrj.ctions b>0 and • b < a. (The symbol combines .">" and 

."=" to indicate "is .greater than or equal to"; similarly. "<" is read 
"isless than or equal to".) The restrictions can be incorporated into 
the one statement, 0 < b < a; that is', the 'number of elements in B " 
'can^pange from 0 to thenunjber of elements in A. These limitations 



for. subtraction are eventually relajosd when the set of numbers that we 
have to work with is extended to include more than just the whole numbers. 
The pattern of development proceeds thus: from observations on complement action • 
the characteristics of subtraction are examined; from examination of the 
characteristics, the operation is extended. As a result^ numbers other 
than whole numbers.^ may be introduced. For example, 

if A =-Ca, b/ c, d, e} and ' 

B = [a, b, c}, then A - B = (d, e}. 

From this, we get the' difference • • . 

. X ^ . N(A) _N(B) = 1T(A - B); ' that is 

* • ' • 5 - .3 = 2. ■ / ■ 

The statement, 5-3 = '2, may in turn trigger the question whether 
Subtraction pay be defined for any -two whole numbers. For example, is 
5 8 *defijL$^7. If we limit ourselves to the set of whole numbers, 
the answer is- "no". ' But by reassessing the behavior of subtraction, it 
is possible to introduce new members to 'the number system so that sub- 
traction is always defined in the system. ' ^ 

The example, 5-8, brings out two important features of the 
subtraction . operation. Since no whole number is the result of 5 - 8j 
the set of whole numbers, is not closed under subtraction. Contrasted 
with 8 - 5, ^ which does yield a whole number for an' answer., we see .that 
in general, if a and' b are whole numbers, it is not true that • a - b 
is the same as b - a. Thus, subtraction is neither closed nor . commutative. 
These are negative results; they tell us some of the "properties that 
subtraction does not havQ, Nevertheless, these are important results. 

SUBTRACtDION AS IWEBSE . ^ . ' " 

Subtraction is not restricted to only negative results, however; 
nor is the operation of getting remaining sets so restricted. 'A noteworthy 
result- may be stated thus: ' * ^ . * 

..(A - b)Ub = a . . ' v* ' 

In words: If we form- .the remaining set A - ; B, ^and then form the uriipn , 
of it with" B,.. we have the original set. A,"- Diagrammatically, the / 
situation.- may be illustrated as' follows: 



. A . B A -B (A .B)UB 

Similarly, if we start out with a set; X,. and^ join, a disjoint 
set Y to it, we get XljY. Now' if we take the complement of Y relative 
to^ X\JYj then we have (XIJY) - Y, ,which turns out. to be X, the 
original set. That is , ^ • 

. • (xUY) -yVx. ' 

Because, of these two situations, we say that union and complementation are ^ 
inverse operations. In effect/ one. operation "undoes" what is done by 
the other. Corresponding to these properties under set operations, we 
have similar properties under addition and subtraction: 

w IF a AHD b • AEE WHOLE NUMBERS, AND • . f . 

i ' • </ • 

b < a,.vTHEN (a;'-'b).+ b = a;- AND , IF a 

^.t . -AND. b...ARE''-'ANy"raOLE. NUMBERS ' (a + b) - b = a. 

[ :_-^;-;>V;V :;.;:- 
•Thfefef b-re") !/sJi^^ and addition are inverse operations whenever the 

two operations are possible or. defined. . . 

DEFINITIONS OF SUBTRACTION - • . / j:- ' : ' 

We have defined the difference as the* number property of the- remaining 
set. "This gives us a means of finding a - b. if a is a number and if 
b is a number less than or equal to a. We first choose a set, 
such that N(a) = a; next we pick a set, B, which is a subset of A 
an(i such that N(b) = b, b < a- These two sets determine the remaining - 
• set, A - B. The number, a - b^ is the number of elements in A - B: 

■ a - b = N(A - B). 

For example, if a = 5 and .b = 2, we can choose A to be the set 

' A = . (0,A, ,^ }. . • ' • 

.Next we-t*an choose „ B to be the subset ■ . 

, B = (A, * } . ^ 
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./.•^Nptt •otir''.cLef inition tells us that . 

• " 5 - 2 =-n(a . b) = 3. 

' ..'•*?^9'^"^' ve.-made a different choice for B, for exaii$)le 

vS^^ • < " • , B.= [O,^}, . . • 

r.'- the, re 'suit would be the same as far as the number property is concerned. 
j'-Al^.b',. .if we had chosen a different set. A, for exasnple A = [V, W, X, Y, 



.'/.'.andvany two member subset \ this set as B, the result would still be 

. ; the' : Seine . ■ • ' . . 

''l-'-Jl'-': ' ' ' ■ 

V.' l^OBLEM ^. 

:-l../. Use the above definition .of subtraction to coii5)ute in detail 7.- 3-- - 

^ ' There is a second approach to sul^traction which "does not use the idea 
•; .Qf the remaining set, -iDut uses the ideas, of union of disjoint sets and of" 
>■ -one -to-- one correspondence. If a is a number and if b i» a number with, 
< a, we ^tart' by choosing a set A with N(a)'^. = a and a set B ^ 
■.dlsjoint-.from ' A. with N(B) b, i;. : :" 

'.y V ^ ' * ; . ' 

Next ;.we choose a ^t. C, ::dis joint f rom hpth A and B in such . 
•• a way that. A and ;(F:U^p). afe in one-to-one 'ccirespondence- That is,- 
~ .-'there ?s ai pawring of -ihe' elements of A with the.-^ienjents of B U C. 



^IJfih the second ^dgjinition- of .^ubtcpaction is'; ■ : '< 

In other wor ds^.. having _choseii:appr^^ disj pint -'-sets A and B .we ^ 

look for a thir^::;set C^V with ' right v'number. of member^ so that 

the union of *thig set" and/the set:^;B"^ will, exactly ^matqh with the 

set A. The numj^efr^of . iembers C\ tWHs us "how many more 

members"" A has thscrr^^'B:- 'i-,'. :.- . 

■ *■ As aJN^xample of. this i^t us- again. use ' 

a ='5 and b^ 2. A •.can":be/the.!saine/set;^ as was used 

before., but B must now. bV a' disjc^ Let 
B = [X, Y}, An attemot to 'get; a-:one-ito>^one.:^ofres^^ the 
elements of B and the elements^'of v A^';mair\2*e 

♦Solutions for problems'.in this -jchapter^^are 



. ' : B = tX, Y} . > . . 

A = [0, A, Q,*,^), . 

leaving some elements of A unpaired, We'look for a set^ C (disjoint 
from B) so that bIJc will match* ''A. Thus, if C = {a,^,^}, then ^ 
the .elements of bIJc can be put into one-to-one correspondence, .with 
those of . A. . • ' ■ 

BUC = (X,"y^«, 0yi)^ 

A = (0,- A, a,*,c }. . 

How by the second definition ofsubtra(?tlbn, the result of . 5 - 2 is 

the number property of C. ■Therefore/.;^5::- 2 =,N(CJ = 3. The most . . 

. - "iV* 
important thing to say about this definition of subtraction is- that it • 

always gives exactly the same result as the t;irst definition, 

2." Use the second definition given above of subtraction to coii5>ute. - 

in detail •■ 7-3' . ' ■ ; ■ 

Now the question naturally arises as to why we should.r.bo.ther with ^ 
" two'different definitions if th^ both give the sime result/ Why not- 
use; just- one of them? . • ■ 

^e reason is'th^^i -there are two quite different ki"hds of. problems. 
'''^irsLt ye- conimonly meet and it is important \to know .that the same mathematical 
■ • opei-a^tion can be used to solve both kinds .of problems. ^. 

The first kind is the. "take away" type: ' ^ >: ' ■ 

'*Fred has 5 dollars. and loses two of 't^em/, . How many^ d^^ 
does he have left?" . **■ ^ . ■ ■ ' ■■ 

"The second kind rs the "how many more" type? . V/- j 

-'"Fred has 5 dollars: >. Bill, has 2 dollars. How-many 
more dollars does. Bill need in order to have as many as 
Fred?" - . . * ' . . ■ ^ , . ■: .'l- 

■ • . ■ ; ■ ■' : ■ ' ' ■ ; • ^ ' ' 

The first definition of subtraction fits very weij. with the . 
"take away" type of problem, and the second fits very wel^- w^h the 
"how many more" type. But in each case the problem is soared by 
means of the subtraction: 5 .~ 2* = 3* . ^ ~ 



The. statement that ve have on page li;8, relating addition to 
to sjabtraction, namely " , , ' ■ . ■ ' 

> ' . (a - b) + b = a, , , 

Agives us yet another insight into the concept of subtraction. If a - b " 

■ ^ .* "\ ' ■ 

is some n\mber c, then we have ( ^ 

• c + b = a, ' ■ ' 

Ih'. other words, a - b is that number c such that a = c + b. This 
/ii'stwhy we can say that:"''" ".-- ^ ' ' ' . - .-. % . - ' - • . ' 

. : V - b = c IF MD ONLY IF-^ a = c + b; . . • 

. ■, ■ 

" ■ ' .^'■» , ■ , ■ . ' • 

these two statements mean exarctl^Tth^ same thing. 

tV' ■ ' ' ' • .■ ' 

Froi^^this point of view, subtraction is defined as the' c^eration 

of finding , the unknown a(Jdend, c, in the addition problem" 

\. a = c + b /■ . . ^ 

since .tjjis .is the same nxxmb^r- as a -. b. For ' exaniple'^j \we can state that 

"■ ?' -A1^6/*, since we know that both ' ■ / 

\ ' ■'^''-'P'^^-:- "5 = 3 + 2 iid' 5 = 2+3 'V ;. ^ • ■ 

it" is^rue- that * , • • ■■ ; ' ■ ' ^ . • y.' .-' 

■ ■ * : .5 «- 2 = 3 ^^nd'. 5'V'^'= 2. • p^^^^^^y ] \ 

\ .Except as noted in Probiem; " h' • :below, an addition' fact gives us two related 
subtraction fac-tsv ■ 'i , . . ' 

:problems • • / • " ' • • .J 

^■''3-*---">,;The* tw^ statements a. - b = c and a = c + b 'mean the sami^ thing • 
"V ^ r^^^^^^S "^"^^ ^> -^f ^ show jthe related addition 

-aiifd. subtraction facts. . • • • 



^ i;. / When does' an addition fact not give two subtraction, facts. 



There are two reasons why it is izi5)ortant for teachers to understand 
this way of thinking^ about subtraction, as well as the other tVo.^ The ; 
first is that this is the way that children usually think- when they are • . 
developing their, skills in comp^utation. Tl:;e second iS' that as children* 
"move through school, and. study other kinds of numbers, such as rational . ^ 



decimals; negative numbers, etc., they vill. meet this idea of defining 
'subtraction' in terms of addition again* and again. 

It is importajifc to realize that all three definitions of subtraction, 
are eq^uivalent and yield the . same properties • 

' * , " * • -• 

We have noted the property of subtraction that points to its- role 
as an inverse *of addition* 'Two properties of the whole numbers under-- 
this operation that we want to highlight now involve the empty set. 
Recall that with the union, we have^ ^' ' 

A[Ji } > A. ^ / - 

llhe corresponding* statement- for numbers is for any whole number a, 

V ' • \ a + 6 = a. .■■ /*;-.^:'^- 

By the above, we observe that;. -y. , ■.*; ;•.• "■ .:.■ *■■ • 

' ^ : .. ..a.+;^"-0\= a -.and a = a..-- .GV •V^ V . t; . ,7^ / , 

..say the same thing. ;-:Si*n(?;e-^ a. +'p = 0 + a, we also have' .6 + 'a*=;;a^.*- 
which is the same as' ,0. =^' a - a. - Hence, in addition to the. inverse 
properties, 

' FOR MI WHOLE HDMBERS a and -b, WITH a ^ b^ (i - b) + b = a 
■ FOR MI WHOLE 13DMBERS ' and b, '( a + b) - b = a. 

■ we have the following two properties of zeso under subtraction: 
. FORMY WHOLE NUMBER a, a - 0 = a; - ... 
• . FOR. MY WHOLE NUMBER a, a r^"' a. = 0. • 



PROBLEMS . " .r 

5^. /^'By a definition of subtraction, ye see that a— b = c if and 
•only i;f a = c +. b, and that (a - b) + b ,= a.. Which properties 
are 'exeinplif ied by the following? 

a. ( 202 - 200") Hr 200 = 2(32 • . . • 

b. - (y - x) + X = y " . ' 

c. [(30 - 15) -51 + 5 -15 . ' ' ^: ■ . 

d. 5 + 0 = 5 . - 

e. 5-0 = 5 
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6. Does the sentjance (y .'- 'l) + 7 = '5- mke sense*'for whole ijjMbi 




7. ■ Show "by the use of the. properties addition and subfraction tliat 
the -followi^ sentence is true: .■ 

If "b > a; . 'a + (-b - a) f -.^ ' ^^'^ ' •/ 



Check that it is trreit^y-, usin^ several pairs of numbei^, 
SUBTRACTION USING THE 




- • If we cons'ider 
■ numbers uaing' 
procjesses and 

What is the answer to.^.9 '~ 'hl We startf on the number ■ line' at ' $ 
^arid -take away or move to the left ^4 .units, iihus^aiilving' at .5, ' which . 
is* our answer. • ' ■ ' ■ .. .■ ^: ' 

9— f ^ "i,! 



-I-M — I- 



+— I U 



-K-J 1- 



» i J — I — I — I— I — I- 



9' 



#. * ' / 9 ; = 5 ; - ^ . : ' ' \ 

' ' . ' . , ; ' ^ _ , : . ■ 

' In Chapte^ 7' we illustrated the use of the nuniber line to show ^ 
• the associative property of addition. Subtraction does not have .the 
associatljre property for * . , ^ 

. . ^ '\ (13 - 5) - 2 = 8 - 2 = 6y ^ . 

while ' . . 

' ■:. 13 - (5 - 2) = 13 - .3 = 10.. ■ ■ 

•^ese examples -.'are illustrated on number, iin^s "below. The first figure 
shows that 13^- 5 = ff,. ■ and this result is used to get 6^ from .8 - 2. 
The second shows that' - 2 - 3, and this result is used 'to get 10 
■ from 13 - 3-. . ' * ' ^ 
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(13 . 5) -2 = 8-2 = 6 




■ 13 - (5 - 2).= 13 -'3 = 10 ' "'i 

Hence, it is not true that (13 - 5) - 2 names the same rnanber as 13- - (5 - 2) 
and we . express this by the nianber sentence. • ■ • 

■ (13 - 5) - 2 ^13. - (5 - 2), 
■ -where' the symbol "j^" - means "is not equal to".. v ■: ' • 

AEPIICATIONS TO TEACHIHG * 

Some children find it difficult tb visualize set removal. For them 
partitioning and ringing a subset is not enough;" they cannot seem to 
appreciate that the objects have heen removed- since the objects are- still 
much in evidence. Covering up the objects to he removed or crossing them 
• out with an may help communicate removal; Similarly, using a cup to <. 
cover OQ) a subset of beans, for example, has been found to be effective 

in teaching set removal. 
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•> On the other^hjand, removal* may Jiave been so convincing that it. causes 
*• di^fficulty with trriting the nmber sentence associated with the "removal , 
For exajnple, in trying . to connect the expression .5 -.2 'with 3, only ' . 
the 'xrumbers for the original; set and the remaining sei^Jiay^be recorded; 
." "t^^Tig^otfier subset has been removed/ so' tW child cannot understand "^hy 

its n^jmber must be recorded. In that -case, intermediate stages in the ^ •. 
removing process may be suggested. This may be in the form of a class 
activity^ for example, with a set of beans. . The number of the set may /.^ 
first be recorded; a subset, may next be separated, county, and the number . 
% recorded. Hemoval may b^ accoraplished'.by covering the set removed (as .with 
'^'''^^^^---a.^.i^^ finally, the /number in. the remainir^ set identified and, recorded. 

Intermediate stages f or'^£Er^cord±gg^($' nmbers.J.n the ringing of set: 
members may also be provided. For example,' the. f ollbwing suggests vaytons- 
possible stages for -5 - 2. ^ 3» " ' . • *•'■'''■ ' ■ 



X - X 
X X 





5 - 2 



The concept of inverse may prove difficult. For. this, a variety of 
examples may be required showing situations', which have" inverses such aS 
'falling asleep and waking. up, say, or puttin^^on a coat and takitig i-tl off. .• 
However, sometimes it is not the lack of understanding ^f *the., concept that 
is 'causing difficulty; it maybe trying to verbalize the "doi^ig and undoing" 
that the children find difficult.' > • ' - ' 



QUESTION 



"What- is meant /.by the ;; statement a - b =vc, if and only if a. = c H b2" ■ 
^; . . .rpi^e- sta-uement -is •.equiv^ent .to'twa' setiarate statements, " "a ■bii=: c 

a' = c.-i- b" . "ari'd . "a,- c _+*.b.* if a-- b. :;=lc". ' Its application 'here 
-fc^; example, may: be in arriving" at the solution ■ to 5 - 3 by .finding the. 
"misiain^: addend"., ^/ri^t is 5 - 3? ' . • • ; .■ ■ ' • ^. ^-.^ 



That is to say, 5 - 3 .-is that number- c such th&t .5 = c + .3;/>noreover,' 

* ' ' ■ ■ * ■ ^ «* 

■the nuniberCs.) that ^makes 5. = c + 3 a true statement are tiie*" or^lyvones 

that qualify to be" 5 >-;'3-. - Since 5 = c + 3 is true only if. ,.c is 2, ' 

then* 5-3 must be 2- ;\. ■.- ""* 

vocabulary' ' ' " 

Ccii?)lement* , ■ ■ Remaining Set* 

Difference* ~ ~ ■ . • '~~5u5^raction* " . ' 

\ . . ■ ■ 

.Inverse Operation*' . • - ^ " • 

.f' ' KXfiRCISES - CHAPTER 9 ■ * ' 



.Join to B a set C disjoint from B ^siich that BUG = A. 

2. If A= {o,Q-,n',o,v,s ,0,^} ' . 

and B = {0.0} 

exhibit A - 'B. 

3. If from a set of 8 members we remove a set of ' 2 members, how 
* many members does the resulting set have? 

It A .{£^, Q , O, ,□} ' , 

e:3diibit B such that AUB = C.^ 'What is N(B)'?. 
% Show a representation on the number line whi-ch illustrates the fact" 

that 10 - 3 = ^. Use the same figure to illustrate the idea that 
. 10 = 7 + 3. ■ , s . . * - ■ * 

6. Show a repre^eniAtion on the number line whiph illustrates that the 

associative property does not hold under the operation of subtraction. 

(9.- 6) -'3 / 9 - (6 3) • ^ . 

■7. What operation is the inverse of adding 7 to any number? What is 
the inverse of subtracting 8? 

8. If-cJ^ and - B *are disjoint, illustrate that (AUB) - B = A. 
What happens if A and B are not disjoint?: * 



SQLUnC3IIS FOR PROBLEMS 



Choose A = {0, A,Oy*,0, 5, ffl) with K{A)=7. . Sf^ 

Choose . B = { ★/0,n) -irtiich is a subset of A and .N(B) = ' • 

B-= o,e, A} ■ - • \ 

By liefiiaition, we ^w 1;hat 7-3 =-N(A , B)%=; 1^-. 



Choose A' = {0, A, O, S wi^h N(A) ' = 7 . 

Chgose . B =-'{a, b, c} 3r'- * < with nGb) = 3. 
JJIov choose a s^ C xiLsjoinl^ 'from both A .and B. 

C = and ~ , N^C^ = 1^ 

. so that by^matching (bUC) with A^ we can* put BQC in 

one-to-one cjjprespondence wilfii A. 

• sue = .ta, b, c,&,Z,«„*3 

" - .tin ] I I 

Bjli> definition we know that 7 - 6 = N(C) = li-. 

By using whole number^ 6, k, we can illustrate the fact that 

* - b = c and a = c + b* mean the same thing. Thus. " 

c ' ' 
6 - k =' 5 because 6 = 2 + 1*- ' 

^ * v> / 6 - 2 = li- because 6 = li- + 2 

When a = b, thfSn a + b = c give^ only one subtraction .fact; >iir 
r^ely a = c - b. For exanrpljfe, -3 + 3 = .6 and 3 = 6-3. ' ■ 

a* Inverse property of adl'ition and subtraction 
' b. inverse prop%rty. of addition and , subtraction 
, cr. inverse property of addition and subtraction showing grouping 
within the parentheses, 30^- 15 is another name for I5. 

d. identity property of zero for addition (Zero added to any number 
results in that number. y* ' | ' . 

e. identity property of zero for subtraction (Zero subtracted from 
any number results in that number.) 

* (5 - 7) +■ 7 does not mi^e sense^in the present context because^ 
5' - 7 is not a whole 'number. .'For any numbers .a and b, 
(a - b) + b = a if a ^ b. : * ^ 

b- • ■ ■ \--. , . "'. 
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7/ To show that + (b - a) = b if b > a ve use the comniutative 
property of addition getting a + (b - a) = (b - a) + a, which 
^ ' by the third item in Propertiefs of -Subtraction is equal to b. 
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Chapter 10 ^ . 

DIVISION * 

.In Chapter 8, . a rectangular array, of a rows with h members 
in each row was used as a physicatl model for a X h. . From this and 
from other models, the properties of multiplication for- whole nmbers ^ . 
were develope'd. We saw that multii)li cation of whole nu^ers .has the . 
properties of closure, ♦comraatativiigr, and associativity, and that multi- 
plication is distrihuCive over addition. -Also., the' numbers 1 and '0 
have the special properties that ^ . ,. 

1 X a =' a X 1 =, a, ■ and 
'* ■ - ■ , 0 X a = a X 0 = -.0. 

The 'first three 'properties exactly parallel the same three properties 
for addition, and 1 plays a role -for , multiplication closely corresponding 
to that of 0 for addition. The similarity in hehavior of the two operations 
leads to the question as. to whether there is an operation which hears to . ^ 
multiplication a similar relation as subtraction doe to -addition; nan^ely, 
an inverse or undoing operation. The answer to 'this is the operation ■ ' 
'Called division. . ■ . \ 

To find the product k X 5., we coujjted the number of members in a . 
1; hy 5 a^ay or in k \ disjoint sets with 5 menibers in each set. 
An associated problem is start with 20 ' objects and ask how many disjoint 
^bsets there are in this "'set if each/ subset is to, have k members. In 
terms of arrays, the question is "if a set of 20 members is arranged k 
to a row, how many rows will- there be?" The answer is 5* 

' X X , X * X 

X X X X 

^ X X X , X ^ 

C' X X , X X * * . ' 

X X X X • 

» ' 20 objects arranged k to a row. 



• In many cases there would be .no answer to tjie "question.. For exaii?)le,. 
20 objects arranged 6 to affTow does not give an exact nximber of rows- 
It is true that ordinarily we^do carry oitt such a division process as 
20 divided by 6, obtainin^-^a quotient and a remainder. In speaking of 
division as an operation in the' set of whole numbers, however, the 
expression "20: divided by 6" is meaningless because it is not- a whole 
momber. The process as indicated by gyT-g^, remainder 2, will be more 
fully developed later when the techniques of division are disjfeus-sed in., 
-detail. It will then be pointed owt that for any ordered jfeir (a, b)' 
with h ^ 0, "we may develop a division process. ^' , 

■ ■4 

-Tp answer the question, "how many disjoint, subsets are , there in a 
set of- 20 , if each -subset is to have h members?", we formed an aryay. 
of 20 objects arranged h to a row. When, we form this array, we are 
partitioning the set of 20 into equivalent sets. iEty partitioning a set, 
we mean separating it into disjoint 'subsets. Thus, the fact that a set 
of 20. may "be partitioned into 5 equivalent subsets, each having h 
members, shows us that' 20 = X 5 and 20 = 5 X The number, 5,' 
which is thus assigned to the ordered pair (20, h) is. called the quotient 
and the operation which produces 5 from (20, k) is called division*. 
The normal symbol for the operation of division is ^ . Thus 20 4 = 5. 
' fee partitioning, of course, does not have to be shown as an array. Either 
' diagram, below, for example, gives the result of, 12 3. , 




. 12 objects, 3 in Set of' 12 objects in disjoint 

each row. ,v subsets, 3 *^bjects in each subset. 

. -^OT the ordered pair (20, 6) there is no such whole nximber that can • 
be attached; nor is there for (5, I5). So, under the operation of division, 
(20, 6) or (5, 15) are not defined in the set of whole, numbers. Division 
•therefore does not have the property of closure in the set of whole numbers. 
The last case for (5, 15) is sinrply an example of the fact that' in the 
ordered pair of whole numbers (a,- b), - if b > a, and a 0, the operation 
.of division never yields. a whole number. , 



PROBLEMS* ^ ' ■ 

1. Find the whole number attached to each of the following ordered pairs 

■ under the operation of divisiohj if there is none, explain. ^ ' ■ 

i (20, 5) : c. (6, 1) ' e. {6k, 8) ■ ' ' ' 

b. '{h, 28) d; (72, 9). ■ ' f- (^2, 7)- . ■ 

• ■ ^ . »^ g. (1^7, 7) 

2. a. Display an array to show 28 + 7. ^ 

/ ^. Illustrate 28 i 7 by a partitioning that is other than an array.. 

By partitioning, we have obtained 5 as the resu^-t of, ^ i^- because 
20 = 5 X i4-. This is -similar to the missing addend, approach to su'btraction. 
Here, we say that a -^ b is that number c such that a = c X b. That is, 
. a -i- b = c IF A!in> OKLY IF a = c X b . 

Thus, c is the- missing factor of ^a = c X b for given numbers a and 

b, with *b 5^ .0. ,; . . 

. *. 

DIVISION AS CTVSRSE 

In' the same way as subtraction is the inverse of addition, division 
by a number n may be' thought of as the inverse of multiplication by n. 

(8 X 3)■■^ 3 = 8 and (l7 x 1^) - = 17- 

However, caution must be exercised in -thinking about multiplication as 
the. inverse of division, becau/se it ^-s true that ^ ^ 

' " (15 -J- 3) X 3 ^ 15; while (8 ~ 3) X 3 is meaningless 

since 8--^3 is not a whole number. This is similar to the caution we 

must exercise in this "doing and undoing" process with subtraction? thus while 

(JI5 - 3) 5-*= 15 is perfectly acceptable, 

(5 - 13) + 13 is meaningless . 

^ince '^b - 13) is not a whole number. Of course, the restriction will 
* be removed later' when the set of whole numbers is extended to include : 
numbers' for which -8 ^3 and 5-3 have meaning. 

♦SoJ-utions for problems in 'this chapter on.page 18O. 

." * ' ' 



PROBLEM •.. 

* ' • ■* 

3. -"Tell whether each of the following si>atement^ is 'true or whether 

it is meaningless for whole' numbers. . 

- . , ■ 

- ^. a^ (3 + 9) - '9 = 3 ■ - ^ - . e.- (3 9) X 9 = 3 

t'. (9 + 3) -.9 ^3^ - .f. (9 X 3) -i- 3 = 9 

'cv. t3-- 9)';+'9^^'3,. ■ • . g\ (9 ^•3) x-,3 = 9 ;. 
. (3^ 9)- '-'3 ='9. " ' ^ ■ • ' • 



THE BOLE OF • ; 1- AND ' 0 IN DiyiSION ' ■ . • r 

-The operation of di vision^ was ^(^ecte^ to thg of multi- ■ 

■plication- by the: 'statement that ^ 't^ * • ■ • ^^ 



■b' ='^c ,if and only if^fa'= .c^ x • and- '-b ^ 0. 



.Since 1 oind ' 0 ' played special^roles in miltiplication^-.-lt, may be •yapjjf'qpriate' 
to pay parti cailar attention to th^^^wo ntmbers.in diviai'on.- • " / ■ v 

If. b'= l| then we-'have-; a 1 = c if aud,.oniy iif %a = 'c\X l..''' ' . . 
Recalling, the/'special. property 1 mder multiplication, 'we "have:. . . ' - V-* 
c X l,= *c^ hence," a .and-- c\ represent ;the same number, and for 'any.'' ' ■ \ . 
whole number a/- ^a V'i = a. ' On' :the other hand, * 1'+ b, is'nbt^a yhole ' ' -^'t ' 
nmber -Tonless b- = "l; -if^b ^-1 there .is -no' whole number c.- -sucii' thfiit'. / '• • 



1 = c X b.... ■ - ^ ;. - 

In €the sense .tftat 

identity-element' .for 

..•plication- in. whicb, for 

';feo' acting fe.s an i den 

. . ' '' ' :'\ 

of -the symbol * -^ , . ■ 

■.. Again by^t'^ie deft 
0 ' Sin divi si on . .• Brie! 

0+ b ■= c if aM' 
-I ^ : 5 ■ 
iotily if c e- 0. There 



V 



FOR ■.. 




A,- the number 1 acts-so'mewhaf' IHte^-an 
e th^dentity element/for mati-'. 
'a = a X 1^ the number 1. ! '\s: li 
r division only if it is to the^ 

isipn, we Ian note that- the ^^lis of ' 
'may be summarized as follM^^/.. / 

X b. ^For b'>^ Oy. '.thiyi-s true,^ • \, 




NUjpER 



b SUCH -THAT- 



.If <b = 0, ^^ia^ve 0^-^ % = 0 = c X 0. "Sine- 

.. any .. number c, t)^ re^iilTof P 4- 0 - is ambiguous-V: 
specify a^\inique number, hence' 

■ ^ . . 

♦THE^OPERATION OF DIVISION IS 





FOR 0 -F. 0 . 



a > 0" where ^ 0 is ,dJ^:i6e^l$rtotli^r situat-ion. Since a ~ 0 

t^^X^i='0 for whatever n-umber c,. 



if and only if aC c x 0,:. ^^X^"" * '"^^ 
Have a contradictron in 'tenii|^^^|3^ed' out with the assumption that 
a;^ 0- and came to the cqa^^^^p^ that a = 0-^. '^or this reason, 



c 
we 



These last two results J;^^^^r.ittdic ate that division by 0 is not defined. 
PROBIiEIl . _ . 

k. Teir whether each .M3|iie'*:i*ollbwing is a:;wliole number, is not a whole 



IS t3roEFINED.. 



n\mber, ■ or^ cannot 



-a. 
b.. 
c . 
d. 
e^ 
■f i- 



8 -J- U- • 

3'^ 3 . 
6 ^ 0 

; 0 V 132 

1; ^ b, ' 




term^ned^ if possible, name the whole nuinber. 




a7*whqle nuj^^^^and b .= 1 
■ole alfifeiff* and b^l. 

e numbers. and b > a, 
iber and. .b ^ 0. 
le numbers and a > b. 
whole niimbej-s and a = b . 



^•^be ^ven to shov^that the whole numbers are not 
For example, .while; 6 -^ 3- = 2, 3^6 is. not a 
whole ,nTjcnb^r^3&i^ two epcamples show that 6 -^ 3 3 -5- 6^ hence 

* the operatioo^ not commutative . ^ To ^ee' 'that division is not associative, 
' again' inaiiy::exeffliples be produced.'' Ve '^eed only one example, and such 
an^ example J i s the , following: ■ ' V, • 

(12 -^6). ;^ ^ = 2 t 2 = 1/ but 
12.^ (6 t 2);= i2.'- 3 = ^- 
lifefe'. differen^.i^«sults obtained',f op (l2 r 6)^ 2 on the one hand, and 



0 

'J 



for 12 ^ (6 ^ 



on 



the -other> ^hbws.that, in general, it is" not true 



tha 



a ^ b) ^c equals ;'a -5; -(b t-c.). 
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So far, division 'with respect to whole numbers has revealed itself 
as an operatioMfchat does not have the properties of closure, conmrutativity 
and associativi^f-. Furthermore, division by 0 is impossible, v To free 

•ourselves from the in5)ression that not much can be said about, this operation 
we need to consider only the important notion that division by b is 'the- 

^inverse of the operation of, multiplication by b. That is, (a X bi* -fb = a 
provided, of_course, b ^ '0:. . . 

PROBTtKMS ~, 

5-' For which of the following Is it tnie that (a -fb)-f c = a+ (b. + c)? 

a. 1^- -f 2 ^ 2 e. . 9 ^ 9 1 

b. l^.-f2+l* f,9^3^1 
.•c-2i^-+6^2. g. 0'^9'^3. 

d. 0 +5 + 1 

.6. From the results of the preceding exercises^ under what/conditions 
will (a > b)t c = a-5- (b ^ c)? ■ " " 

DIVISION USING THE HUMBER LINE 

We can illustrate division using the number line by partitioning, a 
segment into congruent subsegments. For example, to" illustrate 6 -i- 3, 
we can partition a 6 unit segment into 3 congruent subsegments, each 
of which * . 

-2 =^4-2 1^2: • 



is congruent- to the segment from 0 to 2-" Thus, this partition conveys 
the concept 6-5-3 = 2. Clearly, this is associated with the representation 
of multiplication' on the line in which* three 2 - unit arrows or 2 unit 
segments are abutted, resulting in a 6 nmit arrow or a 6 unit segment. 
The association ma/ be thought of as: one operation is the inverse of the 
other, or, from the point of view that ' ' ■ 

• * ' ' 6 3 = 2 if ^and only if 6 = 2 X 3. 

Another method of illustrating division on the number line is related 
to considering division in terms .of repeated^ subtraction . This concept will 
.be discussed in further detail in Chapter 15 vhen^the division techniques 
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o 



are discussed. We can Indicate here,, however/. this use of the number line 
in or,der to con?)are with the use shown above. Beginning with 6, 



1 .. 2 3 \. 5 



-3- 



we ask: qHow many times" can 3 subtracted? Corresponding to this, 
we can show division using the number line as in the above figure. 
In this case, since subtraction is performed twice, 6 -'3 = 2. 

> 

PROBLEM • 

7. a. Show by partitioning a segment on the number line that 10 -j- 2 5- 

b. Show by partitioning a segment on the number line that 5-^2 
does not yield a whole number, 

CQMPOSIO^E NUMBERS ^ / ^ 

-» . - 

• Rectangyilar ^arra^ form the basis for what used to be Icnown as 'the 

"rectangular numbers" by the ancient Greeks. If a number n can be 
presented as other than a ^ 1 by n array, then the n is said to be 
a rectangular number. For' example, 6 may be represented by' a . 2 by 
3 array, so 6 is a rectangular number. Now we call such' a number 

..a composite number ; - 6 = 2X3, so 6 is "composed" of 2 and, -3. 
12 is also a coii?)osite number; either a 3 by ^4- rectangular SLrray or 
a 2 by 6 rectangular array may be u^etiyas a model for the c 0115)0 sit ion 
of 12, However, 2x2x3 also shows how 12 may be coii5)osed. It 

'is true that' if a whole number n may be ".decomposed" into more than two 
factors (other than 1 and n), then it can be decomposed into' two 
factors other than 1 and n. Hence, such a number vould be considered, 
also a rectangular number. It is siii?)ly that thinking in terms of the 
compo^tion puts the focus more on analyzing the number-then think^g 

■in terms of rectangular arrays that can be formed,. V . 

Since 12 = 5 X 14-, we have regarded .J and \ as factors of 12. 

As we have noted, there are other factors of 12- For example, 2 is 

a factor of^ 12 because there, is a whole number whose product with 2 

* is- 12. That is, ^ 2. is a factor of 12 because 12 is 2 times a whole 
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ERIC 




number; . in this case, the whole uumber is "• SHMfe automatically qualifies 

6 to be also a factor of 12- A couple te lIBBBf actors pf 12 may be 
catalogued' as follows:- 

" ' .12-1X12, so 1- and, 12 are factors' of 12;^", * ' 

12 = 2 X 6, so 2 and 6 are factors of 12; • 

. 12 = 3 X 1;, so 3 and k are factors of 12;. . ^ 

12 = i; X 3, so k and 3 are factors of 12; ' 

, « .■■ -12 = 6 X2, so 6' and 2 are factors of 12; 

12 = 12 X1, SO". .12 and 1 are factors of 12; ' 

Thus, 12 ■ liB;s 1,.. 2, . 3, ^ k, -^rv/and 12- as 'factors . 5 is not a, factor 
of 12 because .there is' no whole=''*iapriber 'n • such th6.t the mathematical 



sentence 



: ; •• V 12 = 5 X n . ^ ■ : r • 

Neither are ■7>8.,9,10,11, and any' Vhole number greater than ■ 12 
factors of 12- ' (Notice' that the last three " statements in the .display give 
no information on- factors that was not contained in the first three state- 
ments and we could have done without them-) <^ * ' . ^ ■ . * 

• It is clear that since ^-n = 1 X'n, any whole number ^ n. has 1 .and 
n as factors* However, there' are many whole numbers for which these-.are 
"^^^ factors- For exai]:5)le! .1 and/5 are the only factors of p; ■ 

1 -and "7, are the only factors of T; and 1 and 13 are the only 
factors of 13; and so on- ; Such numbers will be. of in-t^re^st- f or>us and : 
are specially designated* . • ' . . ^' 

' ANY VHOLE NUMBER THA^ HAS' E£ACTLY : 'rW0 DIFFERENT WHOLE 
NUMBER FACTORS (NAMELY ITSELF AND . l)' IS A PRIME" NUMP^ . . 

Note that. tirLs definiton excludes '1 from the set of prime numbers .because 
1' does not have two different factors- , It also excludes 0 from the s*ei 
of primes since '0 = 0 ,X n for any. whole number n; any 'whole 'number is 
a factor.-of 0. In essence, the prime mmibers are those that' can only be 
•associated with a 1, by n array .(for rt;'/ l). For . example, let us 
consider an array for 7- Placiirg;two objects in each row, we can coii5)iete 
an array with 6 objects; the seventh object makes tlie array inCon^jlete / 
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Similarly, 




3> 5^ 6 objects in a row induce incomplete arrays with 7 objects. 



^All whole numbers greater than 1 may now • be classified according to 

whether they ar.e prime or composite. Over '2,000 years ago, the mathe,- 

matician Eratosthenes d-evised an easy and straightforward method for so^in^ 

■ ' • ■ ,■■■■•>,' 
prime num"^rs from a list of whole numbers. To find y^'K I the prime numb"fers 

less than 50^ ^ov example, the whole .'numbers from 0 'through k-S are ' 

listed as below. 0 and 1 are crossed- out since they are not primes; 

2 is a prime, but every other, even number has 2 as a factor, so all 



even ntamb^rs greater 


than 2 


are 


crossed 


out. . 










■ef, . 'X, 


2, 


3, 






0, 


.7, 




9; 


■ ■ yS,' 11, 




13, 




15, 


^, 


17, 






3€^, ■ 21, 




23, 




■25, 


26; 


■27,. 




29, ' 


.31, 




33, 




35, 




37, 




39, 


, W, M, 




^3, 




^5, 






>«-,. 


1,9 .■ ; 


Continuing with thi s , 


3 is 


"saved" and 


3x2 


', 3x3/ 


3.x 1+, 


. ; , , are 



"eliminated" ;..,thax is,-;all "multiples" of 3 greater than .3x1 are 
eliminated^ ^ ■ ■ i 



0, 








": % 


5>- 


6, 


7, 


-■0- 






11, 


•:12, ■ 


13, 






.16,, 


17, 




19-, 






.22, 


' 23,-- 




25I 


26, 






■29,.. 


30,- 


31, 


'■■■3?,: 






35=/ 




,37, 




.39-, 




i^l. 












^1, 




1^9 



In tiiis second chart,: the numerals that are shaded represent numbers that 
are "eliminated" after the screening as "multiples" of 2 (l is vlfetimigate 
before the screening) .'' The slash marks indicate screening as- "'*murti?pj^s'^^^^^^^^^ 
of 3r the , nunibers that are "saved" are identified by circleiisV'^S^^ iw 

k has been eliminated because it- is a multiple of 2; 5-- is naxt^.-^ayeA-.*^^ 
aaid all : other multiples *pf , 5 eliminated and so on. Thus, eventually;^.. we 
arrive at the set of all prime numbers less tfian 50: 



[2, 3, 5, t, 11, 13, 17, " l?,' -23 , 29V. 31, 3?, ^1, ^3, . h-lh 

It can "be shovn that this screening process needs "not be carried beyond 7 
for prime numbers./less th^ .50. since 49 = 7 x 7, If 49 is the product 
of two vhole niimbers a. and b/ and one of these is grejater than 7, then 
the other must be less than ,;7. ^This tells us that any factor greater th<aQ 
7 woujd^have .been eliminated when its CQn^janion factor (which is less than 
7.) ^s^Si^-^onsideried..- - * ' 

problems '^.. . ■ . ■ ■ " ■ • . ' ' . 

Express* each of the^ f ollowingvfnumbers as products of two' facto.r-3, in- 
several ways, or indicate that it- is impossible to do bo. - .'^ 

'a, 18 c. 30 ■ 't^ ■ ^ - . . 

b.' 6 .V " .. * ' d. 11 

9- List all the numbers that could be called "factors"' ■ ' * . * 

-a. of the number 3O, ;. 

br of the number 19, . '. ' ''. ■ 

.. c, of the number 24.- ' ,^ "* . , 

FACTORING COMPO SITE MJMBESS. ' ■ 

A prime. number can be expressed as the product of counting ^numbers 
in One and only one way, namely the product of, 1 and itself . Thus 

'■3-3X1,.- * - ' 

; - .'^5 = 5X1, ■'■ . 

/ ' ' ■-7 -:7/.l/ ' . ' ■ . 

. ^ . " , ■ 11 = 11 X i.' 

A coii^osite'"number has- more" than one factor expression. For' ^xan^le, * 
some' factor .expressions of 24 ^aice" Z^- . - ; * 

..' 24 = 1 X 2V . . . 



IIo;^ice-;.in the -expres.fekjn 2 X "2 X^x 3 all, the factors" are prime.^'-' 
numbers. - "Siecatise' . of this. i^;.;ds called xhe complete factorization , or the ■ 
prl3np.?,:gac t^ri zati on of 2k. " It expresses ■ : 2k -as a product of prime. ' 

1 jSvery' co325)6site/nu2iiber can be factored; that is, it can be. written';- 

as the producxt'of 'at least two factors each of which' is. less than the • 

nuniber itself . If one or more of 'these factors is a coii5)osite*.nmib^/ 

■it can be 'written as the product of still smaller factors. This' proceiss 

cannot go'.c;?! indefinitely since the factors, which ar.e counting numbers7' 

are 'getting smaller/- and the smallest counting number' is. 1.- ' Eventually ' 

. ' ' ' . . ' . • \ I* 

we must come to a factor expression each of whose factors is" a prime.] 

' For' exan?)le - ' ." 

■ ** ■ ' .. 360 = 6 X 60 ' ' •* , . , .. . 

, * . . ■ ■ - ■ • ■ . ; ^ ■ • t .= 2 X 3 X 60 ■ . : 

• ' =2 X3.x5x i2- / ■ :-. 

' .. ■ . " =2 X 3, X'5 X 2 X 6 ■ : -\ ' . j 'V 

.'. '^^^^ . ./ '= ■2-:^ 3 X 5.x-2'x a X.3 .. ., • ' 

' ■■ ■ • . , 360 9 X. ito . ' ' . ■ ■ ■ ' ' 

" ' • !^ . . ■ = S -S.X ^0 ' / ■ ■ 

^ . ■ . ' " ■ ' = 3 ^ .3 X 5 "x 'S ^ , ^.-^Z ■ ..^-C 

. ^ • ' . / . .' • . =. 3. x 3 X. 5 2 x > ■ /■ ' 

. : " V = 3 X '3'x 5^ 2. X 2 X 2'. \ j"*. 

■ ' 360 = 12 X 30 .■. .■ 

^ '^: 
=2 X - 6' X 30 ' ■ .. . . > 

g : V t " - , ■ = 2x2x.3X3o ' '\ , . - - ' . : 

".-V^ , J",' ' - ^2x2x3x3x10 ' 

•.j^ .,..*,■■ . ■ . . ■ 

• = 2 "2 X "3 XrJ X 2 X 5. ^\ 

. ? . V ■ ■' ■„ ■ , . . . 

Notice that, .although in each case above we startled .with a different ■ . ' 

pair .jDf factors.,.; 'the -complete factorization ^was^he same' .except f 01^ the ■'■■,-■ 

^order in which the prime factors were written .^This; is always- ^^e- 

Every composite numlier can be written as the product -of primes .in. one 

and only one way except for^ljie order in which the prime factoas are written. 



PROBLEM 



10. Find the prime factorisation of 'each of the following, 

d. 160. ■ 
^ e. 



a. 
b. 
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GREATEST CCMMOU FACTOR 



Let us consider the numbers 8 and 12. We . see that both 8 

and- .12 are even 'numbers, hence they botri have a. factor 2. Brcshs^ --2^. 

is a factor of both 8 and 12, we say it is a common factor/ of ' lie- numbers, 

, ' " ■ '^^^A^^ ^ 

All whole numbers are divisible by' 1, iience 1 is a 
of all whole numbers . Therefore when we- look for common f a< 
numbers^ we need only look for nimxbers greater than 1,. bee 
know that 1 is one of the common factors. ' ^ 

Let us ask. ourselves what factors are common factors of 8' and 12-. 




. ' 8 = ^1 X 8 
. . 5 = 2 X . . 
3 = 2X2 X 2 

.The set cf all factors of 



,The set of all factors of 



J.2 = 1 X 12 
.12 ^2X6 

12 = 3x ^ 

12 = 3 X 2.x 2 



' ' •! s 



[1, -2, i^, 8]. 
12 , is 

■ [1, 2, 3,>, 6, 12]. . ■ 

and 12 is the intersection* of the 



The set of common factors of 
twQ^ sets above, « 

(1, (2, n [1, 2, 3, 6, 12} = {1, 2, 4], 

Hence, ^ the common factors of b- and 12 are 1^ 2,'^. " . - 

.Do the n^jimbers 5 and .8 have any. common factors other than 1? 
The set of ,all factors, of 5 is V ' * • 

■ ■ '■ . ' [1, 5]. ' • ■ \ ■ 

The set of all factors of 8 is \ \ ' . 

■ • ^. {1; 2, 8}. " ^ . , 

The intersection set of these two sets is ■' _ 

v. 

n 1 - 



'^ndld^i 5 * and-.^ have'^'only one commote factor, 1, 0?he answer to our 
qtestion then is. "The numbers 5 and 8 do not .have coiniiiQn factors 
other than 1". •.^^ ^ . ; ] 

^ SoBK seta of nimlaggf have many common factors^and soSae sets have only 

1 as a connnoj^ factor, 
** . ^ 

The. greaHfest' elemen"t,^jl the set of commoR factors of several numlbers 
• is called the greatest- common factor of jthese numbers- We see then that 
k is the greatest comraon factor of-v^S and 12*; 1 is ^e greatest 
cormina f actpr of 5 and 8 . * ^ 

^ . ' ' . • , ,^ 

Writing the set^ of ^all factors of a number, is sometimes troublesome^ 

especially if the number has many factors. An easier way to f ind *the 

' greatest canmon factor of several numbejrs is the use of their coqgilete 

factorization. . . ^ jSf . 

. ■ ' . ^ ■' 

S\q)pose we wish to find the' greatest, common factor ^ '36^ ■h2y ^ij^ 
and 72. We find the coThple^te factorization o£ the numbers: 



36 = 2 X 2 X 3 X 3 = (-2 X 3) X 2 ^3 



(7 >2 = 2 X 3 X 7 = (2 X 3) X 7 



72 = 2X2X2 X3>^3='(2X3)X2X2X3, 



Hotljce that each numOber has 2 as a coimnon f ac^^ and 3 as a common 
jfcfrbor. Hence 2 X 3 = 6 , is a common fa^ctor. of them. All the common 
factors of ^36, U2,/and 72 are 1, 2, 3 and 6. The greatest common 
j-factoi- of these numbers is 2x3 = 6. .. ' ' 



PROBLEM ^ 

. 1. Find the greatest common Jictor of thea set^^of numbers below 
' ^ ^ ■ a. 6, 8 . /^\^ 

3, 8, ^12 . < ■ \ ' • . " ^ 

c. ■ 2i^, 16 ; 
' d., 36, i;8, 56^ \. ' ■ ' * • 



APPUCATION TO TEACHING ^ , ^ ^ * 

The topics of .factors/ con^josite numbers; and prime n\imbers will hot 
^be presented until the second grade. A* start on thi§' is given in the 
first ^ade when we count "by twos. Of course, in terms of multiples^ 
the even -numbers are pimply the multiples of 2. Similarly, multiples 
of. 3 are 'the entries in the "3;- times" table,, and so on. 



•We have noted that since 3 is a, factor of 12, we c^ say that 
'12 is a multiple of 3. Both factor and multiple originate from the same 
concept: there^is a whole nmber n such that 12 = 3 ^ A^muitiple 
is viewed from the standpoint of the number being composed; a factor is 
viewed from the standpoint of a number going^into the con^josition as a 
''buildl.ng block". Beginning in Grad? 5, the children will be introduced' 
to the Fundamental Theorem of Arithmetic - when a whole nmber is "decom- -■ 
posed" into the primitive building blocks of prime numbers, this decom- 
position will be revealed as unique; that is,, a whole number is made ig) 
of on^and only ojie set of primitive blocks'^^Jiich we call the primes. 

■ -At that time' the children will be taught the- "con^slete factorization" 
of q whole number (or, the prime decon^josition) . Con^jlete- factorization 

is a natural lead-in to a corresponding' factorization in algebra, w^ch — 
yields, among other things, solutions to algebraic equations. • ' 

■ "Doesn*^ 6+3 =^2 show that , division is closed in the set of whol^^^numbers* 

The statement,* '6 + 3 = 2, asserts that there is a whole number that, 
answers 'the question "What i 5 6 divided by 3?" To say' that division 
•is closed in 'the set of whole numbers means that without exception, for . 
*any whole ' numbers a" and ' b, b / 0, we must be able. to- find a whole 
nuinber represented by a b. Since examples can be found tc^ deny that . 
• ^ it is always true that a b " results in a whole number, we cannot say 
that division is closed in this set. Fop instance, 3+6 is not a ■ 
whole number. One example cannot be used to prove a general- statement. 



. ^ ' ' VOCABULARY 

Cainmon Factor ' ^ ■ . Greatest Common Factor 

Complete Factorization * Inverse Operation * • 

Composite Nmber * . ^ ^ , Prime Factorization* 

, Division * ' . * Prime N^jmber * 

Factor * . . . ■ Quotient * 

KXHRCISES - CHAPTER itf^ 

1. Rewrite each mathematical sentence "below as a' division, sentence. 
FiKd the unla;ovn factor. . * 

a. n X 5 = 20 . d. n X 9= 72 

-b. p X 1; = 28 e. n X a = 6it 

c. nXl = 6 f. qXO = 0 ' i 

2. Tell whether each of the following is more readily visualized "by a 
"rectangular array, of 7 rows or hy disjoint suhsets with 7 in 

each sulDset. . • ' . 

t 

a. h2 piece's of candy are to "be divided equally among 7 children, 
h2 pieces of candy, are' to he packaged 7 pieces to a package. 

*, 3. Anarciji^g band always forms an array when it marches. The leader 
' l5ces to use many different formations. Asijie from the leader, H^he 
band ii3.s.. '59/memLbers.^ The leader is trying very hard to find one 



j,» . more aeaber- , Why? 

I:- 2oe€ divi^fidu. Viave the commutative^ property? Give an example to 
SA^^^^^t'^a-t^-vQur answer. .. 

• ■ 0 ■ r'' ■ ^ : ' "^^^ ■ • 

5 . E5cpr*?5f5' eaq^JfTcT^^he f ollowijag numbers as a product of two smaller 

nToinbers or^ inidicate tiiat it i^7>i^^)05si'ble to do this: 

. i v^a.' 12 .c. 31" 8 . g- 35 i- 39 k. 6 m. 82 

h. 36 d. • 7 f- /ll ' 5/ J- ^2 ,1. hi n. 95 

6-. Factor each number below ^^completely 

a. 16 ^ d. 90 

. • ■ b. 21 e. Ul; 

■ c. 63- f.Jti2 



^' ^ 

.119' 



.Find the greatest conmon factor of each set of numbers below. 

a. . 2, -3.. . ■ ■ • e. 3, 8, 3O 

b: 15/ 8 ^ . ^ ■• . ■ 12, 16 ^ . 

c. 6/lE ' , ■ - • ■ g./ 9, 33, 21 ' • 



3, 12, 15 



h. 8, 16, 56 



a. 
b. 
c . 
d. 



I ^BPnONS FOR PROBLEMS ^ ^ 



None; 28 > and h'^ 0. 

6 • 



e. 8 

6 



g.' None; there is no row a"? ray.- of h^ members. 



9 4 

' • t 




3 

C 



a. Tru# 

b . True 

c. ^Meaningless 

d. True ^ 



1- 



e . 'Meaningless 

f . TiTie 

g. True 



c . 
d. 
e . 



a. , Whole number; 2 

b. Kot a whole nimiber 
Whole- number; 1 . • . • 
Kot a whole number > 
Whole number; 0 
Whole number;, 1 - 

Cannot be determined: meaningless if b = 0;. not a whole niiiber 
if b > 1. ■ 

Cannot be determined: zero if a = 0; not a whole number if 
a 0. ' 

Whole number; 0 ^ ^ 

Ganfeot bo^determined: meaniilgless if b = 0; whole ritomber a- 
if b = 1; -whole numbetr?- -iTf b. > 1 and b is a factor of a: 
nqt a wnole numoer if b. > 1 • and b is not a factor of • 'a. • 




0' 



k. Cannot be determined; •undefined if a = b, '= 0;. the whole number 
1 If a = bV 0. • . . ^ ■ * 



6.- 
7. 




< ... ■ 0 L -2 I 3" ^ 5 ■ .,Kr=, 
.The coordinate of this point is; 



8. a.-";:;3 x 6, 2 x 9, "Ix l8 (or 6 x 



d.* I X. 11 and '11 x'*! are. tjie only :'3uSi;-f^£tprt2atio 

• are not essentially. di<f re rent. . fv ■:■ \^ -i .•'^> v: 



a-. 1/2, 3, 5, 6, 10-; 15, anci 30 



In more formS^. te'tir^j,-; tlie set of f actoY^^^ fi^^ 2, 3,5*,6,l6,a5:, 

b. 1 and 19 ' ' - ■ ■ ^ ' x ^ - * ' ^ ' . • 



30) 



10. 



^. c. • The set of factoXs" c^,;^'j^ (1, 2^3'^^ 
a." 2 X 2 X 2 ' ■ '^"iJ^'W^^^ ' 



. b. 3 X 3x 3 



11, 




X3L 



£-.2 X-2.K^-5<: 5 

-2' X.3 ><:-y 
2 X 3;;x?|tx 7 -V/'-' 
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RAIS ■ ' . 



Chapter II'-. 




i 



In Chapter' 5 we intr^uced some g^omejric concepts using. physlcfiG. *. 

objects such a-s blocks, b an s j; ■ bogce ' c an s ^ ice cre'smi-. conies, as model's. ' 
From these model $r, ' ve conceiy^d idealized set^' of points '^such as .rectangular ' 
solids, spheres, cylinders,, 'Cj^fes;^ se^ients,^andr 'so on..- ..The2:e is^'ahother v ' ^ 
set of points^ which is iii:|)'9rtant 'in geometry.; '•This ^eonastiric 'configuration *■ 
can be formed .by extending'a line segmen-fr-in" one -direction '.only.-. ^ TM.s. . ' 
figure is called' a ray- , A ray is indicated below./'- . . :\; 

■ • , ■ ■ ^ - /' • . ■ ■ •■ X ■ ■ t 




V * 

.J 



The ray shown -above, is formed by extending '^'^ "through B ^ or AC .,' : 
/ -'through/ :C; ■ The notation fW. i^fi^i?, ray Jts^ a5 .or^ ^^n GcSj^Trs^jty.' /*^ / 
■•".■■ with the notation for segments erid liBPes., in naaft'ng^rays the or^ri^of . 
■ ■ points is significant. A ray*ha^; on^.endpcSnl^and it^^^'i^ ^ 
; .The .second letter can name anj"' other point ^tn tn& ray,. As jndicate^^ _ i ^ 
.'below, . ■ and . . are hot. .eqtfel^ s^s .^^^There are commm> points i^Vihe ■ ;^ 
two sets..^. However,' point • X ..is :p.n ■ 'j)U-^is ni^ifep point in 



,.:Note that the jarrow'in the nomenclature ""MP de^jtgnates ^whichTs,. .'. ^* 
the endpoint of the ray;- it is not the* intention -^l^fcrnifey the orientation* * 
of the ray as it appears.. In' f aci, it .would .l«dir5)«f(^ble to pri&it .. 
the arrows in conformity with- aH possible- orientations. .of this ray. ■ \ ^ . _ 



-.1 



PROBLEMS" . : . -, . * '"^".v % ^ ' ^ v',' ! 

1.- Represent"^ and show Q .between P ^md-v R. Which of:''tfce 
following denote the same ray?' . ^ ■ o,>^' 

^, M, R?, ^ .... V- ' : 0 . .„ 
— ^ — — • . ■/ ■ ■ ■■■■ -.^^ . ■ . " 



♦Solutions for problems in this chapter are ori pafc 196. . 



2. ' ■ a. - What is the implicationrof . the statement aS^ = c5? «■ 

"b. Does bX = If, have, a similar conotation? 

3. Referring to the, drawing belov, rename the sets in ^simple notation. 





4 








a; .■.■,B ; 


a. 


Union of . BC, 


CD' and M 


b* 


Intersection : 


■of AB and BC. 


c . 


• Intersection 


of CA and e5. 


d. 


Intersection 


of, and 


e . 


Union of eK 

V 


and B?. 



ANGLE ; " . ' 

Another fundamental geometric figure recognized in' many familiar shapes 
is: an angle. The formal definition isi^. .an angle is the union of two rays 
whiCrh have a common endpoint hut which are not subset^ of -the same line. 




The example shown is the union of AB and AC. Their common endpoint ' 
is said to be 'the vertex of the angle. Recall that vertex also applies 
to geometric solids and their faces. In each case it is the intersection 
of appropriate edges. Similarly, here, the vertex of^ an angle is the 
intersection of the two sets of points 'in the rays. The rays are called 
the sides of the angle. * - 

Our angle is denoted by /BAC or^ /CAB, where the middle letter 
identifies the vertex. The other two letters name one point distinct 
from the vertex on each of the two 'sides. Often, simply /A will be 
'Written instead of ^BAC. Triis notation cannot be used if more than 
one angle is drawn at vertex A. , 



It vo\ad not be clear W /ji which, of ^^C,^ /CAD/(i*'or /BAD were 
meant in the figtire, above,. " 



PROBTiKMS 

h, a. Name in three ways- the angle shown, 
b, 'identify the sides of this angle. 




.5: Identify all angles in the figure below. 




A ■ F E - ' 

6, Can V7 and TT? be sides of an angle? 

REGIONS 

Since a polygon is a simple closed cxirve, it is the set of points on 
the curve. These points should be distinguished from the set of points 
enclosed by the cu2rve which we call the interior ; the two sets are disjoint, 
A circle is also a simple closed curve, and it also has an interior. The 
union of a simple ,closed curve and its ir^terior is called a region . We 
'refer to a triangular region, rectangular region, polygonal region, or 
circular region, etc indicating that the simple closed curve is a triangle, 
rectangle, polygon, ^circle, etc. 



To denote a plane region in a diagrad^ t^^ interior" of the simple 
closed curve is usually shaded, To denot^j^e interior only, the 
interior is s'haded, but the polygon is drawn in Jli^ed , outline as is 
shown in the figures below. 




rectangle rectangular region interior of 

rectangle 



union cf interior 
of rectangle and - 
part of rectangle 
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CONGRUENT ANGLES 



In Chapter .5 we defined two geometric figures as congruent if one 
is an exact, copy of the other. " • 

Sl^ose we are given two angles, ^ABC and* /PQR, and we wish to 
find out if they are congruent. -We make a tracing of • ■ 






^ABC, say -^A'B^C'', .We now place thfe tracing on /PQR ^uch^thart ray 



falls on 'and B' fills on Q, (xnis is shown above at the right. 

Now if B*A'*. falls on QP ve say. that /aBC is ccSngruent to /PQR. 

" A special angle thAt makes frequent appearances in mathematics is a 
right angle . No formal defintion is' given at this time. . Instead, we will 
descri"be . what is meant by a right angle in much the same 'way that you will 
convey the concept to your students. - ■ ■ 



Y -V W. ■ - 

The above drawing represents two right angles, /YVX and ^WVX. 
The angles are congruent, and the union of a side of one and a -side of the 
other is a line. ' 

If a piece of paper were folded twice, as the drawing below indicates 
and it were then ui>folded, the cj^eases suggest segments of <two lines- whose 
intersection is the point R. Thus, R is the vertex of four right* angle 
who'se^ sides are the extensions of appropriate pairs of creases. . ' 



Fold 1 



Fold 2 



Unfolded- with 
creases -dotted 



PROBLEMS - " .- , • . ' . 

: — ■ . ' . ■ ■ ■ ^. . ■ ■ 

7- Identify all angles -which appear to be right angles. 





p 


to** 









8. Vflaich of the following pairs of angles are * congruent? 




CONGRUENT REGIONS . >^ . ^ 

We have discussed' congruent segments and congruent. angles- Now we 
shall discuss congruent regions. 

Two geometric regions are congruent "xif one is an exac,t copy of the 
other. Suppose we ;have the two triangles :^ctured below. 

B ^ ^ Y '\ 




• . A , ■ C ^ X ■ \ Z 

, Fir3t we make a tracing Df triangle ABC . . Now we cut:\along the 
boundary. We place this 'tracing on triangle ZYX in any ^ray that does 
nc5t -distort the. region. If the tracing fits exactly' the second region, 
we say the ^regions are congruent and ttie. boundaries are congruent. ■ 



To stmmarize, to decide whether or not two' regions are congruent: 

(l) We, make a tracing of the boundary of one region. 

, (2) We ^Try to match this tracing to the other^egion. • 

(g) If the tracing matcheis the second region with no 

' distortion to either,- then the boundaries, and the * ■ • 

. • . . ' i" .• • ^ 

regions are congruent. * . * 

• . The movable ' copy is needed because the geometi:ic figures to be com-- 
pared are sets of points, and as such, have fixed locations. Clearly,- 
we cannot continue this matching process too long. A copy of a solid - 
may not be matched and .fitted into another solid, A more refined concept 
.of congruence is not attempted until^the children stu(^ geometry from a 
more formal standpoint, -^"^ , . \ / 

In the light of congruence, we may restate the requirements of fecial 
geometric figures', . For exairple, any. two .edges of a cube are congruent 
segments, and any. two faces of a cube are congruent regions. Similarly, 
we can note the congruent §ides of a parallelogram and so on. 

.• ■ i - . ■. ^> . -; , ' * 

v ■ . 7 " ^ , k ■ 

PROBLEM . ^ \ . ; ■ ■■ ;■ ^ . ■ 

.'^ . • ■ . t . 

9. Which (5f ^he following^ pairs of .regions are congruent? ' ' , . ,- - 



b. 





CLASSIFICATION OF POLISOWS 



\ 



A polygon is~£r'5±2iple closed curve that is a union of line se^ents. 
If- it Is a union/of thre^ line se'g^ents, it is ^.triangle; of four line 
segments, a quadrilaterai; , of five Segments, a pentagon; c5f six segments^" 
a' h6x;agon; and so on." \^ • , . . ^ 



• The, segments vhich form the.. polygon are called it sldegr . The endteints'* 
.of the sides- are the vertices of the polygon. ITote that -each vertex is a' 

• 0. : ■ ... 

common endpoint.pf two sides. . Also'^ the numbfer pf vertices is 'the same . 
'as the number of sides. -. . 



Q)QADRILAJ!ERALS 



quadrilateral; is a polygon of foxir sides. ^ The figures below are. 
all quadrilaterals - . 



□ 



sauare 



rectangle 

of quadrilaterals^ -subfamilies' are identified 



/ 



"Hie rectangles constitute 

^ . . , "X 

a- subfamily, of the quadrilaterals and tri^ squares constitute 'a ^ubf^mily 

- . ■ * • ^\ 

of the rectangles.. 'Another subfamily of the quadrilaterals are the- 

parallelograms . Their opposite sides' are .segi^ents of .line.s whi'ch are 

on the same ntone and which do not intersect. / As rectangle'fe. also po.ssess 

this characteristic/ rectangles 'ar,e a subfamly of parallelograms.* Another 

subfaidly of^'^^'the* parallelograms are the rhombi (sthgular: rhQijiius). Each 

side of a rhombus is congruent to each other side. -So a square is. both a 

sDeci^ Icind of> a rectangIb^ and a snfecial kind of a rhombus.* ^ ' / .\ • 

■ > 




V parallelogra^^a , 




' rhombus 



0 



^. Rectangles are special kinds of .'quadrilaterals'.'- All -^he. angles, of -a. 
'rectangle are ^congruent.. - Squares , in tum^ are special -.kinds of rectangles.-' 
•All si^es of a' square are congruent. Thus^ .in -the fanily^ - / 



"^ne. term --'aTjgle of a ^polygon" at. h particular vertex is a language- of 
■conyeniefi'ce ^to mean the* angle ^havi.ng that vertex --and such that :the particular 
s'l'Aes' of 'fee |olygbn belopg.to the rays' of '".the angle. ' ■ ■ " ' 



.^y'this kind of classification/ we get a generic chain that. may "be 
incii Gated iDy the folloving. diagram- , 

* ■ ■ simple closed curves 



polygons 



rectangles 




. ' , quadrilaterals . 




\ 

. \ 
/ 




TftEMGLES -'^ V . • ' .• • . ' • • . • . " 

■y:;^ A 'triangle iS a polygon of three sides, ^ triangle may also, "be 
.defaaed as a set of three' points, not all. on' -the same line, arid the three ' . 
line segments joining these ;three points as ehdpoints, • , q \ ■ ' ' 

There are tlgiree special triangles which, shall "be, of" .specijil interest'.. 
• to us/ They^are the ec[uilatera£; the isosceles- and the right :rtri angles. ■ 

^ ' An equilateral triangle is a triangle each of vhose sijcLes is* congruent,, 
'to the- others. In other words, an equiiateral; triangle has three cong3ruent 
sides.. ■ ' • , . . ' 

An IsosceHes triangle is 'a. triangle with at least' two of 1^ sides 
congruent, 8*9, every equilateral ^ triangle is also- an isosceles triangle, 

A right triangle is, a triangle one of whose angles is a right angle. . 



150' ■ 



19S 




* right triangle isosceles ^ equilateral 

triangle s triangle 

f ■ 



A right triangle may or may not "be. isosceles; "but it cannot "be equilateral... 
10. Vihich figures pictured "below are polygons? ' ' 




o 

ERIC 



12. 



Which of the following are true statement 
a. Every sq\iar^ is a rectangle: 

All right -triangle -are qvLadr^Zaterals 
All equilateral trianjgles fife/ isosceles triaiiigles. 



A parallelogram .a^^tangle . 
A square is a polygdti. 




APPUQATIONS TO TEACHING • ^ * ^ . 

Geometric configurations are set^-of points or unions of such 
A point is" a. set with a single^^mber. A segment is tlafe union of si 
meiJiber sets. The mion^af^tvo points is a set and thus/ the two^oi^B^,^ . " .' 
constitute a geometfic configuration; 'so^o a point and a ojiroj^^i^d so on. 
From the union of certain segments or curves, we^ obtain '.,siich>,f^lliar 
igures as triangles, rectangles, circles, pyra2Eids^congj^,\pri"sms, and spheres. 



. The sets of geometric objects 
of three-dimensional objects. The 
children with experiences' from which 
concepts^ For this reason, we be, 
we identify faces, edges, and^yert- 
primitive elements to cpn'st^frLctt^.^thi 





childr^ lia)^^; to*! manipulate are sets 
objects which 'provide - 
abstract the mathematical ^ ' 

models of solids . From the models. 
Identified, we- can* use these 

z figures. For exmnple,," 



skeletons"" of pyraad'ds^and^'.^risms are unions of certain- lifte segments. 

nds.of primitive .elements wiU^Jie .ihtroducfed to 

✓ 

for various geometric' figures. These building' 
called sinrplexes. They Include figures" such as • 
ns, and triangular pyj^amidsV The configurations 
h elements are the coniplexes such as triangles, 
,s. For the study of the - con?)lexes, what can" be 
11 be extremely 'helpful, although not - all probJ,ems 
swered by relating complexes to the. building 'blocks, 
complexes give rise to special sets of points 
called convex sets which play _a ^significant role in the branch of mathematics 
called linear programming. "Linear programming has many applications in 
business and in the physical^ and social scil^nces. The contact which the 
children at this level have with s"in5)lexes^^nd co^^jlexes are mainly in • 
"berms of polygons and other sin5)le closed curves or^ solids consisting of 
edges.. Such experiences will form a basis for future e:q)eriences in mathematics. 

Of particular interest are complexes that are closed figures. ; Sjach 
complexes may specify where solutions to certain existing problems may be 
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found* Closed figures do not have points that can be 'designated as the 
Initial point, and the endpoint. A circle, an oval, a triangle, a figiire- 
eight; the surf ace, of a rectangular box are all examples of closed fig\ires. 
Pbr- children, the approach to closed figiires is entirely geometric. It 
must be en^hasized that any closed figure that does not lie in a plane is 
called a "solid", even though it is- hollow. For example, a rectangular 
'*box" consisting only of the , faces is a "solid"; the "skeleton" of . a 
rectangular, box is a "solid". 

It is a good idea to display a set o^vooden Sodels *that' aris*-nx:1^too 
. .saBll «id fetxc^urage.^the children to examinJ and handle them for several 
days before beginning the chapter, "Recognizing Geometric Figiires". Tracings 
of the faces of the solids may be made on a large sheet of .paper and displayed 
so that the cMldren "may match a face of a solid to its tracing. Wire 'or 
-stick models of polygons whose sides are congruent to edges of solids may 
be used for the same purpose- ■ Matching pictures of solids with the. 
appropriate models should prove usefii in helping th&- children to visualize 
drawings of 3-dimensional solids^:. Most pupils seem to be interested in 
finding objects* at home which qualify as cylinders and rectangular boxes 
and €o on. t^ 

Solid figures may be identified as blocks, boxes, or balls. For example, 
a triangular pyramid may be referred to as a block with triangular faces; 
^but it would not be appropriate to identify a ball as a circle or a rectangular 
grism a^ a rectangle. Basic distinctions to be made for "yie .children- at 
this time aire: - ' 

straight edge vs. rounded edge> - ^ . 

, flat region vs. ^rounded region; . * 

. , ' , flat figure vs. solid figure. ' " ' . 

We have stated tHat in the study of geomettry, each of the following 
objects, a point, a line, and a plane, may be regarded as a primitive 
element. E|y. these, we can define other geometric objects. Likewise, a^ 
3-space may serve as a primitive element, and it is from this standpoint 
that we consider points, lines, planes, spades, as elements of' geometry. 



qUESTIOU 
\ 

n 



'What is meant by^ saying that a rectangle is a ,special kind of quadrilateral? 

A» quadrilateral is- a polygon having exactly. four sides. ■ Thus, any" of 
the following represents' a quadrilateral: ^ c • 






It can be seen that, of these, a rectangle qualifies to be a 'quadrilateral; 
it is a four-sided polygon. ' Hoveyer, it distingui5:h<es itself by the special 
additional requirements having all angles that are congruent. Note too, 
that a square fulfills all requirements for a rectangle; being a polygon, 
having four sides,: and having angles that are all congruent to. each other. 
The square',' hovevef,' has the additional reqtiirement of having 'all sides 
• that are congruent v By the sgjne token that a rectangle. is a special kind 
'of a quadrilateral, a square is then a special kind of a rectangle. 



VOCAHJL^ 



'Angle* • ■* 
•Circular Region ? / 
Congruent Regions 
■Equilateral Triangle/* ■' 
Geometric Configuration 

Isosceles Triangle'* ^ 

I '■ ■ 

Parallelogram 
Plane Region * /- » 
Polygon * 



V 



Polygonal Regiori 
. Quadrilaterai * 
Ray *. -. 
Rectangle * 



Rectangular Region 
Region * 
Rhombus 
Right -Angle * 
Right Triangle* 
Side of an -Angle * 
Side of a Polygon * 
Square * . 
Triangle .* 
Triangular Region 
Vertex of an Angle* 
■Vertex of a Polygon 



/ 




.'EXERCISES CHAFEER 11 -/ « 

Hgie imioii of two', rays,- .'M aM cS", Is a line, vhaf will 
qtion of . aS. "and c5 -be? V-' 

h the differences "between AB, ^ and S*. 

the angles. shown on- the pictxzre' helow. 
P _ 

R 

.5* 



the 




of 'the following statenfents are tiaie? . ' 

rectangles are I)olygd)iis. . ' 

b.*::3fe quadrilaterals are rectangles. 

■c. ALL rectangles are squares. ' ■ : . . 

dv'. All parallelograms are polygons. . ■ ' - 
■■' ■ K-T '' V7 . , ■ 

e. ■ Polygons* are simple dlosed curves. 

f. All isosceles triangles are polygons. 

Vbich of the following pairs of figures are congruent? 




□ 
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^QLUnONS-FOR PROBLEMS 




VQ, and' '"ST are the same, ray or PQ^P? 

RP and ^ RQ are^ the same -ray orv RP = RQ - } \r . ^ 

a. ^ = cS". implies A = C. .A anJ ,C ^nrast name the same'point, 
the endpoint of the. ray. ^ " / ^ ^ • ' . " ' 



BJ = ST indicates' only that ^A and C are on the same ray. 
It is not necessary that' A = C. • 



A . 



or . ^ 

B C: 



a. BE V . 

b*. B. ' ' . i 

■c . Cl . ' ' ^f"' ' 

d. CD . ^ ^ ■ 

;e. AB or any other notation for the line 

a. ^PQR; /Q; /RQP 

b. qF and q]? 

/CFE; ^CFA; /SFD; /DFE; /jFOy [C^', ./BFA; [W^', /JFA 

No. There are- two possible figures named VX ' and , WX: 
it . — 

V 

N 




W 



Case 1 



r 

Case 2 



In order for VX to be a Side of ,an angle, V must be the vertex, 
similarly, , for ^ to be a side, W must be the vertex. This is 
not true in Case 1.' In Case 2, ■ V = W- but vJ' and are not 

two rays, so the definition of an angle is not satisfied. 



1961.98 



r.\ /CFAi /CFE; /BFD 

10. Gl/ o _ 

n. -sT^b,.* c, e, f 
12- a, e 



ERIC 
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Chapiter 12 • ' 
ADDiriQU AND SUBTRACTION TECHNIQUES 



UITROIXJCTICQJ 



V We have used sets to describe addition and , subtraction and to 
develop its properties. Knowing that 5 + 3* is th^ number of members 
in A U B, where A is a set of 5 members and B is a disjoint set 
.of '3 members, we may count the members of A U B and discover / 
thaV 5+3 is ,8, Knowing that 5 i -3 =, 8, from the definition ^ 



-of subtraction, we can see that 8-3=5. This is fine, but it doei 

\ "'■-./- 
not raally help us much if we want 'to determine 892 + 367 or 532 - ."278, 

To do problems lils;e these quickly and acciirately is a' goal of real 

iii5)ortance , ..It is' a goal whose achievement- is made much 'easier ^in om: 

decimal system of numeration than in, for instance, the Chinese or ' 

^ Egyptian systems. ( ' 

This' chapter is concerned with explaining the whys and- wherefores 
of .so-called "carrying" and "borrowing," in the processes of cbn^iuting 
sums and differences. ' Regrouping is a ^dre- accurate term for "carrying" 
and "borrowing" and will be Used throughout this text. 

We must -i^ecail, how our system of numeration with ba'se- ten is built. 

What doe5 'the numeral ' 532 stand for? It stands for 5OO + 3O + 25 

or 5 hundreds' + « 3 tens + 2 ones; or -again, since one hundred stands/ 

for. 10 "tens, 532 stands for' 5 groups of ten tens +' 3 groups, of 

ten + 2 ones- Aiso if .we topw tha-t a niSnber has 2 "groups of ten tens 

and 7 groups of ten and . ones/'tJe can write a numeral for 'that • number 

in the 'form (ax [10 X 10]) + (7 X lO) + (.8 X l) or 200 + 70 +,8..= 278. 

When we write the numeral in this str.etched-out way, we havfe written it 

in expanded form- ' . :f ' ■ ■ . '■ 

• — " — ' ^ 

RSGROUPD^G USED ^ ADDITIpN ' l ^ ^ ' 

Let us as^sime that we know the addition facts for all the one -digit 

whole numbers and 'that we understand our decimal ^system of numeration , 

How does this help us? Let's try some examples. Suppose we want the 

• * *^ . . 

sum' of ■ k2 and 37. Since we are .aMing {k tens + 2 * ones) and 



(3 tens + 7 ones), we get (7 tens + 9 ones) which- we can-^write ' 
as 79 . . . - 

Essentially what we are doings is finding how many groups of tens 
and how many units we, have and then using our system of numeration to 
, write the correct numeral'. We may show this in several different forms 
or algorithms^ such as: 



(a) 


3 


tens 


+ 


■^^^nes 


W 


30 


+ 


7 


I 


k 


tens 


+ 


2 ones 




ho 


+ 


2 




7 


tens 


+ 


9 ones =: 79 




70 


+ 


9 = 79 



(c) 



,37 




+ h2 




9 


(7+2,) 


• 12 


(30 + ho) 


79 




y 



Or we may use an equation form such as 

37 + h2 = (30.+ 7) +. {ho + 2) ' * . 

= (30 + ^) + (7 + 2) Applying the associative 

= 70 + 9 and cofeiutative properties 

^ ' = 79 . • - ' ^ . 

Let us now add .27 and * 35 • This time we have (2 .tens + 7' -ones 
+ (3 tens + 5 orie.s) which may be illustrated: . ' 



XXXXXXXXX.X 



xxxxxxxxxx 
t f ^— 



2 tens 



X X X X X X X 



7 ones 



xxxxxxxxxx 



xxxxxxxxxx 



xxxxxxxxxx 



3 tens 



X X X X X 

J 

5 ones 



By putting these groups together ''we now have: 



xxxxxxxxxx 



xxxxxxxxx 



xxxxxxxxxx 



X .X X X X X X X X X I 



xxxxxxxxxx 



5 ' tens 



XXX xxxxxxxxx 



' 12 ones 



200 



2ni 



We now regroup the 12 ones and get another set of 1 ten and 2 ones. 



1- 


X X 


X. X XXX 


X x| 






1 ten 




d 

0 


(5 


tens + 1 


ten) 




X X 


X X X X X 


X X 1 






X X 


X X X X X 


X x| 






x*x 


X X X X X 


X x^ 






X X 


X X X X X 


X X 1 






X X 


X X X X X 


X X 1 


X 




X X 


X X X X X 


X x| 



X X 

2 ones 



X X 



i 



1 



y tens + 1 ten 
= 6 tens 



1 / 



• + 
+ 



2 ones 
2 ^ones 



62 



Or, algorithms such as tjiese may be used: 



(a) 



2 


tens + 7 


o&es 


(b) 


20+7 




(c) 


27 




3' 


tens + 5 


ones ■ . , 




30 + 5 . ' 






+ 35 




5 


tens+ 12' 


ones, or ■ 




50 + 12, or 






12 


(7 + 5) 


5 


tensi + 1 


^ten + 2 ■ ones, or 




50 + ^0'+ 2, 


or 




50 


(20 +-30) 


6 


tens + 2 


on^s = 62 




,60 + 2 ='62. 






62 





Using an equation form we may write: 

^ + i5 = (20 + 7) + (30 + 5) 
= (20 + 30) + (7 + 5) 
=50+12 
= 50 + (10 + 2) ^ ' 
= -(50 +10)^+ 2 
= 60*+ 2 
= 62 



Applying the associative 
and conmrutative properties 



Applying the associative 
property 



We may fextend these same ideas to the 'addition of' two whole nunibers, 
. each greater than 100 • Suppose, for" instance,, that we were ^ding 
568- and 275 : • . 



201 



20 



•Hp* 



5 


hundreds 


+ 


6 


tens 


+ . 8 


ones 




2 


hundreds 


+ 


7 


tens 


+ 5 


ones 




7.^ 


hundreds 


+ 


13 


tens 


+ 13 


ones. 


or 


7 


hundreds 


+ 




tens 


+ 3 


ones. 


or 


8 


hundreds 


+ 


k 


tens 


+ 3 


ones 


= 843*' 



or we jnay. write 
(b) 



500 + 


60 


+ " 8 




200 + 


70 


+ 5 




700 + 


130 


+ 13 , 


or 


700 + 


Iho 


+ . 3 , 


or 


800 • + 


ho 


+ 3 = 


843 



.or (c) 



568 




+ 275 


\ 

(8 + 5) ^ 


13 


130 


(60+70) 


TOO 


(500 + 200) 


8k3 





Precisely the same process is used in adding three or more numbers. 
Oiice again the properties 'of addition are important. Thus: 

■ 563 + 787 + 1384 can be- thought of as follows: ' ' " 

563= .500 + 60 + 3'= " (5 X 100) + (6 X 10) + (3 X 1) 

• ■'^^'^ = 700+80 + 7 = ' (7 X 100) + (8 X 10) + X7 X 1) 

'1384 = 1000 + 300 + 80+4 = (1 X 1000) + (3 X 100) + (8 X 10) + ik X 1) 

(1 X 1000) + (15 X 100)+ (22 X io) + Ci4 X 1) 
V- and the sum 563 + 787 + 1384 ' 

= (1 X 1000). + (15 X 100-) + (22 X 10) + (14 XI) \ : 
= (L X 1000) + [(1 X iOOO) + (5 X 100)] + .[(2 X^OO) + 

(2 X 10)] + [U X id^ + (4 XI)] 
= [(1 x'looo) + (1 X 1000)] + [(5 X 100) .+ (2 X 100)] + 

. ■ [(2 X 10) + (1 X 10)] + (4 X 1) 

= (2 X 1000)^+ (7 X 100) + (3 X iO) + (4 X 1) " 
. = 2000 + 700 + 30 + 4 ■ ' ' ^ / „ • 

. = 273^ ^ ' ' 

This is usually ■ abbreviated a great deal. But it is important that the\ 
underlying pattern be understood 'and tKe abbreviations recognized. , T&us: 
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/ / 500 + 60 + 3 ■ . ' ' ^. : 563 

TOO .+ 80 +^ 7 can Ue '.written, vith 

IQOO 300 ^ 80 ^ \ : -sum of 

-y^ ' — ^ indicated as: 

IDOO + 1500 + -220 + 1^' 



ones 

- 220 sum ot tens 
1500 sum. of hundreds 
1006 sum' of thousands 
Z!3^ 



an^ 'the operation .may be still further abbreviated to: 

O®© . ^ ^ ^ 

.' ^ . 563 ' ^ ^ ■ ' ■ ■ . 563 . , , 

■ / 787 Finally, by omitting' 787 

138^ ■ even the 'Scarry over" 138j4- 

273^ numerals we get: 273^- 

. PROBLEMS* V ' 

1.. ' Find the sum, 38 + 73 + 22 , by an algorithm that shows' clearly 

how the sum is obtained from'the addition -facts for- 0 through 
9 . only.- - ; ■ 

' 2. Show :the individual steps required in applying the . Associative 
and commutative laws to show that • ^ ^ • 

' . ' (30 + 7) + (50 + 8) =-(30 +.50) + (7 + 8) . 
A PROPERTY OF SUBTRACTION " ♦ ► . . ' -. ' ■ • 



Just as we worked the same problem by various methods to get -an' 
insight into tlie. addition process, we shall now study the subt3:^ction 
process by - examining various techniques . Let us use a simple example , . 
to illustrate the procedures, ' ' ^. 

Using an equation form for finding the value- of the unkncwn addend 1 
n in n + 23 = 58 .and. coraparl^ng this with the, usual algorithm identifies 
a property of subtraction tftat is used extensively in computational work. 
We write: ' » 
. \ 58 - 23.= (50 V8) - (20 + 3) . 

The property o'f subtraction that deserves our special attention is that 
which will enable us to ' express (5O + 8) - (gO + 3) in a us^efui; f orm. 



* Solutions .for problems in this chapter are on page 211. 
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. , . The usual procedure for subtracting is by the vertical alignment, 

58 . - - .. , • 

• .■" " ■ . ■ 23.; • , 

^A^lcb. may be expressed as either of the following:' 





5 


tens 


+ 


8 


ones ■ 


;(b). 


50- + 




2 


tens 


+ 


3 


ones 


20 + 3 




3 


tens 


+ 


5 


ones = 35 


/ 


30 + 5 = 35 



In the algorithm (b) above, notice that 3' is subtracted from- 8 and 
20. is subtracted from 50 to arrive at- the tens and ones in the 
difference. In equation form, this entire process is -written: 

58 - 23 = (50 + 8) -.(20 + 3) = (50 - 20) + (8.. 3) 

= 30 + 5 . 

• * ~ , . ' =35 . . . • * 

We ma/ state the property, which allows ( 50 + 8) - ( 20 + 3) 
to be reexpressed' as (50 - 20) +^(8 - 3) , more generally in the 
following way: . " 

. IF QUE KUMBER IS a+b MD A ' 
SECOro^KUMBER IS c + d, MD IF 
a > c MD b > d, THEN (a + b) - 
(c + d) = (a - c) + (b d) * . . 

( ' ' < 

We shall see repeated use of this, property, along with regrouping, 
throughout the rest of this chapter. ■ ^, ■ 

Next, let us interpret subtraction, such as 17 from ^9 , in ,. . 
terms of set removal. From a' set, A , of h9 objects rencve a sub- ■ 
set, B , of IT^j^jects, leaving a remainder .set, A - B , i^ose 
nuniber is to, be specified.- - 

We can take for A a collection of h9 x»s arranged as follows: 



[xxxxxxxxxx 
xxxxxxxxxx 
|xxxxxxxxxx[ 



xxxxxxxxx 



xxxxxxxxxx 



# 



Nov we need' to pick a subset " B • of A which contains IT members* 
•IThen- the" number of members of the remainder set A - B will be 49 t 17 • 
There are- many ways to^ chpos.e B * One of th*fes;^^is^this.: 

. • |X X X PC X X X X X x| , 



1^ X X X X 



[js^x X X xj 



|x X 



X X X X X 



X X X X X X X 



X X X X X X 



X x) 



XXX 



XXX 

^B 



But when we- choosie B this way, the remainder set - A - B is not easy 
to count. ' Some of the original bundles of ten have, been broken up, arid 
' only, pieces of them are in A - B - 

• : . It is much better if we choose B so as to either include all of . 
a bundle of ten or none of it. Here is one way: 



X X X X X XX XXX 




xxxxxxxxxx 


1 , 


|x.xxxxxxxxx 


"» — 




xxxxxxxxxx 



X 

•B 



' Now it is easy to count, the remainder set A - B . It can be done 
in two steps,. Looking ?Lt the right hand si^e. above, we see that the . 
number of ones in the i-emainder set is 9-7=2. Looking at the left 
hand side above, ye see that the nuinber of bundles of ten in; the remainder 
set is h - 1'= 3 . Therefore the number of members in the reminder set 
.is\32 . " ■ ■/ ' ' . , 

An important thing to notice is that since we dealt only with com- 
plete bundles^ of ten, we could iount these using only "small" numbers. ^ 

Nov, let us examine in the -same way another problem: 32 - 17 ^= n , ^ 
We can pick A to be a set of 32. x«s : . 



xxxxxxxxxx 



A [xxxxxxxxxx 



X X. 



I X X X x' X X X X X x| 

We need to pick a subset B' with 17 members, that is, one bundle. of 
ten and seven ones'. .But A. has only two ones, so we 'will have to use 
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20^ 



some of the members of A in the bundles of te^ As' ve sav above, it 
best, if we use only jtoole bundles. Th^efore^ve will taJce one of^ 
the bundles of ten in A , change it to 10 ones/ and pu$» it with the 
2 ones. Now A looks like this: 

|X X X X X X X X x~x[ ^ 
^ |XXXXXXXXXX| . • 3C X X X XX X X X X X X 

Now it is easy to see hoij we can pick a conveiiLent , subset B which 
has 17 members'. Here is one: 'J 



X X X X X X X X X 3C 



1 



^ |x X X X X X X X X x| I ^/^ ^ ^ ^\^J ^ ^ X X 

It is easy to count the xe^painder set A - B . The number of 
ones is 12 - 7 = 5 and tte number of tens is 2-1=1.' Therefore 

32 - 17. is 1 ten add 5^ ones, or 15, and n = 15. 

, ' ' •< 

Rather than object representation we may use algorithms such as 
these to subtract 17 from 32 : 1 



Ta) ' 3 tens + 2 ones = 2 tens i 12 ones . 
1 ten + 7 ones = 1 tenV -r- 7 ones 

1 ten + 5 ones = I5 



or 



(b) 30 + 2 = 20 + 12 
10^ + 7 = 10 + 7 



7 



10 + 5 = 15 



■a 

or we may use an equation form, as 

32 -17 = (30 + 2) - do' + 7) ■ 
-. = (20 + 12) - (10 + 7) 

= (20 - 10) + (12 - 7) 

= 10 + 5 

. ■ = 15 . ■ . . 

Notice that the. renaming of (30 + 2) as (20 + 12) involves an 
application of the^associ.ative property of addition, in that 

. .(30 + 2) = ([20 + 10] + 2) = (20 +[10 +2]) = (20 + 12) . 
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We". may- subtract larger numbers, of course, simply by extending the 
principled" and procedures used with' smaller numbers. Consider, 'for 
instance, subtracting 276 from 523 . 

Since ve cannot .subtract 6 ones from 3 oi^es^nor, 7 tens from 
•2 tens, renaming is required. In detail, ve may write: ■ ' - 

. * $ hundreds + 2 tens + 3 ones = 5 hundreds + (l ten + 1 ten) + 3 ones.. 

= 5 hundreds' + (1 ten + 10' ones) +-3 ones. 
* \ \ . ; . • =5 'hundreds + 1 ten + 13 ones. ^ ' 

, . ' = hundreds^^ hundred) •+ 1 ten + 13 ones. 

= hundreds '+ 10 tens) + 1 teiii .+ 13 ones. 
-\ hundreds 4^ 11 tens + 13 oties.- 

Ordinarily this procedure is simply indicated by 

. .5 hundreds + 2 tens + 3 ones = \ hundreds + 11 tens + 13 ones. 

We may now complete the problem 523 - 276 by writing: 

5 hundreds + 2 tens + 3 ones = \ hundreds + 11 tens + 13 ones 
2 hundreds + 7 tens + 6 ones = 2 hundreds + 7 tens + .. . 6 ones 

■ . • 2 hundreds + \ tens + 7 ones = 21^7 

or we may write ' \]; . . . 

500 + 20 + 3 = i^OO + 116+13 

200 + 70 + 6 - = 200 + 70 + 6 - 

200 + ivO + 7 = 2iv7 
or we may use an equation form, such as ' . 

523'- 276^= (500 + 20 + 3) - (200 + 70 + 6) . 

= .(1^0 + no + 13) - (200- + 70 + 6) ■ 
= (1^)0 - 200) + (no* - 70) + (13 - 6) . 
= 200 + 40 + 7 : 

= 247". , ■ 

We eventually may shorten such algorithms to the form 

523 or simply 523^ 
-. 276 . - 276 

,247 - 247 . ' 
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PROBLEMS 



3.. a. In the property (a + b) - (c + d) = ( a - c) + (b A d) 
"Why are the conditions a ^ c . and b ^ d needed? ^ 

. ■ b. Give an illustration of the difficulty encountered if the 
conditions are not met. / ■ ' 

^. ' a. .Represent vith an. appropriate set", ,A , and subset, B the 
subtraction of k^.- and 27, . * 
b. 'Show the same subtraction in equation form. 



SUMMARY ' ' - .■ . ■ 

Techniques of addition and subtraction may be explained in terms 
of our decimal numeration system, coupled vith. regrouping and applications 
of the commutative and associative properties of addition. Subtraction 
techniques utilize a special property of' subtraction; namely. 

If a , b , c , and d are whole nunibers such that 
a ^ c and h ^ d , then it is true that 

(a + b) -\(c + d) = (a - c) + (b - d) . ■ 

This special property may be explained in terms of the definition of 
subtraction in relation to addition, coupled vith the commutative and 
associative properties of addition. 

APip:CATIQNS TO TEACHIKG 

If young children are to . compute vith understanding, it is essential 

9 

that they have an adequate understanding pf our numeration system vith 
its base of ten and its principle of place value. They also need to 
have ample opportunity to manipulate sets of objects as- the basis for 
developing appropriate algorithms. 

Algorithms such as these grow readily from manipulations of sets of 
objects: . ' ■ 



(a) 



2. 
. 4 



69 - 

(a) 



4 ;bens + 2 Ones • 

3 tens 6 ones 

7 tens + 8 ones '= 7§ 



2U = ? 

6 tens + 9 ones 
2 tens +. h ones 



(b) : ifO. + 2 
30 + ^ 



7.0 +' 8 = 78 



(c) 



k2 
+ 36 
8 
70 
78 



4 tens +* 5 ones =='45 



(b) 60 +-9 
20 + 4 



40 + 5, = 45- 



These same algorithms serve young children v^iLl vhen regrouping and re- 
nascLng are involved: 



3. . 58 + 17 = ? 

(a) 5 tens + 8 ones 
1 ten + 7 ones 
6 tens + 15 ones/ or 
7 -tens + . 5 ones = 75 



(b), 50 + 8 
10+7 



60 + 15 , or 

T0.+ 5 = 75 



(c) 



h.- . 81 - 35 = ? 

(a) 8 ten© ■+^l>one = 7 tens + J.1 ones 

3 tenB" + -5 ones " = 3 tens \ ones 

^ 4 tens + 6' ones 



46 



58 

15 

60 ■ . 

75 

8o^J-l 
30 + 5 



70 + 11 

30+5 

40 + 6 = 46 



Each cl^ild^is not eacpected to be equally at ease vith all algorithms* 
He should he encouraged to work vith the form vith vhich he is most com- 
f ort€4)le« Eventually he vill shorten that algorithm to a more efficient 
form, hut he should not be hurried into doing this. Computing vith^ 
undcrstanditjg takes precedence over computing vith a highly efficient 
form in the earllercstages of learning. 
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qpPBSTIQN ^ V 

"Does the property, ,(a + b) . (c + d) =^ (a - c) + ( b - d) ' if a > c 
and b > d mean that' we jannot perform subtraction for whole numbers if 
the requirements a > c and b > d are not met? 

To .a certain extent, this assuii5>tion is correct, but witb this 
assungjtion, is a distortion in interpretation- If neither of these 

i ' * ■ ■ . 

requirements is met, then it; is true that there is no whole number for 
(a + b), « (c + d). For exaj^le, if ■ a = 2, b =3, c = U, and d = 5, 
then ^ 

(a + b) (c + d) = (2 + 3)' . (4 + 5) 
, "", ■ ■ = 5 - 9- . 

Since 5-9 is not a whole number, subtra"Ction cannot be perf orma4>ior 
(2 + 3) « (U + 5) in the set of whole numbers- By the same token,^ 
neither can ^ (20 3) - (UO + 'he performed', as caa be seen also in 
the vertical arrangement: 

23 



However, as illustrated in the exanile 32'- 17y .which is -(36 + .2) 
. (10 + 7),, we have 3O > 10 but -2 < 7- Still, it is -possible to 
perform this subtraction in the set of whole numbers; we rename 3O + 2 
as 20 + 12 by regrouping- Then, 

32 - 17 = (20 + 12) - (10 + 7), 

and the requirements a > c and b > d are fulfilled-. The only time 
that such renaming cannot occur to satisfy the requirements is when ^ 
(a + b) < (c + d); for exac^le, (20 + 5) - (UO + 3). cannot be 
perfojpned in the set of whole numbers - 

■ . VQCAHJLAEY 

Addition * . Commutative Property of Addition * 

Algorithms * "^^^J^nded Form ^ 

Associative Property of Addition * Regrouping 
Borrowing Subtraction* 

Carrying ■ • 



■ ^ EXERCISES - CHAPTER 12 ' 

L. . For each of these, example's, coito;^. usingvthe three addition 
algorithms just illustrated in qpe preceding section- • 

. -246 + 139.= ? c. 486 + 766 = ? 

t). TTT + 964 = ? d/. 774 + 926 = ? 

f ■ ' • 

2. * For' each of these exaniples, coii5)ute using the two- subtra;:tion'' 

algorithms illustrated in^he preceding section. ' '• 

■ a. 764 - 199 = ? c. . 710 - 287 = ? . 

* • h. 402 - 138 = ? * d. . 800 - 396 = ? ; . 

3. Coii5)ute 774 ■+ 926 using an equation fonn, 

4. Compute 800\^396 .usiisg^ equation foim. 



SOLUTIONS FOR PROBLEMS 



1. '38 + 73 22 = 38 + ,(73 + 22) ' ■ 

= 38 + [(7 tens + 3 ones) + (2 tens + 2 ones)] 
^ ^ 38 + [{7 tens + 2 tens) + (3 -ones + 2 ones)] 
= 38 + (.9 tens + 5 ones) 

=38+95 * ^ ■ 
. = (3 tens + 8 ones) + (9 tens ,+ 5 ones) 

= (3 tens + 9 tens) + (8 ones + 5 ones) 
' = 12 tens + 13 ones ^ 
^ ^ ' = (1 hundred + 2 tens) + (l ten + 3 ones) 

= 1. hundred + ( 2 tens + 1 ten) + 3 ones 

= 1 hundred + 3 tens + 3 ones 

.. ■ "= 133 . " : ' ■ ■ 

2. (30 + 7) + (50 + 8) = ( [30 + 7] + 50) + 8 'associative property 

. = (30 + [7 + 50]) + 8 associative property 

= (30 + [50 + 7]) + 8 commutative property 

= ( [30 + 50] + 7) + 8 associative property 

= (30 + 50) + (7 + 8) associative property 
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Iq. order* for a - c and b - d .to have meaning/ it is 
necessary that a ^ c and b ^ d • These conditions also 
assure that a + b ^ c *+ d which makes ( a + b') - ( c + d) 
meaningful, ' ■ 

For example, let .a=7,b:?5,c=8,d =--2 ^ so that 
a ^ c _ is not true. Then (-a + b) - ( c + d) ' = (7 + 5) - (8 
= 12 - 10 = Z\ and ^ (a - c) + (b - d)' = (? - 8) + (5 - 2) 
= (7.- 8) + 3 = ? 7 -'8 is no't a whole number, so the 
'property, is undefined. If neither condition had been true, 
(a + b) - (c +' d) would not have been defined. 



Ixxxxxpcxxxjc 



4- 



xxxxxxx:4xx 



xxxxxxxxxxl 



xxxxxxxxxx 



N(A) = 1^3 



or, regrouped. 



- 27/= (40 + 3) - (20+7) 
.= (3b'+ 13) - (20 + .7) 
= (30 - 20) + (13 - 7) 

= 10 + 6 ■ 
= 16 ^ ". 



XXX 



X X X X X 


X XX X X 


' p ■ 




X X X X X 


X X X X X 




X X X X X X x| 










X X X^ X ^ 


X X XX X 


I 










N(A) ~\l 



IK 



X X X ; 



, N(B) =_2I 
1I(A ~ B) = - 27 = 16 
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■ , . * - .Chapter I3 * 

IHTROiuCINCx RATICHAL UUMBERS / ' * : . 

. IHTROnJCTldN ' * 

ALl our work .with nimbers up to this- point has teerr with the «et of 
whole nimbers; we have pretended that they are the .only' nimbers that exist 
and we have seen how they and their ■ operations hehave. Our number liijes 
hav« beep marked oxfj- at the points whieh -correspond to whole numbers, ■ 
leaving ga^^s-^^containing many points that are not named. Using only whole 
,numbers-/it is clear that many division problems cannot he worked (for 
exainple 3"+ iv);, 'that is, the set' of whole numbers is not closed under 
the operatipn of division. _ • , 

-. IJow the'prohlem of assigning nunibers. to "parts of wholes",, the problem 

of naming points between those named by whole numbers on the nunOber line, 

and the problem 'of lack of closure under division -of whole numbers are -three 

problems that convince us of the need to > extend our number sysjtem to include 

more than- the whole nunflDers. In-the.hilstorical development of numbers' the 
. ■ ■ ■ * 

problem of measurement (which wil^ir-be considered in Chapter . I6) was probably 
a significant motivati,on in forcing, the' extension of number systems to more 
sophistication than merely counting and humibering. . 

BEGIQHS AS M013ELS FOR RATIONAL ISUMBERS 

In our extension of the nmber system to include what we will call 

rational nunibers (but which. 'are frequently called "fractional niimbers") 

we-.will^proceed much as we "did with the whole numbers. That .is, .we will 

start with physical models for suoh numbers and from 'these develop some 

^ . ■ . ■ ■ ' ■ ■ 

concepts about them. V' 

In setting up physical models for rational numbers we usually begin 
by designating some "basic unit", for example, .1i rectangular region, 
a circular region, a segment, or a collection of things. ■ This basic unit 
is then.partitionepL into a certain •niamber of. congruent parts. These parts, 
con?>are"d to the unit, give us the basis for a model .for rational numbers. • 
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(a) 



* For exaa^le, let. us identify as 
our -basic unit a square region and ^ 
siappose this is partitioned into two*^ 
congruent parts as shcvpfa^n i'igure (a). • 
We want to associate a'-niKiber with^the 
shaded part of the square region. Not 
only do we wanl;, a 'number^ we want &^ ^ 
name for this, number^ a nianeral whfch 
will^remind us of the two congruent' parts 
•ye have," of which otie is shaded. The .' " ' ' 
numeral is the obvious one, |.read 

"one-half".. If our unit is parti tJ.oned into three* congruent parts and 
if two of them are shaded/ as in Figure (b), the numeral | reminds us 
that we are associating a numlser with two of three congruent parts of a 
unit. Observe that our numeral still ujses notions expressible by whole' 
numbers; that is, a basic unit is partitioned into "three congruent parts 
with two of- these considered. 

■In the figures below, a rectangular region serves 'as the unit. 




(c) 



(d) 



The numereil ^ expresses the situation pictured in Figure (c), namely 
the unit region partitioned into four congruent regions/ of which three 
are shaded. And, of course, the numeral ^ expresses the situation , . 
represented by Figure (d), the basic unit partitioned into six > congruent ' 
regions, of which five regions are shaded. ' ■<.:C': ' --^ 

Viore complicated situations arfe represented in the next 'iawiiags. * 
In each case the basic unit is the rectangular region heavily outlined by 
solid lines.- In some of these, the shaded region desi'gnate^ a region 
the same as or more than the basic, region, hence numbers equal -to or greate" 
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.than one. Thus Figure -(e) shows the basic unit parti^ti one d into five 
parts, all of vhich.are shaded. 



The numeral 4 
5 



desqribes this mpdel. 





\ I"- 


-1 1 

'Hi 




» 1 




-t- 

1 





■(e) Physical, model for ^ 

■ ■ ^ 5 



— T-T-r 


1 1 1 




1 ' ' 




•1 1 I 



(f) 



Unit 

Physical model for 



5 




(g) ^_ 



0 

•IT-. 



In Figure (f),*, the 4init region is partitioned into "four congruent regions, 

5 

and five such regions are shaded; the numeral -j^ describes this model. 
Examine the other situations illustrated and verify that in each case 
the region shaded is indeed a model for the rational number named- under 
it. ■ ' ^ 
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Models using regions of various shapes 

. ^ Regions of other shapes can also be used as models for rational 
nujnbers. Some such regions, vifh associated numerals, are pictured " 
above. In each case, you can verify that the model involves identifica- 
tion of .a unit region, partitioning of this region, into congruent regions 
and consideration of a certain number of th«se congruent regions. 

For the sake of siii5)licity, ^we have used as 'models only plane 
> regions. Frequently, we use solid regions, also, as models for rational 
numbers. The interpretation given to such modei^ is but an extension' of - 
that used vith plane regions. In this chapter we shall only use plane 
regions as unit regions. - ' - " 

PROBIiEMS* ■ . ' ' r ^ 



1. Draw models for: ' . 



c. I ■ f ° 

■ 2 ' T> 



^Solutions for the problems in this chapter are on page 237. 
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2* * ^&hy are the following pictures not good models for rational' numbers 




(a) (b). . . (c) (d) 



NUMBER LIHE MODELS FOR RATIONAL ITUMBERS 

■Another standard physical model for the idea.^ a rational number 
uses the number line. The way we locate new points on the number line 
p^arallels the"proced\ire we followed with regions. After, we mark, off a 
unit 'segment and partition it into congruent segments, we then count • 
these part5. Thus, in order to locate the point corresponding to p 
we mark off the unit segment into -2 'congruent 'parts and co'unt off. 1 
of theid. This point corresponds to ^- ■ . • 

• • 1 part 

0 1/2 I 2 3 ^ 

--tf-^* •— 4 • 4 4 — ^ 



unit 
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i 5 ' ^ ' 

In like manner^ to. locate, , we partition a unit interval into 

k . congruent parts and count off 5 ^of these parts. We have now located 

the point ;^ch we- associate with . . . 

5 parts . ^. ■ • 



0 15/4 2 .3 4 
t • • » 4 » — * * 



. unit 

' Jt. 

Once we have this method in mind, we- see that we -can associate a 
point on the number line with al\ symbols such as ^ ' f ^ , ^ , etc.y 
as illustrated below. 



3 parts 



0 3AI • 2 3 4 
U % m #4 4 k — . —k^ 



unit 
5 parts 



0 5/8 12 3 4 
iim 4 4 4 4^ 



unit. ' 

9 parts 



\ 2 9/4 ^3 4 
4>«#4»«»4 -4— 



unit 

PROBLEM 



Locate the^point associated with each of t!^e following on a separate 

■ , -J 

<3, 



rimhber line. - ," .' ' . - 



0 
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ABRAT M033ELS FOR RATIOIRAL MIMBERS ' • 

Sets of. objects arranged in arrays may serve as models for rational \ 
nunibers, as in the Illustrations belov. In each figure the unit set or 
arrey is bounded by solid lines. 




(a) A model for — 




ijO >0 O O O O 

(d) A model for ^ 




(b) A model for - 










1 






( e) A model for 


2 
1 



(c) A model 
for J 



In Figure (a), for instance, one of the two. rows of the unit -array 



is shaded. 



With this model we may associate, the rational number 



In Figure (c), four of the four rows of the .unit 'array are shaded, and 
with this model we' may associate the rational number -jj-'^. There are two 
unit, arrays in Figure (d) with two rows in each array. Three of the rows 
are shaded, and with this model we may associate the rational number . 
Notice thkt in each instance the rational number associated wifh a . 
particular model is independent of the number of elements in each row ■ 
of the array. For example: we would associate .the same rational 




n\Mber, ^ , with either pf the arrays below. 



o o o 



ooooooooo 



3. 



representation that is nqt an array, such as: 



O O 



o o 



in which a unit set is partitioned into four equivalent subsets, three 
of which are to be considered. ' 

PROBTiKM * . ^ 

5, Show an array as a model for each of these. 

• 5 3- ■ 7 h 7 5 

a. b. ^ c. Y ' ^- 3 e. f. 

SOME VOCABULARY MP OTHER CONSIDERATiaNS 

The 'numbers for which our regions, segments, and arrays^*xe models 
are called rational numbers .- The particular numeral form in. which these 
numbers often are expressed is called a fraction . ■ Many-. different fractions 
designate the same rational nxmber. Ve have here again the distinction 
between a number and names (numerals) for that "nxMber. 

In this chapter we are. concerned with those 'rational numbers that . 

can be named* by a fraction of the form ^ where a represents a whole 

number and b represents a counting number (i.e., a whole number other 

than zero). In effect, this definition restricts us to a consideration .■ 

of the nonnegative rational nxmbers. The complete set of rational 

a 

numbers consists of. 1&ose nxmbers of the specified form, ^ , and their ' 
opposites or negatives. ■ ' 
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Referring to oiir models we, see that b , the (denominator , alvays 
is the nximber of congruent parts or equivalent- subsets into which a 
unit has been partitioned, while a , the- numerator , is the •nximber of 
these congruent parts or equivalent subsets that are being used, One^ 
of several reasons why the denominator is never zero is that it would be 
nonsense to^speak of a unit as being divided' into zero parts; it sxxrely 
cannot be partitioned into fewer than one part. 

BCgJIVAIiSRT FRACnONS . 

The ■ following figure shows several nimiber lines:' one on which we have 
located points corresponding to 0,1,2,3, etc.; one on which we have 

located points corresponding, to ^ ^ T ' f ' 1 ' ^"^^"^ which we have 

located points corresponding to § ^ ^ ^ | ^ f ' ' which we have 

* • 0 1 2 3' ^ 5 

located points . corresponding to T^}T^7T^7^>T^>f> etc.; and one on 

0 1 2 3 i^-. 
which we have located points corresponding to ^ ^ ^ ^ J ^ g ^"^ ^ 



Z 

I 



1 

I 



t ^ t ^ : * i m ' m 


0 
2 

1 




1 • 
2 




2 
Z 

1 




3 
2 




4 

2 

■1 


— • — 


5 
Z 

• 


• 


6 
2 


0 
4 


• 

1 

4 ^ 


— •— 

4 


#-7 

1 

. 4 


4 
4 


• 

4 


6 
4 


• 

7 
4 


8 
4 


9 
4 


10 
4 


II 
4 


12 
4 

1 ' m 



0*1 2 3 4 5 6 7 8 Q jO 11 jg. jg Jg jg jZ 19 20 21 22 23 24 

88'8¥8c8 8B 8 8 8 8 8 8 8 8 88 8 8 8 8 8 8 8 . 

. . ■ r' • ■ 

As we look at these number lines, we see that it seems very natural' 
to think of , fo* ex&mple,. as being associated with the zero point. 

For we are really, so to speak, countinj^ off 0 segments. Similarly,, 

it seems natural to locate ^ > ^" ^ indicated. 
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Now let us put the five number lines together, as shovn in the 
figure belov. ' In other vords let. us carry out on a single line the steps 



0 



1 1 1 

1 Y I I 

0 1 2 3 4 5 6 

2 2 ; 2 2 2 2 2. 

2.1 l l i 1 11 1 1 i2 il^ ii 

4 4 4 4 4 4 4 4 4 4 4 7 4 

c 

01 2, 3 4 5 6 i 89jO_M J2j3j4B^I6J7j822^^^ii2t 
888888888888 8888 888 8888 8 8 



for locating in turn points corresponding to the rational numbers with 
denominator 1 / with denominator 2 , with denominator k and with 
■ denominator-. 8 Wien we do this we see, among other . things, that ^ y 

2 k - 

-j^f and -g all correspond to the same point on the number line, or, in • 



other words, are all names, (numerals) for the same rational number. We 

0.1 2 
1 ' 1 ' 1 



0 12 

see also that ^ / T ^ T ^ so on, name the points we have formerly 



named with whole numbers. Furthermore we see that fractions such as •= , 

2 ' 

k k 8, ' ■ * ■ 

I'' 2 ' ^ ' and the like also name points that have formerly been named 

by whole numbers. Fractions which name the same ppint on the number line, 
and which therefore name the same rational number, are called equivalent 
fractions . Notice that. corresponding to each whole number there 'is a 
set of equivalent fractions. . Consequently, .there is a one-to-one " 
correspondence between the set of whole numbers and a particular subset 
of the set of rational numbers. Furthermore, it can be shown that a , 
one-to-one correspondence may be established between^he set of "v^ole ' 
numbers and the entire set of rationalis. 

EQUIVALENT FRACTIONS " HIGHRTR TRT?MS " ' • . 

Recognizing the' same rational number under a variety of disguises ' 
(names) and being- able to change the names of nuirnbers without changing 
' the numbers are great conveniences in operating efficiently with rational 
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I 1 
niambers,. Such an addition, problem^ as. 1J + certainly worked 

most efficiently by considering the equivalent problem + ' 

1 ■ 3 2 

equivalent because -jj names the same number as ^ and - names the- 

8 • . . 
same number as . ' , . 



out 



The figures illustrate a way of using^ bur unit region model to show"^ 

2 8* " P 8 

that and — 'are equivalent fractions,* $hat is, that - and 

name the same nuinber. First we select a unit region and partition it 
into three congruent regions by vertical 
lines as, shown in Figure (a). Figure 
(b) shows the shading of two of^. these 



regions to represent — . 




thirds 



-(c). fT"i"' J 

--rH 1 



(d) 



twelfth's 



Model showing — '■= 



2 X k 

3 X ^ 



12 



If we re- 
turn now to our unit region and 
partition each .of the former three 
congruent parts by horizontal lines 
into four congruent parts, we heye 
the unit partitioned into 3 x i^- =^2 
congruent parts, as shown in Figure 
(c) If the unit partitioned in this 
way is now Superimposed on the model 

2 ' 
for — , we get the model shown in 

Figure (d), which shows that ea!ch of the two shaded regions in the model 
for ~ is partitioned into four regions, giving 2 x k = .8. smaller con- 
gruent regions ..shaded. Hence 'the model showing 8 of 12. congruent 
parts represents the same number as the model showing 2 .of 3 congruent 
. parts. . 



_8_ 

12 



The number lines in Figures (e) 
and ( f ) ^demonstrate this same' equiva- 
lence. In Figure (e), '- is shown 

by partitioning the unit segment into 
3 congruent parts and^ using two of these 
-to miark a point. If each, of the 3 
congruent parts of the' unit is now 
partitioned into k' congruent parts. 



(e). 



(f) 



12 



8, 

12 



Number line model showing that 

• 2 _ 2 X 1+; 8 . / 

3 



3x5 " 12 
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the unit segment then contains- 3 X 4 = 12 parts while the 2 original 

> 2 ' ■ 

parts used to inarK - now contain^ 2 X k = 8 congruent parts, as shown 

■ " • 8 

in. Figure .(f). 'Hence, the same point is named by ^ as was formerly- 



named by "I ; 



To put this in more general terms./ consi'der- the "fraction r "where 

. • t) . 

b represents the number of parts a unit has been partitioned into and 
a the number of - these parts marked in the model. If each of the b 
parts is further partitioned into k congruent parts., the unit then con-, 
t^ins b X k congruent parts. At the same, time, each of the a parts 
is further partitioned into k parjs so that there will be a x k 

smaller congruent parts marked in the model. Hence, f ^ ^ represents 

, . ' b X k 

a 

the same number as — formerly did. Symbolically: 

a _ a X k ' 
- . b - b X k 

where- k represents any counting number. Hence, for instance, 

'3 3 x 2 .6 3 3 X 3 9- ' 3 ' 3x4 12 • 

Our. knowledge of multiples *of nuTiibers can be used to good advantage 

when each of two fractions such as and ' ^ is to be changed to 

, "higher terms" so that each fraction has the same denominator. 

The set of ' multiples of 6 is [6 , 12 ; l8 , 24 , 30 , 36 , . . .} 

The set. of multiples of k is [4,8', 12 ,. 16 , .20 , 24 , . . . ] 

The intersection of these two sets is [12 , 24 , 36 , 48. , . .. .} and 
any member of this intersection can serve as the "common denominattor" for 
the new fractions. The least common denominator would be 12 , of . 
course, so that . 

5 _ liii _ 10 ■ 3 ' 3 X 3 9 



1 - Fir2 = 12 Ti= TTl " 12 ' 



or alternately, . ' 

5 _ 5xJi- 20 3 ■ 3x6 18 

■ - rxT = 2^. 1^ = FxT = W 

and so on. 
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PROBTiTMS . / * 

»6. . Draw both a unit region model and a nuiniber line model to ill^trate 
that -J = -j • 

?• Supply the Tnissing nunibers in each of the following. 

3 3 X 2h T - n 

^- 5 ^ 5"1<" ""lio °- H ' 32 12 '2^ 

8. * Specify>s:^e "k" ' used in each case to change the first fracj^on 

to the secOq;id. . 

... ■ 7_ _ 7 X k _ 28 _ 

13." 13 xk '-^2 ' " — 

h ^2 , _ 



SQPiyALEHT FRACTIONS ^^ LOWER TERMS " 

Esqjressing a fraction in "lower terms" (often called, "reducing" * 
fractions) is slnrply reversing, or undoing, the process used to express 

2 ' i X 10 20' 

fractions in "higher terms". For example, - =. ^ ^ = and, ^ 

• ■ '■ ' 20 20^ t 10 2 ■ 10- 10 » 2s 5 

undoing this process, — = ^ j^q = 3 • Similarly, -jj- = -[TTT ^ 2 ' 

IF A COUNTIITG NUMBER, k, IS A FACTOR OF . " 



.BOTH a AND b , THEN | = • 

■In this case we say that; the fraction ^ has been changed to "lower terms." 
It should be noted^ that while it .-is always possible to change a fraction 
to an equivalent one in -"higher terms" with denominator 'any desired 
multiple of the original denominator, it is not- always possible to re-, 
name ( "reduce") -a. fxact ion using a specified divisor (factor), since 
one. cannot- always divid.e a'*.coiinting number by a counting number. For 

.exanrple, -g can be renamed uding 2 as a divisor, but not by using 3 , 

o • ■ 

-while ^ cannot be changed to any "lower terms". We sometimes say that 
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a fraction which cannot be changed to any "lower terms, such as — / 
if • . 3 
etc.*, is in siicplest form , or lowest terms . 

I J - 

Putting fractions in lowest terms or sin^jlest form is a convenient 
skill, but its iii5)ortance has been overrated. The superstition that 
fractions must always, ultimately, be written in this form has no mathe- . 
matical basis, for 'only different names for the same nuniber are at issue: 
It is often convenient for purposes of further confutation or to make 
explicit a particular interpretation to leave , re suits in_oiher than 
siii5>lest form. However, whe^re single st form is de'sired we can proceed 
by repeated division in both numerator and denominator, or we can use the 
greatest common - factor of both niimerator and denominator as the ■ k by - 
.which .both should be divided. The exfunples displayed below 'shiould -be • 
sufficient to illustrate both procedures for writing a fraction in 
siuiplest form. 



12 ^ 12 + 2 ^ _6_ ^ 6 -i- 2 _ I 
20 " 20 + 2 10 10 -i- 2 " 5 



12 = (2 X 2) X 3 
20 ='(2 X 2) X- 5 

So the greatest ^common factor of 12 and 20 is 

..2X2 = 1;, and - = = 1.- 

, N 101; ^ 101; -r 2 _ ^ ^ 2 -r 2 . 26 26 .-r I3 _ 2 
^ ^ 2S0 260 + 2 130 130 -i- 2 *^ ^ 65 + 13 " 5 

/■ 2 .|101; (D I26O . 

© 152 ... ^ © [1^ ■ 

' (2) \26 . 5 L§5 ^ 

(1^ e 



So the greatest common factor is ' * 

2 X ,2 X 13 = 52, and . . . • . 

■ 104 101; -^ ^2 _ 2 ^ 
250 260 1: 52 .5' 

' - 5 ^ 

Observe that for a fraction such as* ^ "the greatest common factor 
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of ^ ajid 9 is one, and consequeiftly the fraction already is in its 
lovest terms. It is true tliat | = ^ * } = , but there is no need to 

perform such a division. > 



PROBLEMS 



9. For each of the following, give one equivalent fraction In "higher 
terms" and give- three equivalent fractions in "lower terms", Un- 
eluding one in lowest terms . 

« ■ . ^ . 30 ' 

10. Why would it not make sense to speak of a fraction raised to 
"highest terms"? ^ ' 

11. For each of the follOKLng, specify the greatest .common factof, " 
say f , of, the nximerator and denominator anfi use f to write 
the fraction in simplest form, _ ' 

n 30 ' ■ . • ' 30 

^' c ^ f - • ■ 39 . 



EgPALITY AHD 0RI2ER AMQITG RATIONAL KOMBEHS - 

First let us recall' the three possible relations - that may exist 
between two whole numbers, m and n . One and only one of these" 
three things is true: 

m = n (m is equal to n), . . 

m > n ■ (m is greater than n) 

m < n (-m is less than h) • ' 

A similar statement can be made about two rational nutnbprs, 

a J c ' ' ' 



a c /a . J. Cv . ' 

b = d ^b >^ ^^^^ d^ 

>4.. is greater than 



& ^ c /a . , ^, Cx 
r < T is less than -r) 

D d D □ 
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onsider these' three specific examples: 



B ' 12 



7 5 



. 5 

^- B ' "5 



How -may we compare the rational numbers in each example to determine^ 

0 

.whether the first number of each pair is equal to, tir greater than/ or 
less than the second number ofoeafe pair? Of the several approaches 
that might be taken, we. shall illustrate, the one in which each pair of 
fractions is expressed in terms of equivalent 'fractions whose denomina- 
tors arfe the same. In particular, the common denominator will be the 
least common denominator. Thus: 



6 Q 
1. To compare -g and -j^z 



.^^^ 6 . l8 9 18 . 18 18 
^since -5 = 25^ l2 = 2? ' ^ 25 = 2? 



6 Q 

it must be tirue that "g = 



7 5 
2. To compare -g and ^ 



7 _ 21. 5 20 



21 . 20 



Since 8 = 25^^ = 25^ 2? > 2? ^ 



it must be true that 



^3- To compare -g 



ah<3 



^ ' 5 15 ^ ^ - 16 ■ 15 16 

^ : since B = 25 ^ = 25 ^ 2? < 2? ^ 



5 2 

it must be true that "g <^ ^ • ' 

Now let us summarize each of these three comparisons and also jaake 
a ^signif icant observation ■ in each instance: . * 

6 9 ' 

1- B ]^ • "^"^ alsOris true that' 6'X l2 = 8 X 9 . 



• ■7 5 

2. - . B > t '-^"^ is ' true that 7 X 6 > 8 x 5 .. 

5 2 * 

3. B ^ 3 • ^"^ "^■'^^ "^-^"^ 5 X' 3 ,< ^ ^ ^ • 

It is extremely dangerous to generalize on the basis 'of isolated 
.exampl^es! ^ However ^ the preceding examples do illustrate al?^Jiiportant 
set of relations that can be demonstrated to be true for all nonnegative 

rational numbers ^ and -I : ' ' • . 

a c * ' 

^ = if and only if , a X d = b x c . ■ 

■ / ^ ^ > ^ if and onl^ if a x d > b x c . ^ 



^ <\ if. and .only if a x.d < b x c 
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liius, ve have a .very simple and convenient way for determining 
Tibether or not tvo rational .nuznbers are equal and, if not equal, a very 
simple ^an(i convenient way for ordering them. 



12- Make each of the following statements true by writing * or > 
or < in the ring. \ . - 

• . '^^52 • 20W100 TTvJio!" 



RAHOOilAL I1U>EERS m MmilD FORM 

Each of us is familiar with the fact that a rational number whose 

name is , for example, also may be named in the "mixed form" sometimes 

called a "mixed numeral", 1-. -(We d^o not say "mixed number" because 1^ 
is a numeral, that ,is a name for a number, and not a numeral.) Let us use 
the nuinber line to examine briefly some of the assun^itions underlying our 
use of the familiar mixed form for naming certain rational numbers. 



3 ■ 3 .3 . : 3 - 3 ... 3 .3 3 ' >3 

1 2 .1 2 12 

0 - ' . - -1 '1- 1- V ' 2 2= 2= 

3 .. 3 .; ' 3 /•3 . ■ ^ ■ ^ 

5 2 ■ ' r * ' 

Consider, for instance, the use of and 1=. to name the same 

• > > ' ' -5 2 

•rational number. We often state that - = Irr . Behind this statement 

*r ■ . 3 • 3 . . 

there is .the assumption, among others, that ratiorial 'numbers can be 
added : | = | + £ = 1 + | = i,| . ■ ^, 

■ • • ' ' 7 1 . . ^ 

Or, consider the statement- that = 2^ . Here^^ain we see that - -- 



the ability to add rational numbers- is one of the^hings underlying our 
int6?^r^tetion of,- 2^. , since: 3 *| 3 = ? ^ • *^ - 



. 229' • : 



It is beyond the scope of this* chapter to give any systematic 
consideration to the addition of rational numbers^. Hovever, ve did vish 
to point out that this operation is iiirplicit in an interpretation of the 
mixed- form for a rational number. 

Another important iinplicit ^assumption is considered in the 
folloving section,' ^ . 

• * * " f- , . 

RATIONAL ITOdBERS MP DIVISiaiT .: ^ - / 

Thus far rational numbers have been interpreted in terizis of several 
models: unit regions partitioned into congruent regions, unit' sets or 
arrays partitioned, ij^to . equivalent subsets, and unit segments partitioned 
into .cQi5gr{i6nf segments. We. -shall nov look more closely at the intef- 
pretation of rational numbers -on the number line. 

• For an example ve shall consider ^ . We partition the unit seg- 
ment into four congruent subs^gments and count tljree^ of them. Each 
interval in the partition oepresents ' i , theref.ojj;^*^^;ree-fourths is 
the union of thiae-ef thesfe subsegmentSsV Numer^5[!c^% j;)his iiirplies 
that is defined as 3 j|< • 



(a) 



0 1 'ii''- 1" 

-4 , 4 ^4 
I I ' -I 



Similarly, the union of . four of these segments abut^iped end-to-end 
represents 4 x or '3 , as shown in (b). ' ^ ■ . <^ 



4 '^7! 4 ^ ^ ^ 4 



(b) 



^ '— 4x# 



'4 - ^ ^ .. 

^^is is consistent , vith the above definition and the associative property 
''of multiplication for the produbcrt:. . . ^'X.^ ' 

^ Xi = ^ X (3 x^^^li-^ 3) = 12 = ^ = 3 . 



It demonstrates .tlja-f 'tllere is a number of the form ^ that' satisfies the 
equation- *- kv a . , 

namely, n-^ ^ .. '•Associated with this equation is the qixotient ^ = 3'> h . 
This had no meanirijg Injthe set of whole numbers, but we see now that the 

set, -of rational huTnbe«_pr6^ the number ^ as equal to' 3 t 4 

• 4'- . , ■' . ■ ' . • ^ . • 

; ; .Recall- the use .of the-npnb-ex line in illustrating division, say of 
6 ♦.:3 ..^- PA .6 unit :segment-. i& iie^ into ^,3*., congruent sub- 

segments.. ^Each "suTDsegment, is ■conginient'1;.o-:the segment from '0" ;to 2 > y 
and thus, 6,t.-3. - -2 -A, similar- peii;i*txoning of a 3 unit segment 
into -4. congruent sub segments' can. b^ ^.^ssbciated with 3*4. As 
Figure;' (b) ; above shows, -each '^u^fgrnent 'is' congruent to the^ segmeiit'\^ ^■: 
^fr■om . 0.-. .to ^ , thus justifyiiag-.furthefir that 3*4=^, ^. ■ , \; ■ 

This is but one illustration of. an iniportant relation between 

rational numbers and division. Iji geheral,- it is true that 

; -■■ • ■. , -a . ' ■ , 

a - t h - = r- 

« , D 

■ (\ ■', . 

' . • . *- • ■, ■ , 

where 1 a . is any' whole number, b. ^is any tiounting number, and their 



quot^eir^ is the rational number ^ . Thus, for every whole number a 
.and f;br every counting/ number b there is a- rational number' %. such 

that ■ ■ ■ ' ^ ^ ' 

- '^'^ ' ■ ■ bxf ^a 



PROBLEM ^ 



13; a. "Find n if>' •'^3 :^-n = 5 . 



b»^ -Show the divj^g^^n the , number line. 




A NEW PROPEBTY CF MJMEERS • . . 

Rational numbers are different in many vays from vhole numbers. 
One such difference is apparent if ve recall that' for any^vhole number 

one can always say vhap the "next" vhole number .is. .and then ask, in a 

•- ' ■ ' ' 
similar vein, what the 'next" rational nuiiiber is' after any given rational. 

number. ..vFpr. ex£ui5)le, , the' next, humher ..after 3 , I069 is ,the 

.'next whole- ^mber after **iQ68 .y-! and' spi-6a._- What is the next national . 

number afte^' If ^ ^xs^'syggested .'as :'ihe next one,> we can-observe 

that 2 = ^ "3 ^ 12 12 ■ surely between* — and- • 

7 • v'.-'^ ■ ■ 1 * . ' 2' , 

• Hence, ^2 a-better claim' .to- beirig: next to than does .\ If 

it is then suggested that -j^'' "be- r.egar'dfe'd as the next- number after — , 

1 12 '■ ' ' "7 " i4 '13 ■ ' 1 

we can observe that 2 ~ 25 ■ li' "'25'' 25 ^closer to — than 

7 ' '.■'. ■■'■! . ' : ■■ 

is Y2 ' carry this' one step' :^;urther^- 've can squel,ch anyone who 

suggests as being the next number- -after ^ — by .pointing out that 

1* 24 ,13 26 25 ■ ... -t' ir -v' . ^ II 1 ■ 

■|^= -jjg and 25 = Tjg thsfc -jj^ is -'more; nearly "next to — than 

13 ' ' "'' 

is . It. is clear that this process could be carried on indef inj.tely 

and, furthermore, would apply no matter^ what rational number was in- 
volved. That is, we can never identify a "next" rational number after 
any given rational number. A similar argurjent woul5 show that we can- 
not identify a number "just before" a givenjrational number. 

A number line with a very large unit is shown to^ illustrate the 
process we went through in 'searching for the number "ijext to" ^ ^ 



'V/; 96 24 3 



T 15 Z 

^ 48 12 



Another way of expressing, what* we have .been talking about *is to say 
that between any two .rational numb erSjL_ there is ^Llways a third 'jjrational 
number; in fact, there are more rational* nymbers^.than we could -fcount. 
Mathematicians soi^etimes describe^ this^*l5y saying that the set oif rational 
numbers is dense . The Kord ^s not 'iTi5)0rtaijt "to us, but ^ descriptive 
of the packing of points representing rational numbers closer and.^ closer 



together on the; nuinber lirie^ "Although we can visualize that" the points 
represjpntf ng,' .the rational nunibers ar^. densely packed, there ar^ many 
points . Ott the number line whose 'coordinates .are" not rational numbers. 

^.Many points are. associated, .with numbers such as * .7t "/-vS^ ,'"/7 , and so 
"Qn, We' are not going to consider such;,, numbers in ;this « text, but we 

mention them to indicate that the number line is not yet' complete. , There 
_is a point associated with every rational number but ther^. is' not a 

rational nuniber for every point. 

PROBLEMS 



ik^' Name the rational numbers ^associated with the points A , B , C , 
D, and 'E below, where A is halfway between 1 and 2 , B 
.halfway "between 1 ■ and A , ^tc-« . . " • 



—. Hh-^— ' 



15. How many numbers are there between 1 and the number associated 
wit'h -point E ? • . 

SDMMARy ' . 

* "'"Every* nonneg at ive rational number can be representee^, "by many dif- 
ferent fractions of the farm ^ , Vhere a designate^'fe ,\Jrhole number 

-and b designates a counting number. . Al'l* fractions for the same 
rational number are said to be equivalent. The problems of changing 
a fraction to "higher terms" or to "lower |terms". or to lowest terms 
are essentially problems of renaming. , Ifi this connection we use to 
advantage the fact^.'^thaf : r.^^*'.. * 

/ f ^Jf' - "(where' k designates a counting number) 
-.-J^* Xxk / . ' ^ A ■ ■ 

and also the/^acft t,HEtt.'-'' 

\ ^ =■ t * ^ (where k designates a factor of- a and b ). 
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Equality and "order among the nonnegative: rati etnal^nuinb'^^^ be 
established on the basis of these- conditions;' ' • ■'■-^ . 

• "f . d ■■ oniy^lj^ *a\x/S"''^:^ c . 

f >-f if -and onlyH'i^ a x d >b x c . • 

"V , S "^'f ...if and only^^ a.xd<bxc. [ 

We Save seen^that a rational n(^er may be used to designate the:, 
■quotient of any vhole number, a y4nd any counting number,. b,: 

\ a f h =^ . . ^ 

Finally, ve have pointed, to'^he* fact that between any two rational 
numbers, no matter how close they are to each other, there are many 
other rational numbers. Among other things this means that, unlike the 
vhole numbers, one cannot identify the number that comes "just before" 
or "Jttst after" a given rational number. ^ 
>' • ' ^ 

*APPLICA!nONS TO TEACHDTG . . . ^ . 

We have eDiphasized the use of several different models in developing 
ideas about rational numbers:. . 

»■ 

a. unit regions (plane and solid), partitioned into congruent 
. regions; . ' ' 

' r,- ■ * 

b. unit segments, partitioned into congftient segments; and 

c. unit arrays (or sets), partitioned into equivalent subsets. 

Children .encounter each pf these models in ■ connection.rvith their 
everyday, experiences, such as: 

a. displaying a fractional part of a candy bar, 

b. displaying a fractional part of a piece of string, 

c. displaying a fractional part of a bag of marbles. 

It is ln^jortant that children have ample experience with each of the 
.models identified if children are to be able to apply rational numbers 
correctly and effectively. Variety of representation is imperative in 
this connection. 
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QUESTION 

"W3y do you not insist on chajiging . inrp roper fractions to mixed numerals?" 

The plea is not so much to have numbers expressed in one form or 
another as it is to have the pupils realize that the various forms are names 
for the same, numbers. Sometimes it is more convenient to have the mixed 
numeral form than the improper fraction form. Sometimes it is the other 
way around. 

15 

For example, an answer of — for the number of pounds of candy is 

1 

more meaningfully stated as 7^ pounds. If more coniputations need to 
be made on this answer, say, to find the price at 'Slky ^"^ would "be 
"pointless to express^ ~- as 7^. .and change it again to to obtain 

the product. ^ . . . . 



VOCABOLARY 



Array ^ . 
Common Denominator 
Congruent Segments 
Denominator * 
Dense 

Division ^ ' 
Equivalent Fractions 
Fraction ^ 
Fractional Numbers 
Greater than 
Higher Terms 

Least Common Denominator 
Lower Terms 



Mixed Form,''*' 
Mixed Numeral 

Nonhegative Hational Ntmber 
Numerator 

Rational Number ^ • 
Rectangular Region 
Simplest Form ^ 
Solid Regj^on. 
Square Region 
Unit ^ 
Unit Region 
Unit Set , 
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EXERCISES - CHAPTER 



Using rectangular regions as your unit regions, represent each of 
•the following by partitioning the units and shading in parts. 





3 


e. 


7 


a. 




5 


t. 


2 


f . _ 


0 

3 








9 


c. 


Ti 




% 


d. 


5 


h.- 


7 



Using unit segments on number lines, represent each of the fractions 
a - h of Exercise 1. 

Using arrays or equivalent sets, represent eacK of the fractions 
a - h of Exercise 1. 

Most of the following figures are models for rational numbers. Some 
of them are not models because the unit has not been partitioned 
into congruent parts. F^r each one that is a proper model, give 
the rational number which is pictured. 







1 y 










m 
















r 






(e) 1 










0 1 


m 




(f) j 







0 



(g) 



1 1,53 ••A^'J-itA 



(i) 
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SOLOTIQNS FOR PROBLEMS 



Many models may be used. "These are illustrative only. 

d. 



a. 



2 
3 



n * I 




- 4---- 1 » ■"I... •.; 





TT 






[1 1 







UTTTl 



c. 



* * • 



3 
2 



I 

X 



0 



The figures are not good models because they are not partitioned 
into congruent regions. 



a. 



2 



- 1 



7 



0 



a. 



q 
7 

0 



1 

4 

0 1 
I ^ » • • • ' i 



0 I 

^' • • • ' 



0 



These .models 




illustrative tinly. 
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7. 
8. 
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9* Higher terms; many answers^ e.g.: 

72 ' loS ' 350 ' 

. , . 60 l80 2hO , 



Lower terms; any of these* 

12 _8_ 6 It 2 
T5 12 / 9 ' ^5 '' 3 

15 10 . 6__ ^ 3 1 
30 ' 20 ' 12 ' 10 ' ? ' 2 



Lowest terms 
2 

• 5 

1 

■ 2 



s 8t X k * ' 

10, Since in r = ^ ^ k can be any counting number, there is no 

D D K — . 

limit to Ijow large the numerator and denominator can become. 



11. 


a. 


30 ♦ 15 _ 2. 
^ = ^5 ^ 45 ♦ 15 - 3 


c. 


^ 39 ♦ 13 3 
^ - ' 52 ♦ 13 - If 




b. 


. 2lt ♦ 12 2 
- ^2 ' 36 ♦ 12 - 3 


N 




12. 


a. 




6^9 
BV^ 12 


r 30 15 . 




d. 


i©| 


20W100 


U3/r\ 101^3 


13. 


a. 


n = 3=1 








b. 


0 i 2 3 4 
5 3 3 3 3 


5 6 7 
3 3 3 


g 9 10 11 12 
.3 3 3 3 3 






^ m m m m — 

0 1 


— • • 

2 

m \ 


— • • • • • 

3 4 

— i 






■ 3^ 
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ih. 




A B 


c 






3 
2 


(or l|) 1 (or ,lj) 







13 ]4 
3 3 



15 
3 

r 



(or li) 



15. More than can be counted (actually "infinitely .many") . 
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Consider the points labeled A , E , C , D and E on the 

number line: ' ' B ^ * ^ ? . _ 
mm • • • » ^ 

0 P E I - 

a* Give a fraction name to each, of the points. 

b. . Is the rational number located at point B less than or 

greater than the one located at D ? Explain your answer. " 

c. In terms of the marks ox)^ this number line, what two fraction 
names could be assigned to the point A ? ' • 

Interpret on the number line the following: - . - ' 

Show on the number line the equality: 

2 ^ ^ 

, ■ <5 *" 12 

Tell which ^of the following fractions are in "s^^lest form". 

6_ li_7^12'51^ T " ^12 10. 13 2 

12 ' T ' 12 ' 13 ' 513 ' ' 7 ' 12''-25 ' 3 ' 

For each pair of rational numbers named below, indie at e.-^hetlier the 
ftrst^ is equal to 'the second, greatef than the second, or less than 
lutHe: second. . ' 

1 ^75 ^ .13 -9 

, "'-li:'^; 12 . 17 '1 ' 

2^ >^1B 32 ^ 2 

Express each of these in mixed form. 

7 ^15 2l'" 3^ 56 

a. Tj. b. ^ . T ^-15 12. 



Chapter ik ■ , 

PEEMEASUEEMENT CONCEPrS: 

Certain basic geometric figures and concepts have been presented in- 
Chapters 5 ^uad 11. Recall that common physical objects provided- the 
foundations; on which the development- was built. It was done .this way 
because this is the.wa^' in which geometrical ideas are conveyed to young 
children. Little was said. at that time about geometric solids. This topic 
will now be extended to gain familiarity with associated vocabulary and. 
characteristics as has already been accoii5)lished for -many plane figures. 

/ - ■ ' ■ 

The notion of congruence which has appeared in the earlier discussion 

will also be a vital concept in the following development. It will pro- 
vide a means of ordering sets of points which will in turn lead to the 
concept of" measure. By this, we dp' not mean ordering the- points as we 
have done on the number line. We mean assigning an. order to sets of 
points as for example, among various segments, among plane regions, or 
solid regiona.. ■ The corresponding measures are for lengths, areas, and 
volTimes. Thus,":we can coii5>are the "sizes" of different geometric^^^jects. 
The concept of measure will be . discussed in Chapter l6. In tSi^^tcJ^ter, 
we want, first to identify some of the geometrical relationships ana' con - 
fi-gurations by their mathematical names and next, to clarify. the concept 
of ordering sets of points. 



HfEEESECTHfG AND PARALLEL • . 

.The terms intersecting and parallel are familiar though' common usage 
in describing physical phenomena. We speak of a road that runs parallel 
'to a railroad tratck, or we speak of the intersection of -Polk and Fell 
Streets, and so on. These everyday references describe/ .although somewhat 
more loosely, th6 same relationship s.^hat the ^terms imply in^geomojry . 

. Recall that intersection is one of. the set operations dealt with 
earlier. The intersectioi^ of two sets yields a set whose members are 
those which the two sets have in common. The intersection of two sets, 
then, can be the emtpy set or. it can have members^ it is the 'emptyj set . 



if the tvo are ^disjoint. . ' . 

Thinking again of an example of streets, if First Street Second 
Street run parcel, ttfexe is no intersection- Technically, we vould 
simply say the ^intersection is enipty. However, the. less formal des- 
cription, .that "there is no intersection", is^ often used in geometry 
for 'the more accurate description, "the intersection is empty". 

Consider the lines AB. and CD as our two sets of points. The 
operation of intersection may yield the empty set,, a single Joint, or a 
line. The drawings illustrate these possible situations. ""^ * 




ABnCD»{} ABnCD = P'- ABnCD^AB" 



In general, "do intersect" or siinply "/intersects" inrplies the inter- 
section has meinbers; "do not intersect" implies the intersection is emp.ty. 

Although we have only used lines as examples, any sets -of points can 
be considered from the poi'nt of view of -tdiether they do or do. not inter- 
sect- A line may intersect a plane in a line, a point, or not at all) if 
there is no intersection, the line is said to be parallel to the plane. Two 
planes may intersect in a line, a plane, or not at all; if they do not 

intersect, ^ey are said to t?e parallel. 

. p • 

In space,^'lt is possible that two lines are not parallel and still 

do not interact- Picture .a road- which passes under a railroad bridge- The 

bridge ie- not parallel to the road^ but /does . not int^ersect the road. " ' 

CD ajad." AB . in this drawing provide another example of nonintersecting. 



norrpareLLlel lin^s, TST is not parallel to "35^ ; neither do the tvo lines 
intersect. , 




Parallelism for lines inay be stated: 

TWO UHES ARE. PAR^^TXTTT. ip THE! UE HT TBB \ : \ 
" SAME PLAHE AND DO NOT INTERSECT* 

If S and T are sets of points, certain subsets of 6 and T 
may be said to be parallel vhen S and T are parallel. For exanrple,"'" 
two segm e nts are parallel if tSey are subsets of- parallel lines. 
Also, tvo regions are parallel if they are subsets of tvo parallel . 
planes. A line may be parallel to a plane, and so on. Note that TSB" 
and in the above drawing are subsets of parallel planes but are 

not considered to be parallel. Lines not lying in the same plane- are 
said to be skew;^ their intersection is empty. Note also that a plane 
and a point that is no^ in the plane may be subsets of parallel planes, 
but we do not say that the point is parallel to the plane. 

PROm.T^MR* ' 

1. Identify the intersections of the geometrical figures named. They 
refer to the drawing. If the inte^ection is the epipty set, state 
whether the figures are parallel or not. ■ 




Solutions to problems in this chapter are on page 265. 



^he prane" region vith vertices •.(?, "D, E, 
and the plane region ■wd^th^*\c.erti^es A, D,' 

H. . . , : ■ 

m and 

Sy aiid the plane region vith vertices 
A, B, G, H 
■m and W 



v 



In Chapter ,5^^ a rectangular prism vas identified and loolced at ' 
briefly. It vaS.- noted that it vas composed of six plane regions called. 
faces ,- The intersection of, any tvo faces inay be empty. If tvo faces:" • 



"do intersect", hoveyer,'' :their intersection is a segment called' an 
edge. In the same manner, intersecting, edges determine a point called 
a vertex. . Thtts, the above rectaiigvdar- prism .is the 'union of its sixj^.' " ' 
faces, contains tvelve edges and eight vertices.' Its shape vas -abstracted, 
from' a rectangular box; all of its faces are' rectangular regions. 

The pictures belov of a deck of cards pushed 'into an oblique posi- 
tion is also a model of a . rec^tangular prism. The. criteria for^.a/'-prism ■ _ * 
are simply. ; ' 

there are tve^ conginaent polygonal ■ regions 

lying ih'-parallel. planes, and the edges 

vhich do' not belong to these parallel planes y^y^ 

are all parallel to one another. ■ 



ThMB in the. tigufies;.l>^elow, the first is a prism hut the other two a^e_ 
not* 





Congruent polygoriaj:" 
regions in.paralX^r ,r 
plajies; edges pa^^^- \. 



Congruent -polygonal • 
-regions in pafailej. 
planes; edges.* not • 
parallel, * . 




^ges ' parallel; " 
pbl^bnal regions 
not congruent, \ 



The congruent regions in the parallel planes Va^ called hases of 
the pri8m,..and th^ prism may he identified accor&lBg to tf^e kind of ' 
hases it has •■ For example, the rectangular prism has rectangular regions 
for hases; the prism sho^^n in* the - figure at pie left above 'is a penta- 
gonal prism; either of -^the figures helow is a triangular pri'snu"' ' 





The faces of a prism that are not hases are called the lateral 
feces. Note that -each lateral, face is a parallelogram region; the ' 
houndary .of each lateral face consists of tvo parallel edges called 
lateral edges and two si desviptf* Congruent polygons. The two sides of the 
congruent polygons aT.e;jLis6%e^$Llel, thus the houndary of each lateral 

■ ■ ■ ■ -A.- - ■ . ^ 

face i*s a parallelog^ami^ ^-'•^-^'•r^ ^ 

.» . If the hases of. '9. prism are also parallelogram regions, -theprism 
is. called a parallei(g?iped. Thus, the rectangular prisms aret'tl suh- 
family of the parallelepipeds, A_cube, which is the union of six 
congruent square regions, is another. kind of speci-alized rectangular 
prism and, hence, is also a parallelepiped. A generic chain of quadri- 
lateral prisms can thus he fonned just as was identified for quadrilaterals. 



^Imagine the top of the first figure given a twist. 

I Imagine cutting the first solid at- A slant to the hase>£- 
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The- above. tvo pictures of the deck of cards Illustrate another 
property by which prisms are c].assified. In the first case; the lateral 
faces are rectangular regions; in the second drawing they are par^lelo-. 
••igram regions only. The first is a 'r,ight prism; the second 'i>. an oblique 
'^rism^ The lateral faces of right prisms are rectangles. The tri- . . " 
angular prisms shown above are right prisms, A cube is a right: prism, ^ 
all of 'Whose faces are rectangular regi'ons and, more spefrifically, :ar> . 
■ square regions. ' ■ , 



^PROBLEMS . 

2. a. -Select the figures, which represent ^prisms arid giye the ^h^e 
. "Which best describes each. - 
b. For those figures which do not represent prisms, state why' 
V ;';they fail to quafify. . ^' • ' 



I. 

-Tt; 



(A-)- 




. - (B) 







(D) 



(E) 



.•3.'- Draw a figure representing an "oblique square prism".' 



PXRAMTLS 






The drawings above rejaresent exainples of a familiar 5et of geometric 
solids, Ti ejy pyr ami d s As is the cas.e foi?. prisms, there are a great 
^.-.variety of sizes and shapes of pyramids. Each must satisfy these 
r'^rf^erla:- ■ / - ' r 

1. -. there is a polj^onal ^^egion called the base ; ' 

2. there is a . point;, csl^ed^ the ^ apex not in the 

u» T>i M |ni4nM rinh •hn<^'o vhp-p^* , ^ i .j- "the lateral 

■ 'i' ■ ■ '. 

edges intersect; * y o ■ ^ ' 

• 3. each lateral face is a -triangular! region . 

] determined by the apex and a side of the base. 

Analogous tc9 tfe classificratlon of prisms., a pyramid is identified 
( by its base. In tfce -first figuire'^above the base is a square region, and 
■so it is a square pyramid, !Ehe others are a triangular . pyramid and a 
pentagon^ pyraaid ^respectively^ A, B, and C denote their respective 
ap 



•■ Problems 



4. Which of the follovir^g are dravii^s.?of j^amids? 






a* 
b. 
c. 
d. 



State an appropriate name for this pyramid. 
'-I-dentify the apex. 
Hov idkny edges does it have? 
Hov many f ac^, doe^ it have? > 




6. • What" ^.e the possible intersections of two lateral faces- of a 
pyramid? 
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CYLDTDERS AHD CGMES ' • ■ « 

' ■ ■/ ■ ■ '* :-■ ' . 

AlthougH, we j^havevnot discussed' all geometrie solids ^hat are., the # 
union of .flat, surf^ces^we shall now turn our. attention to solids with 
.non-flat, surfaces'* "^ese two figures "represent cylinSers . Hie two*' faces* 





must be congruent regions In parallel planes. Thejr are called"* bases * of 
the* cylinder, which "is consistent with the other uses of the same term. 
Although' the .examples show cylinders wilfc circular vbas^es, this Is not a* 
requirement of cylinders i'll-geutiral. — AL LIiIa f.-fwn up r VirII n p t ^r^nf^-^^^y* 
cylinders with. bases of other configurations, so the discussion will be 
♦ limited to circular"-' cylinders. The boundaries of the copgruent bases 
. ■ are then congruent circles, and are edges of the cylinder. 

, The remaining rounded portion of the simple. ..closed surfabe wljich. 
defines the cylinder is its lateral surface .' The distinguishing 
ch^psrte^istic of a surface which is not flat is tfiat a segment deter- 
mined by two of its points is not necessarily a subset of the surface. 
The drawing .below ^illustrates this feature; AB is not a subset of the 
^ lateral s\irf ace* of ^^-the cylinder. In fact 'all points of .AB between A 
and B are in the" interior of "the cylinder. ^'-^ 




It is possible to find segments which are subsets of the lateral 
surface of a cylinder, however, such, as CD In fact, this* is a means 
by .'which the lateral surf ate is specified, as we shail show below. 



, Ea^ of the bases has a center; therefore a segment is determined 
by these tvo points. The line containing this segment may be referred 
to as th^^ne of - centers . Consider any plane of which this/segment is 
a subset. It vill intersect the bases in tvo segments called diameters, 
such as AB- anS CD in the figure. Each endpoint-of one diameter is 
to" be paired vith the appropriate endpoint.of the other diameter in order 




to be able to describe the set of "points in^the lateral surface. The 

if 

"appropriate" endpoints of the respective diameters are those which ;. 
determine a segment that does rjot intersect the line of centers. Thus, 
in the drawing, A ' is paired with C and B is paired with , 7 



By considering a diff ^ent plane,, we vill obtain two new pairs of 
points. If all such planes are conceived-,, all such pairs are generated; 
.Then we say we have defined a correspondence between the points in the 
boundaries . of the two congruent bases.* two points which are' thus 
paii^ are corresponding points. 

• Each of these pairs of corresponding points determines a -segment 
parallel to" the segment connecting the centers. The union of all seg- 
ments determined by corresponding points is the set of points in the 

desired surface. Each segment. is said to be an element of the cylinder. 

> ■ 

Any two elements are parallel. In the^ figure,. M and Tf are elements 

and therefore are par£LLlel. ' 

' . X _ 




< Y 
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The preceding description for generating the lateral surface is 
rather involved. This is because ve vant to specify the particular 
correspondence vehave in.nrLnd since other possible configurations can 
be formed with the required ^ases. ' If a different correspondence" vere 
defined between the points of the boundari^es^-Hk^gure .as in (a) and (b) 
below might evolve. * \ - • 





(b) 



We can now state that a circular -cylinder mi^st satisfy these 
criteria: • ^ 

1. there are two congr\ient circular regions in , ■ 
parallel planes; 

2. there is a surface which is the uni*on of all 
segments determined by corresponding points of 

* • the boundaries of the bases. * 

Referring back to our first two e:c;airrples of cylinders in this 
, section, the first Is a. right circular cylinder; the second is oblique. 
.In order to be a right circular cylinder/ every element of the cylinder . 
must form right angles with each segment of a base which intersect^ it. 

It is apparent on reflection that there is a distinct similarity 
between the cylinder and the prism. They each have congruent .regions 
in parallel planes for bases. If an appropriate correspondence were . . ' 
. set up between the points of the sides of the bases of a prism, and" if 
line segments joining then; wfere considered such that they are parallel, 
then^the lateral faces would be specified. In fact, the only difference 
is that the bases of a prism must be polygonal regions while those of a 
circular cylinder mu§t be circular regions. It is the case that a cylinder 
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can be defined in such a way as to include prisms as a subfamily of 
cylindeirs; however, this will not be done for the elementary^ level. 

By the same token that 'cylinders are analogous' to. prisms, cones 
are analogous to pyramids. As with cylinders, we will restrict the 
plane region of^-- a cone*^ a circlilar shape and designate it as the bscse 
of the cone. The point which is not in the same plane as the base . 
describes the, apex . The lateral surface is not so difficult to describe 

/ \ > 
/ \ 
/ \ 



in this figure. It is simplj^^ih**^-^ segments determined by the- 
apex and each point-^f'^e circular boundary of the base. 

PROBLEMS • 

7. State a definition of cylinders so that prisms would be a sub- 
family of cylinders, namely polygonal cylinders. 

8. Describe or draw representations of the intersections of a plane 
and a right cil-cular cylinder if the plane does intersect the. 
cylinder and is " . 

a. parallel i^o the bases; 
' b. parallel to the line, of centers; 

c, not parallel to the base nor the line of centers. 

SPHEBES 

The final solid to be- included is the sphere . As is the case for a 
circlf, a sphere has a center . All segments connecting the center of the 
sphere and a point on the sphere are congruent. Indeed, this specifies 
the seji of points in the sphere, . They are: 

all endppints of congruent segments 

which have one endpoint in common, 

but not 'including their common endpoint. 




The congruent segments are radii (singular: radius). The union of two 
radii ^ich are each subsets of the same- line is a diameter . In the 
figure, '0 is the center, AO and are -radii and therefore congruent 




and AB is a. .diameter, ' * 

A hemisphere is half .of a sphere. Any plane that contains the 
center of a spl^ere. will "cut off" a hemisphere. " * 




PROBLEMS 

9. Identify the intersection of 

a, a plane and a sphere; 

b, the center and the sphere; 

c. a diameter and the sphere; 

d. the center of the sphere and one of its hemispheres, 

OREERING SETS CF POIMTS 

The ordering, of sets is not a new topic. Chapter 2 was devoted' 
to the comparison of sets according to order and certain properties of 
ordered sets. The. approach taken was to pair the members of tlje two * 
sets in question. Then it was possible to decide whether one set had ^ 
more or fewer members than the other or whether the two sets were 
equivalent. If we try to 'use the same process with sets of points^, 
difficulties are "encountered which make the procedure impossible. 
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Take, for example, two segments, MN and XI, Each is an infinite 
set, and therefore if we began pairing points we' would never exhaust the 



M pa 
• — 



z 



w- 



points of either set. This alone eliminates pairing as a means of ordering 

.Then, how are segments, and sets of points in general, ordered? We 
can resort to our concept of congruence to assist us. It has been estab- 
lished intuitively that two line segments are congruent if a movable 
copy of one can be matched and fitted exactly on the other- A similar 
procedure serves to indicate whether curves, polygons, plaije regions and ■ 
so on are congruent. It does not prove useful in determining whether or 
not solid figures are congruent, ^ however, since -a movable copy of a . 
■ solid cannot always be matched' iand fitted exactly, on the other intact: 
^For' ^^arTple.:> ' a^., solid block cannot be fitted into another solid block- 

v^xrXf'.ljWo. s€ts of points are not congruent, we can still conceive of . 
ai; order between them. Suppose you measure the dimensions of this book. 
Its length is shorter than one yard. You are' essentially cafr^ng/out/ , 
a comparison of set size with the aid of a movable copy. The:iets. being 
con^jared are an -edge of your book and a standard yard def ined' hy- the' 
United States Bureau of Standards in. Washington, D, C. The. moya.ble copy 
is a yard stick and its scale is a record of the length of the standard, 3; 
stating tJiat the length of the edge of the book is shorter- than one yard, 
we are ordering the sizes of two physical representations of line segments. 
In particular, you book is shorter than the^ standard yard.- - 

■ Geometrical-, segments are handled in -a similar fashion. Suppose it 
is desired. tO' order the two sets.. M and XI, "We make a copy of M,- 



^'k-aica cat^- ;15y- :tfe dotted segment, and lay it over XY . We have already 

."sai^'' thaty'ir^^^^ fit exactly, then M and would he congruent. 'If 
^.]advCTQf,'"'th'^^^^ not, one' of tvo situations must exist, lof vill he 
:;C9ijgriaeti1: "to'^a proper subset of MN or MN will be congruent to a 
;prcf^^^.^'Subse^^ of 3S . In the first instance, we. would ^ay g is 
': i|bor6^r . ^han cr, equivalently, M is longer than Iff . Thie second 

v po^s^b'il^^^ is interpreted as M ' is shorter than 3ff or XI is . 
■ Ipi^ger. 'thiah; . Our-example demonstrates the first cas^, since XY 
.-•i.s- "congruent to k proper subset of MN . We can order the sets by 



K. '^ -MN in in'creasing order. 

-'.-For finite sets, A. and B , recall that comparing sets assured 
'^xJacily one of three^. possible outcomes: 

- ■ . • • . A is equivalent to .B ; 

*' . * ■ .-A: has moife members ihat 

. • ' • 

. ■ ■A':'^»s fever members than:;VB 

Ubw we'c^ ^ate/the .parallel:";. relationships for infinite. .sets of. points. 



. . / -^5- AB ■ is-- 'congruent to-. CD ; 

\ • .Is-ilpngeir.tlian "OT ; . . ; ; 

' " ■■ v>:\' J .. is :sh6rter t^^ cS.." * 

Note that "AB •■i« longer; than CD"; dpes^ not meafl; AB " has more members 
than CD . We are 3ay#ig; nothing'.siDjput jnany" in relating infinite 
sets.. By repeated comparison^: £t ;is'-|^ than two 

segments. Thus '-QR below TOuld^.f It. ii^ Xr'r, -!^ , MN as \ - 

the diagram illustrates," "ge: find that,^^^ . "^sviongTO 
" of M , and that W is .congrTi,erit..ib''-a :^u>Bea;-of • i ljiekefore 

QR is shorter tl;an MN and; .^QR ■:4s;long.er :th^- . • 



In Chapter l6,' these order relationships will "be restated in tems. 
of numbers associated with segments* These nunibers will be the meas\ires 
.of the segments. By our ordering, however, we have done no measuring. 

The second kind of geometric "figures that we wish to order is angles 
An angle is the. set of points defined by tlie union of two rays which have 
a common endpoint and which are not subsets of the same line. Just- as 
siii5)le closed curves separate a plane into three ^bsets (the curve its 
interior and its exterior), angles can be thought of as doing the same 
thing. A point is in the'interior of an angle if it-lies between two 




;pQi^nts, one on each, ray, exclusive of the vertex* Thus ' P is in the 
interior of ^ABC and Q* "'is in the interior of /DEF. F- is in the 
exterior of ^DEF -' and R is an eatt'erior point of /ABC. . ■ 

To order two angles, we rely on a movable copy of one , in mach' the 
same manner as we did f(5r segments. For the angles pict\ired above, we 
could place a copy of /ABC ■ rover /DEF so that one side of the copy 
■•■ci)itlcides with one .side.of .'*v/l)EF. The figure below shows one way the 
^copy;.can* l^e positioned. If the second' side of the copy also coincides 
\d;th the ^'se.cond side of /pEF, ' we would say, ^ ^. 

/ABC "'i,s congruent to " /dEF. f ' 

(See Chapter 11 for a 'discussion of congruent aiiglesi)v. ■ 



If it is not possible to get such a coincidence, as it is not for the • 
ones- pictured above, we define an order. . ^Ifcte that the .points of BA, 
except the endpoint B*, lies in the interior' of /pSF/ Whenever this 
phenomenon holds, we say ^ 

/ ABC is smaller thaii ^ DEF 

or, equivalently, ^DEF is larger than ' / ABC . If it happened that 
the interiors of the two angles have points in common and that 1?", 
except; ^or B , ^were a subset .of ' the ^erior of / DEF , -then 

: '^ABC is larger than -^BEF--^ 
or. /'UEF is smaller .than /ABC-; 

Considering' *a third angle, /GHI* , we find that of", except for .■ 
G , lies in the .exterior of £ABC and in the interior of ^ / DEF'. Two 

I y . 



H 





.^Sta^tements expressing this^.are /gSI is'l^i^ger than /ABC , and /oH^ 
•.-is $inaller than /j)EF In -"increasing: order, we coul'd write /ABC , 

/GHI' ; /dEF . As for;se^^^^^ can be repeated in- 

, definitely for as many" -^ang we wish^ "Congruent angles would occupy 

the.;sajiie..pQsition in 'the orHer. ';■ 

- ■• ' ^Y-^^vde^^^ of measi;rement for angles will not be -included in 

Chaptei^' 16 .because it is not-treated in the K-1 text materials. It has 
been-Uiscusset^ here to indicate that the ordering of sets. of points can 
be accompXishfed for figures other than segments. It is actually possible 
to .use congruence as a means of ordering regions and solids also, although' 
it is a bit more complicated. It is not possible, however, to order 
unlike sets of points; that is, we cannot order segments and angles, nor 
segments and plane regions, and so on. 
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10# Represent AB , "TO and W . such that their order from shortest. . 
to -longest is €D", AB , W . ' 

11. Place the sets represented by the angles belov in increasiing order. 



/ 




A B C 

. >" * ■ 

12# Can you devise a means of ordering the' tvo regions .shovn belov? 



APPLICATIONS TO TEACHTNG^ 



Teachers have found it mostlStelpful to have in the ;-rQ6ir[ a -vide 
♦.collection of objects vhiph^. illustrate, geometrical, solids. Children. 
•also enjoy byiJ^gin^.^ucH^pbjec'ts f^^ Effective vays -of "using' 

'"^hese and other models 'have been re'cfommended in this s^ection of 
Chapter 5» ; / ' ■ • . *■ " 

. 'On the next pages are included four patterns to be used in -con- 
structing geometidcal solids out of pa^er. Having the children observe 
your demonstration ^of a "construction enrphasi-zes tvo aspects of^ solids. 
Msuny are the union of plane regions that do hot lie An l^e same plane, 
and "they are holldv. ' } • > . 

* ^ 

.The ideas in the. pre-measurement section are- most important.- The- 

children should be ask^d to -pairticipate ..as much as possible In^manipiilat 
ing figures to compare their sizes, both to understand congruence and . 
orderi, »They often experience some difficulty 'in visualising congruent 
regions' if they have different orientations, so practice should be, 
provided vith tJiis in mind^ ' ^ ■ \ . . - 
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HiISM - Construction of a- squar e^ism^ * 



1. 

2/ ■ 

£■ 

5; 



6. 
7. 



Dray a rectangle with vertfce's ■ A B C; , D as . shown. , 
Draw, as shown; three other rectangles congruent to the rectankle ' 
already drawn with ^tabs. ' .• / * 

Draw the two squares al6ng>^ and. DC with tabs, as shown/ ' 
Cut 'around the boundary of ,thfe figure and folc^ alctfig the dashed line- 
segments, J ' ' ' 
Use scotch tape or paste tflj^^d, the model i;ogether. The tabs will' '' 
help give rigidity to the |pfel,v: iCou*may want to trim them some if 
you. use -scotch fape. . • "v. . ' -. 

are^ squares, hence, the name - 



The bases of this rectanguller 
square. prism, 

This picture has been rj^^uc 
length of AB a8^Vl 'L/2V ^ 
1 1/2" X 1 1/2" ?< VV:^..sqkiLfe 



BiHjographically, 
"aat of 3C as 



The original had the 
V . , Thi9 made a ' ■ 
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iRAMTD - Construction of a square pyramid. ' ■ ^ ■; . "\- , 

Etav a square with, vertices A% - B , D , a3 /shovn, ' • '•• 

2. Drav the arcs with ;c enters at 'A- and B and 'radlus-.-.AB . . Label ' 
• the intersection shown as C'. ; ' i v' ^■ 

3. Draw dashed line segmen-^s.. AC and. ;jBC to form '""dasiied" equilateral 
triangle with vertices* A'", F , C " Draw tabs' as sjiown.. 

h\ .^"Repeat step 3 to obtain "dashed" equilateral triangle with vertices' 

D , F with.tabs^as shown. _ ' . - "'. * 

5« ' • .Draw *thei 'eqiiilaferal triangle' shown on BD ■ and AE -. * .-. \ '" - ■ 

6. Cut arp.und the boundary and jf old along the dashed line segment's. -: ' 

7. ■ Fasten' with scotch tape or paste. The tabs will help in putting the 

model together. -You may want to trim some -of them- if you us.e scotch tap 

8. This picture has been reduced photographically. The; original model • 
had the ^engths' of AB- es • 2" . ' 



CYLikum-'-. Construction of, a circular cylinder. 



1, 
2. 



Drav the rectiangle with vertices A ., Bv," 
Drav tvo congruent circles vith . radius as 
model easier, to construct, ■ * 

.these circleis' can' be tan- 
gent to the reptangle. . 
Cut around the boundary 
of the figure. Do -not 
separate the circles " 
from the rectangle ^ 



A > 




shovn. - In order to make the 



Fold into the form of • 
a circular cylinder./ 
Use scotch tape or 
.paste to. fasten the ^ 
model together. Place 
BC on AD. first. 
Fasten the bases 
last. - Do not fold 
the tab at BC . Lap 
it .over AD and paste 



pT. fasten vith. tape. 



'0- 



.-.Pi-. 




■Y This* .picture has ' 
...been* reduced 
photographically.^ , 
. The original model 
■'had bases of radius ' 
V • "^^^ lengths ■ 

6t "AD and' AB" as 
^" . ^ahd approximately 

6 Tj",?^ respectively*.* 



COKE - Construction of a* -circular cone. • " ■ \. , 

1. Use a ccmpass to dr'ay .a 'circle vith a radius as shovn in the .diagram., 
rrav tabs as , shovn. 

2. Cut around the boundary of , thi&*f igure. The circular region- vill be 
the base of the cone. ' >^ ■ ' . 

3. Use a compass to draw a semicircle vith a^yadius as .shovn in th;e .^ia-" . 
gram.. C is the center of the circle. AB is a diameter. Dr&w the 
tab as. shovn; 

4. Cut around this figure. ^ ' ^ 

5. : Fasten AC to *BC ylth scotch tape or paste so' that AC falls on BC . 
• 6. '.Fasten the base to -this model by folding the tabs and using scotch 
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. 

"How do ordering points , ordering sets of point S j ordered sets, and ordered 
pairs differ?" ^ 

Qrder^rg points is connected with our development of the*num"bea: line^- "^^ 
'Here, 'with ^he designation of a particular point ^s sta:rbing point, and. 
with a ^ven segment, selected as a unit, the linens marke^pff at equally:^- 
spaced intervals' and the marked points are. associated. with the whole timber s 
in the usiial seciueT:ice: 0, ^ I, 2, 3j? The ,mmber line is nexf^'v' 

filled "in by associating joints between those named above: with other 
rational nmbers ' as • — , r-f and so on. In: so doing, any two 
points named in the number line are ordered with the designation of ..which 
precedes the other. Consequently.- all the points nanied in the number line, 
are ordered. 

Ordering sets of, points may.be illustrated by taking two sets of \. 
points in the plane- Suppose *these ar& represented in A and B below. 





We want to convey th£ notion that agrees with our intuitive sense: "^^^-^ 

B occupies more space than A. Counting the number of points' in each set 

woiild*not do since each set contains an infinite number of points. 

scheme is sought whereby we can still assign a number to each set to ^ 

indicate an i order in*"size". Thus, a number evolves a measure— such 

as area, volume, length, etc. In so doing, we are 9rdering sets of points. • 

0 The set of rational numbers is an example of an ordered set . The letters 

in the alphabet are another example of an ordered set* Although, with sets 
in general, we state that it is immaterial in. what order 'the elements are 
listed, in an ordered set, for any two members, it is possible to designate 
.wh:^h member precedes the other. By association with members, of the ordered 

■ . ^ J • ' . , ^ ■ • 
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^et of rational nimibers, for exeraple, the points in the' rational number 
line "become an ordered set. ••Similarly, sets of points may "be ordered 
via their measiire, . * . * 

An ordered pair arises from the product set. An illustration of 
an ordered pair may "be the element denoted (4, '3) -tf it is^ agreed 
Hhan* an order must "be o'bserved in the naming of the components, k and 
2* This may' *be, for example, the Resignation for the child in, the 
4th rovj 3rd seat* JThus^ the notation in the theater ticket stulD, D3j 
may "be indicative of an ordered pair. Or,' when you say, "Fred and Maggi 
Eire president and secretary of the Clamdiggers Society, respectively ", 
an order^is induced in -the pair, (Fred, Maggie), • ^ [' 



VOCABOLABY 



Apex 

Bases (of a geometric figure)* 
Center- (of . a Sphere) 
^one ' ' * 

Cute 

Cylinder 

Edge * \ ^' 

Element (of a cylinder) 
Hemisphere 
Intersection" * 
r Lateral Edges 
La'^ral Faces 
Lateral Surface 
Cine of Centers ' 



Parallel 
Par alOjClep ip e d» 
Pentagons^ Prism- 
^ Pentagonal Pyremid 
Prism 

P^amid ^ 

Radius (of a sphere) 

RigHt^Circular Cylinder. 

^ Skew Liaes 

Sphere , 

Square . PyrariSfd 

■ Triangular Prism • • 

Triangular I^rami'd 

.Vertex (of a "orism) * 
I ^ ' ' ' 



EXERCISES - CHAPTER Ik 

< • ■ 

1.. Why is the following definition of parallel segments not sufficient- 
to, determine what 'ye mean by. parallel segments? 

Two segments are parallel if they lie 
in the same plane and do not intersect. ; 

2. What are the sets which may result in the intersection of a line 
:> ■ . ' ■ 
and a plane? * * . * . 

3. ■ Construct a paper model of a square pyramid using/the pattern on 



page 

a. 
b. 

■4 

c. 



How many edges does a triangular pyramid, have? 

How many edges does a rectangular pyyamj d have? , . 

If the bas;je of a pyramid, has n sides, .how many- edges does the' 



.pyramid have? . .^.^ 

Identify by a drawirjg the intersection of a Jlane parallel to AO 
and the cone, if is -the apex and 0 is the center of the base. 
Assume the plaHe intersects the cone in more than one pbint. 

Which of the following solid regions must be cpnvex sets? . ■ 
a. sphere; b. circular cylinder; c. quadrilateral pyramid. 

State in increasing order the sides of the triangle. 

. Z / 




•Why is it incorrect to say W is a subset of the interior of 

Z MAL ? - ' ■ . . , ' ' 
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. SOLUTIONS FOR PROBLEMS 

. c ■ . 

a. C b. ^ ( } ; they .eSre parallel d. H e. ( } ; not parallel. 

a. (a) cube; ■ (B) right peni$igonal prism; ' (F) non-convex 
quadrilateral prism* 

b. (C) There are not 2 congruent, parallel bases; the lateral 

edges are not parallel, 
• , (d) The congruent faces are not polygonal; the' lateral surface 
is not the union of parallelogram regions. 
(E) The parallel bases are not congruent; the latejral edges - 
are not parallel. 




(b) , (c) , (d) ., (f) ■ ■ • - J\ 

> a. quadrilateral pyramid • 

b. D 

c. ^ 8 - / • . ■ 

d. r 5 • ' ; ' 

A lateral edge* or the apex ^ ' ' ' • 

A cylinder is a geometric solid vhich is the union of tvo similarly 
oriented, parallel regions vhose boundaries are simple closed curves 
and all the segments determined by corresponding Joints of the • 
congruent boundaries, • • - 

a. a circle; b.. a rectangle or a segment congruent to the 
segment connecting the centers; c. 



or 




a. ' a circle, a point, or ( } ; b.' ( } ; the center" is not part of 
the sphere; c. tvo points — the lendpoints of the diameter; d.^ ( } . 

C D ' - A » B E ' • " • F -i 



-.1 -. 

■< f I - . 



We can partition one region, make movable' copies and lay them on 
the other region. If they fit, ve vill say they have the same size. 
If they do not, one will be larger than the- other. 




• Excess 



Thus, the rectangular region is larger than the square region. 
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Chapter 15 ' , - . 

' . MULTIPLICATION ATO DIVISION TECHNIQUES 

■ • : . V • , . • 

.. MmnPLmG' numbers .. greater than tkn - 

"The abiitjfy . t o ^ c oniput e * .with * und er s t an^i-ng ^ and skill when mult iplying 
whol e . nuintrpr 3^ :gr e at . than" 10* d eper^d s .upon s eve rai thi s • Among 
these- are:' .knowledge of basic mui:ti^)l'i^ati^n. tacts,,. ability to use a 
•multiple. 'of 10 as. a factor/ f amiiiarjf jfc^vtt^^:^r deqjiTnal place veELue . . 
fiumer at i on • s y s t em, . atid ■ sGb i li t y to apply '^frtul-t ipli c ati on pr opeirt i e"^\ ' 
( coinmuta;tiv^^s so ciative , ^distributive ovei^^fddition, €l>c. ) • *.' 

.' First let us 'consider the product of - -and 12' '| 'for *whidi;we .m^ 

.display the array '. , ' '* /. . . - ■ i- " 

; . ■ . : - , ■ * ' ■ ■ ■^ ' - ■ J ■ ■ \ ■ • ; \ 

■ o o 6 o 6 o o o o o oVp ^ • 

■ 4 ^ o ^ o% o o o o o o o . ^ . ^ ; 
. < , \ 60000*0060000 
' \ o Q <) o o 9 b o to o o o . . 



By partitioning the.- array-into two arrays *- so that each row h$iS X-ess- than ^ 
10 members, we heed 'to use onl^, .basic mult^p^cation facts, , i:he .distri'-, . 
.butive property of muitiplifr^j^fe^a^^ addition, and addj-tion -facts '•1,n' 
^^crrder to compute ■ the/.prbduc 
paftition the \ ,by 12 ■ ar: 



Their, 4 ^ 12 •> ii. X (?• + .5 




12 .SESFoj^ instiance; we may^ 
i| by -7 array and .a '.'by- 



We 



have gone ^directly ^Jiere from" 28 + 20 to i 





intervening stepe^ 

= &'8 + 20 



= 20 + ^r^i 
= (20 +^^^8'-- 

= w 



By chcx3sing the ni 
_f acts from the. nrultipl' 
to consider 12: as 
going outside tiie t 
system ve commonly 
to partition the 





;' :.T ■+ 5 for • 12. i only ba§ic multiplication 
on ite^ble are need^;- We coul^ also have chosen 
, ;U. +'8. or 6 i: 6 .without the necessity of 
Hoveyer-i. since in %erms of our numeration 
St ;i2. as .10 +. 2 > . it would be more natural 
^jylS Vfrray ii^if^OTo'a^ in this way: 



O O !p>^ 

1°^ 




o o o o 

O O O O jO 

o o .o o 'o 

o o o o o o 
10 



o o 
o o 
o o 



, : ■■■ - 

Thus, 1^- X .12 = 1; X ■( IQ;- + 

^, ^In order to. accpra^jJ^l^L^^is multiplication/, it :is necessary to know' 

multiplication Ti3^^''-i^^^rtl'pleB of .ten:^.This is done f or the children, 

To ,fin#5^^p^duct, 1; x 10 , we look at 



10 + m +-10' + ao = ko . 



Similarly all ' multiples of ten 'are considered by adding or counting 
t'en^. "Furthermore, to multiply _3/ and, ^ 20 then can be thought of as: 



Ay - 



: 



or as 

■ ^ 



w 



.k, 'x20 ;= k X i'lO ■+ 10) 

' ' = (U x lO) + (1^ X 10) 
. 4 W 1^0 

/ ; "^=80 ; > 

>.,x 20-.=.k X (2 X 10) 
_ ' • =" (1+ X 2) X 10 

^=8 X 10 
• o' = 80 
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'So 



In the same way., multiples of tens of tens, or hundreds can be presented, 
and so on, 

• Returning to the product of k and 12 y it can now be completed. . 

k X 12 = k X (10 .+ 2)., ■ ■ / . 

= {k x.lO)i+ (k 'x 2) 
■ = 40 + U- 

. = 48 ■ ' • - 

We often use vertical algorithms such as these *to effect the same compu- 
tation. ■ 



(a) ; 


(10 


+ 2) . 








10 


2 


40 




X 


k 




or 




X 4 


X 4 


+ 8 




ho 


+ d. = 48 








"50 







(c) 



1^ 




X h 




"8 


X 2) 




X 10) 







(d) 



12 
X 4. 
"5 
4 

TO 



(e) 



or eventufiilly simply 



12 
1^ 



As another example, consider the product . of the .nunJbers 3 and 28 

^ • 3 X 28 = 3 X (20 + 8). ■ 

■ = (3 X 20) +(3x8) 
= 6o + 2h,. .; ■. 

■1. ; Show the, multiplication of 3 and 28 in more detailed form, 
particularly in going from 3 X 20 t^o 6o and in going from 
60'+ 2i; to 81; , : 

• ■ . ■ - 

We also may use one" verticed edgorithm or another to record our 



^Solutions 'for problems in this chapter are on page 280. 




thinking vhen multiplying 

(a) . 



(20 + 


8) 


X 


3 


60 + 




80 + 


4 =.8J^ 



3 and 28 : 

(b) 



or 




(c) ^ 



28 
X 3 
25 (3 X 8) 
6o t3 X 20) 



(a) 



or 



• 28S 

X 3 
25- 
6 



(e) 



or eventually simply 

Nov let us extend our computation to an example such as \ X 236 

We shcQJ. be fairly detailed in our- first illustration: 
-* ■ ♦ ■ 

4 X 236 = V X (200 + 30 + 6) 

= (1; X 200) + (4 X 30). + (4 X 6) , 
•* ' = [4 X ('2 X 100)]. + [4 X (3 X 10)] +'(4 X.6) 

= [(4 X 2) x 100] + l{h X 3) X 10] + (4 x'6) ; 
. = (8 X 100) + (12 X 10) +(4x6) ' , 

- 1 800 -+ 120 + 24 • 
= 800 + (100 + 20) + (20 + 4) 

" . . = ('800 + 100) + (20 + 20)' +-it ' • ; 

= 900+40+4 , 

= 944 . ; 

■ f - 

•PROBLEM . . ' " ' • - 



or 



28 
X 3 
B5 



2* 



Justify each step of the procedure^ just illustrated for the product' 
of 4 and 236 . . . . ' - 

We may record our thinking in several vays^using vertical algorithms: 



(aj 



(c) 



















(200 


+ 30 + 


6) 




200 


■ ^30 




80a 


X 






or 


X 4 


X 4 


X 4- ^ 


120 


" 800 


+ 120 + 


2I; . 




Boo' 


120 


'25 


+ 24 


900 


+ 40 + 


4 = 9^*^. 










9W< 



o: 



236 
X k 

~^ (4 x'6) 
120 (4.x 30) 
■ 800 (4 X 200) 
955 . 



(a) 



or 



236 

X- k 

12 

8 

9^' 



(e) 



or eventually 



236 

X . k 

9ro 
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• In all of these different procefdures considered in tl^HHBbion ■ . . 

we have seen repeatedly, that use is made of the distributtT«Eoperty 
. of uniltiplicatlqn over addition. Further extensions of mult^li cation to 

■ congputations such as 23 x k^- involve ieyen greater use of this prdperty. 

How'ever, specific consideration of jthese extensions, is beyond the scope 
• of this chapter. ' * 

' 3. Use one, of . the vertical algorithms- Identified above . by . (a) - (e) 
to .illustrate each of these products', ai<^;^*^. respectively. For ■ 
\^ exaii5)le, use (a) 'as a model -for 'a,. '^-^^ ^ - 

. a. ' -" j^ and ■■•:23 ■ ' b. 5 and . 17 ■ ' c. >. and. 38 

, •; -d. 2 "and. 397" e/ 6 and. 13a/ . * 

' DiyiSION A3LG0RITHMS . ' ' • ' / 

First let us recall that a problem .such aS 2k f k = n* «may be. 
inteirpreted' to meaia that ve are to* find the number n suc*h that 
n.xlit = 2k . 'We may .illustrate this ~ in the following vay,' using a num- 
ber line representation on vhich we have;- identified mjiltiptes of k : 

■ ■ ^ ■■ . " " ■ V ' ■ ■ p 

-4 8 12 V |€ -20 24 28 

J ' r— I- I : — H ■ — I —J • ^ — i-i 

ix4 2x4 3x4 4x4 5x4 6x4; >x4 

^ With, point we Have associated 2^^- and also ' 6 .x k . Since the • 
' association of . a number w^.th a.point is-iinique, we knov that 6 .x k = 2k ' 
, and that 6. is the number n -such that> n x'^i- = 2k . .Let us recall' 
^ what 6 x_k means," using '^the numbei: line. It has been interpreted in 
^ terms of repeated, addition, namely k + k + k + k + k + k- » ■ • ' ' •.• . 

I -4 H ^4 — »H r-4 — M -4- — iH— — 4 —iH -4 ^ 



0 L 2 3 4 .5 6 7 8 9 10 II 12 13 14 15 16 17 . 18 19 20 21 22 23 24 
H^- ■■ —6x4=24 ■ '— — »H 

Because division is the inverse Operation of multiplication and subtraction* 
■,is the inverse operation of addition, it is reasonable to expect that- 
" division may be interpreted in terms of subtraction. This Is indeed true. 
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Thus, 2k f k can be shovn on the. number line as repeated subtraction. 



8 .9 10 n 12 13 14 15 16 17 18 19 20 21 22 23 24 



•24-1-4 = 6 



The procedure illustrated- above can be stated in terms of numbers:, 
from 2k we,^subtract k and' then continue to subtract k from each- " 
remainder in turn^ until reaching' a remainder that is less than : ^ . >^ 

Foy instance: ■\ 

■ > ^ • . 

2k 20 ' . l6 • ■ -IE 8 . k ' ^ . *■ 

■ .. • • .-J; - i;- '.j; - k ^ - k 

20 ^ T5 12 0 

Since there are -6 such subtractions ahd the resulting remainder, -is 0 

we knov that o ^ k = 2k . ' ^ 

* . <^ 

Frequently ve shov these subtractions in a more -compact ". ._2k 

form such as that shovn at the right.- » . "— 

\ ^ . . 20- 

Our work might be shortened if, for instance, we '"^^ 

subtracted .jndultiples of k that are. greater than k , - k 

'- -. ' . - _ , To 

such as: v ' ■ 7^ 

■ ^ ■ . - i^. 

^ . ■ 2k'' . ■ '■ ■ -T 

— . • - 8 (2 fours) or (2x4) :^ ' 

. ; . To ' ■ ^ 
\' ■. ' " ■ . -12 -'{3 fours) or"(3 x k) . 
■■- - ■ - 

, -'V four) or-*;(l X-i^) 

; , . 0 ' . - * . ": ; 

A total of 6 fours has been^subtracted since 

- - - *if - • • 

■ ; (2 X k) + (3 X y x.i;K= (2-.+ 3 + 1) x.k 

6 xA . . 



Repeated subtraction, then,: provides .the rationale for division. 
algorithms. Using multiples of the divisor can be of great 6dvah1;ag# : '.^ 

. ' . ■ , 

if we are dividing larger , numbers:- for. exan5)le, ■k2 *,3 = n . ' .9^1 /^ 



0 



(a) 


.k2 


( 8 X 3 *= 21^) 




-2k 




TH 




-15 


(5 X 3 = 15) 




J\ 3 






- 3 


(IX 3 :=■ 3) 




.0 








— "Hf"'. ' ' 


Thus, 


2k 


* 3 = 1#."^'' 


(a) 


k2 






- 30 


(10 X 3 =,30) 




12 






- 12. 


(. 1^ X 3^'l2> 




Q 


(li+ X 3.= J+2). 



or sitirply 



(b) 



or simply. 

.1 • ■ 



3)1^2 






8 


T5 




15 


: 5' 


3 




3 


1 


0 


Ik 
















•10 


. 12-^ 




12 




0 


lit- 



• •As before, of ^ course, 1^2 f 3 = 1^ , even though different multiples' ' 
of" 3 vere used.. Choosing multiples of .fen may again be more; natural ■ 
and more sinrple eventually. However, children' yill begin vith the 

•■ smaller -nniltiples and take larger jumps in accordance vith their 
maturity. . ' 



0 



„Next let us consider an example such as 101 'f 8 = n . 
8 .16 '24 32 40 48 56 64.. 72 80 .88 



96 



104 

— b- 



0x8 1x8 2x8 3x8 4x8^ 5x8 6x8 7x8 8x8 9x8 10x8 11x8 12x8 13x8 

Clearly there is no whole number* n such, that n x 8 ^ 101 , .since 
1S:*X 8 = 96 and 13 X 8 =» \Ch and there is no whole number between 
-XS ana 13 . • . ■ " -' \ 



. Let us explore the -situation- further incthis way: 



(a) 



■101. 






- 80 


(10 x'S 


= 80/ 


121 






- 16 


(2x8 


= 16) 


5 


'(12 X a 


= 96) 



(b). 



or simply 



8)lor • 

^ ,80 - no 

.21 

5 • -12 



. . or. eventually ( c) 



.12 ■ 

JioT 
8 
21 



9'' ^ 



;Thus, although- there is no whole number .n such -that, n x 8 ^ 1(?L •, _^ ^ 
we have determined- that 101 = 96 + 5 or" IQl = f 12 X 8) ^ 5».-. Howe^e?, 
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ve are not , permitted, to vrit^\.gigmething such as 101 f S = 12 r 5 
since :"12'.^ 5'V • is tiot a namis for a number , 

■ In' -general, if a ^ is any vhole rftiTaber" and b is any' 'crountirig 
nuinbfery. ve may associate vith' a ♦ b or — the sentence' 

a =^(n X b) +• r . ■ . 

commonly vritten in the form r ■ ■■ • .: • . 



for vhich' n is a unique , vhole number such that- ( n X'b) ^ a and 
r < "b .-^ For example, 20 f 3 ■ can be associated vith '•• - ^ 

• • 2a=,(6x;3) +2 or/ 3f20" 



vhere • a 20 , b, = 3 , n ^=^ and ' r = 2 . In more, "detail, the ' common -, 
• algorithm vould. appear: ..v • ' ' ^ • 

.■■ ■ ■ «f ' ■ v, . : • -^r- 

■ - . W':- . - . 18 * _ 

OZhus, 6 X 3 = l8 ts to be subtracted from 20- ;to' find ttie remainder. 
" In order to subtract, then, l8„ .must -be "less than; or equal ^ta 20.:>' , 
. -If 'the remainder,- 2 , /had been greater than of equal' to* 3 , visr-.could - 
have found a larger multiple of 3. to subtract ^from 20 * 

The condition*that r^b has a further implication.'" It-is cer-. 
• tainly true that 20. f 3 can be asso'ciate^a vith this equation^. 

^C'^^j ■ '• ' ' 20 = d X 3) +17.. \ ' ■ . , ' 



p:^p^ i^ich 'it can be stated tAiat 20 . 3 . is 1 vith a remainder * of 
Similarly, ; • ^ ' 30* = ( 2 x,3j)j + 1^^ 

• .. ' 20 = (3x3) +11-"/- ' . ' ' . 

y '•' ■■ : .■ 20 = (V X 3) + * 8 ' . ■ ■ 

:. ' . '20- = '<5 X 3) .+ 5' ' ' 

• • * ■ ' 20 ■= (6'X'3) + 2 . . 

♦are all .valid equations associated vith 20* ♦ 3 It is generally^ under 
stood, hovever,. that vhen ve vish to knpv'vhat' 20 d.ivided by-, 3i*;ls, 
ve vant the qu'vtient expressed "as the . largest possible vhole nuciber' pluis" 
; a nonnega'^ive remainder,' (Note that ther^ .is alvays a remainder,, "When ' 



b is a factor of a^, it happens to be 0 .) Thus by restricting the' 
remainder, r to be less than the divisor, b , we assure that n vill 
be the largest whole number of times b is' contained in 
only associate vith 20 f 3 the equation we want: 

- 20 = (6 X 3) + 2 . 



a , and so ve 



Nov let us use division algorithms to find n and 



expression: 



2^. W or 2^ 



• 250 


- or 


- IkO (20 x 7) 




110 




- 70 (10 X 7) 




To 




- 28 ( X 7) 




12 




- 7 (1x7) 




5- 135 X 7J 




or eventually 


■(c) 







(b) 



7)250 






20 


110 




70 


10 


To 




28 


1^ 


■ 12 




7 


1 


5 


35- 



35 
7J250 
21 

To 

35 
5 



r for this 
If 



or, using 
larger multiples: 



7)250 




210 


30 


To 




' 35 


5 


5 


35 




Thus, for a = 25O and b 7 , we see tha't- n ='35 and r = 5 . 

"■ ' 2*50 
We therefore -i:;ay associate with 25O f 7 or — ^ the sentence 



250 = (35 X 7) + 5 . 



PROBLEMS' 



4.. For each" of the followijng write dh equation of the form 
a = (n X b) + r , such that • (n X b) ^ a and r < b . 

a. 38 ♦ 5 b. 79 ♦ 3 • • c. 112 f 4 ' 

83 ' ^ ■ 106 • 



e. 



5. X Rewrite the. general equation for the special case where r.= 0 
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= ^ > 


or 






•■60 


20 


T5 




12 




2 


2k 



P. 

Tliis aijgorithm pr^xt^^s us with a great deal of information. 

First, since the remainder & not zero, we knov that there is no 
vfaole nuTiier ' such that n = 7^. /- That, is'^ 3 is not a factor • 

Second, ^he algorithm gives us the information we need to replace 
n and r- in the equation 7^^ = (n X 3) + r so that (n X 3) ^ 7^ 
and r < 3 . 'We now may wril^e - " ^ 

7V= (ei^^.x 3) -1^' ... ^ ^ 

' . * ' 

Third, although " there is no whole ^umber n such that 3 X n = 7^ 

there very definitely, is a rational number such that 3 X n = 7^. - . "^Q 

One name^for that ratiojial number Is ■— , 'since 3 X = 7^ . The 

algorithm gives ^^s the information nee^d to name this raitional number 
in a different way, ii! mixed form. From our knowledge gf rational • 

2 ■ — 

numbers we know that 2 (the remainder ^ 3 (the divisor); 

p ■ ' . 

that is, 2=1X3. We then may assert that 

* 7I; ^ 3 .= 21; + I .= 21; -| or B = 2I; + | = 21; |'.' 



Thus, -we know that 



i^rx (21; + |) = 3 X 21; I = 71;'. ^ 



Divisions with larger nu^ers follow^the same ideas we have developed 
but are beyond the jscope Of this chapter. 

PROBLEM - ' - 

6.' For each exercise of Problem 1;, express the quotient as a rational 
number in mixeci, form or as a whoie number. 
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In t^e d^elopment of mul-tTiplicfttion algorithms we used extensively 
the distributive property of multiplication over addi^ifen, coupled with : 
the renaming of a factor in accord with our decimal place value numeration 
scheme. For instance, in order to effect the product of k and 23 , \ 
ye renpied 23 as (20 + 3) and then applied^ the- distributive propert^: 

^ X (20 + 3) = X 20) + (> X 3) ^ 

In the development of division algorithms we utilized a process of 
"repeated subtraction" ^n which we successively subtracted multiples of 
the divisor. We saw. that the greater the size of the multiples used,. 
"Uie more efficient is the algorithm. . ^ 

The division algorithm gives the informatljon necessary to associate . 
"a 

with a ♦ b or ^ (where a" is any whole nuniber and b is any counting 
number) either of two things: ' 

■ 1. an eguation of the form a = (n x b) + r , ^Aiere (n x b) ^ a 
* • . . ,and -r < b 

2. a rational number in mixed form whenever a > b and b is 
a factor of a . : • • 




A speciaJNcase of both 1. and 2. arises when- r = 0 ; that is, 
when b i*^ a factor of a . ^ . 

^ . 

APPLICAEOTS TO TEACTrpTrr ' " " 

It is important that algorithms are developed from the standpo;int 
of being written record's of thinking patterns used when computing. Thus, 
^e can expect that children's algorithms will change with the passing of 
time. At first the multiplication and division algorithms may be more 
lengthy and less efficient than at a later 'fetage of work* We should 
allow children to use those algorithms that are most helpful and sensible 
to them . We , may encourage them to shorten algorithm^ over a period of 
time, but children should, not be forced to use more .efficient algorithms 
prematurely. . ' ' 



2?7 



QUESTION 



/"Isn't the 'platform' method terribly inefficient for division?" 

To an adult who already' knows how to compact his computational 

2 



techniques, it may be Immediately apparent that 275 ^ T = 39^- * 
the child in the beginning stages of learning these techniques, a 
strategy shoidLd be provided whereby he can attack such problems piece- 
meal without being overwhelmed by the task. Thus^ he might begin with 
the algorithm indicated in (a): ' 



(a) 



(b) 



7/27r 
TO 
205 

_!£ 

135 
70 
"55 

30 
21 

9 
7 





7/275 




10 


210 


30 




"55 




10 


°3 


9 




2 


39 



10 
5 
3 
1 



(c) 



7/275 



7 



J) 



39 



later, *iie student may learn to reason vith himself that 

so^ 7. X 10 = 70; 70 < 275 

so 7 X 20 ="U0; ihO < 275 

so 7 X 30 = 210;*-210 < 275 ^ 

so 7 X UO = 280; 280 > 275- 




. T^.e result V^, 
O ■ 



'30'' ij the greatest multiple of 10 that is contained 
.--in ^'he-q>ibti^^^^|milar arguments bring out a refinement of (a) as ■ 
that ir. (b). V*ith practic-, he iian zhen be led to ths usual short : 
division form 

i - . * 

The. point is, an apparently "inefficient" method allows the studerft 
to attack the problem in bite size commensurate ^-ith his maturity* Obser- 
vations attes-t to the fact that youngsters too, '^11 learn to recognize 
xhat they can improve on the method— especially with gentle prod:ding. 
When they do realize the inef^fiiiiency^they -.all. shift to various refinements 
• at rates that. vary from' one individual to another. Ultimately, some may 



get to. the point vhejre they may see. right away that 275 Is^ 5- less 
than 280, so 275 7. is . | short of kO ( = arriving instantly 

at f,hO - y ori* 39^ for the 'answer^ But we ^e not advocating that every- 
one must get to such a stage^of proficiency. ' 

Mother iji5)ortant point for Consideration is that the "platform". # 
. method does relate directly- with ll|e/Mnd of activity associated with 
the- introduction to division. Wi^^ |p 

'members^ removing a -^bset 
having ^7 menibers, 268 members ^l^^in; another set of 7, leaves 

■ Obviously, this is inefficient, and we may tum/tb removing 

ten subsets, at a time, leading us to tij^ method 'described .J.n U) . 

^, : ' VOCAHJL^to: 

Algorithm * . !}istributive5 Property of 

' * ' ^ Multi^liQation over Addition * 

Associative Property -/mvi si on Algorithm 

of Multiplication * Remainder 

Commutative Property « * * ^ 
of Multi|>li cation * ■ * , 

« # • ' : ^ 

> EXERj^SES -^- CHAPTER , 15 

1. -yse several ^ff efent algorithms^o compute each'of these: 
a- 7 >^3^ ■ c. 9 X 28 ^ 

b. 6 x^kQ 4 . d. ^ 8 X 54 

Associate two things with each of the . following: an equation of 
t^e fo^:^ a ^ (n X b) + r where (n X b) < a and r < b; and 
a rational number ;ja Mxed form_ (or a whole number if b is a 
f ac-tor^of a ) . \ ■ . ' 

a- 38,^ 6 ^ ■ c. 125 8 . 

99 - Jf ^ . • d. 84^ 3 ^ 



2 



0 



3. a. Using the common division algorithm, find, the quotient 

3^2-:- 7. • ■ . 

« ■ , 

b. Relate this alg02n.thm to the more primitive algorithms used by 
the-'children when they are first introduced to division. 

4. In^ 'a = (n X b) + r, explain why n X b < a , and r < b* • 



SOLOTIONS 'FOR PROBLEMS 



3»x'28 = 3 X (20 +. 8) 

= (3 ^ 20) + (3 X 8) 
= (3 X 2gp.0).: + (3 X^8); 
= (6 X 10) + (3 x'.8). 
, 60 • 
= (6o + 20) +a: ■ 
= 80 + J+ . ■ . 

= 84 . . . ; 



k X 236" = ^ j- 30 + 6) Renamiiig 
' = [h x^J^'f ^ X 30)- +.(> x6) 

-=.[!+ x; (2|tS^-+ [4, X ( 3 X, 10-) 
= x-2f"'^l8ft+:{(4 X 3) X 



.(8 X 100);; 

800 + 120 

800 + 





byer...additfon'^ , 
ative . , - 

Qf . 





a. 



d. 57 ■.i=,C9 x 6)^%' .e.ii83 =.(W^x::^ +-2 ^.^1; "w6^^3 x'2) + 0 



3^ 



^ .5- 
-6. 



a = 
a. 



, r 

27 I. ■ . f. 53 / 




\c..\j28. d.. 9|.= 9.i 



A 



.v.- 



: ■ * > 



4' . ^ 



- V. 



- 1^ 



•>5 
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Chapter l6 ^ ^ 

■ •. MEASUREMENT 

.*"..' 

HaTROIUCTIOH 

. Measurement- Is one of the connecting links between the physical 
world- around us and Tnathematics. So is counting, but in a tdif f erent way. 
We count the number of books on the desk, but measure the length of the 
desk. "'Measurement is also a connecting link between numbers and geometric 
figures. To. measure a .line segment is to assign a number to it. This 
'cannqt be done by counting the points of the segment since there are 
infinitely many points^ in any. segment. To. take the place 'of counting 
the points, some new concept must be developed.- The' concept of "measure- 
ment" is applicable not only to line segments, but in a closely 'related 
f&shion to angles, areas of regions, volumes of solids, weight, time, 
vork, energy, and , many other concepts or physical entities. 

THE MEASURE OF A SEOffiNT 

In mathematics we think of the endpoints of a line segment as being 
exact locations in space. The line segment determined by. these endpoints 
is*- considered to have a certain, exact length . For instance, the end- 
points A and B of AB ^are exact locations in space, and AB itself 
•has an exact length as one of its properties. . Exact length, then, is a 
property of all. segments. In our. intuitive concept of congruence, we 
have said that two segments are congruent if a movable copy of one can 
be "matched and fitted exactly" on the other. This may be interpreted 
as meaning^-that the two segments have the same le'ngth. Thus, the common 
property of -congruent segments is the same length, »lTon- congruent seg- 
ments, have different lengths which enable them to be ordered. When we 
compare AB . with any other segment such as CD , one and only one of 
these three things is t2:ue: • ^ » 

S IS LONGER THAN' CD, OR " * * ' 

S IS EXACTLY AS LONG AS CD, OR ' ' 
73 IS SHORTER THAN ' CD. 



In the case of finite sets, .examination revealed a property on the 
basis of which the sets could sVt^inpared. That is, one set could match 
a second s^t or it could have more f ewelf members than' the second set. 
At that "point, 'numbers vere associated w^tji.'the property^. In the same 
way, we wish to arssoc-i-a^^n^^^frs- with tiife property of length of segments 
This is. the objective of me»ifrement^ or finding the length!- of .a ^segment* 

jik ' • •.>''' 

Let u^ describe the "orocess of ^asurement as 'it- a*Dplies to line 
segments. The first step is to choose^^a^-ilne iSegment, .saV''* RS ^ to . 
serve, as one unit . This means "to se/ect RS-^ and agree to\conside3^^i,^«j;> 



measure to be exactly the j;: 




■(We should recognize that this selection o.f a unit is an arbitrary ^ 
choice ve make/ , Different people might veil choose different units and 
hlstoricallyXhey have, giving ri,se to much confusion. -For example, 
^t one tim€ the English "foot'" was actually the length of the foot of 
the reigning king and the "yard" the distance from his nose to the end 



of his optstretched 'arm. Imagine the confusion when the king died if 
the 'nexti one was of much different stature. Various standard . units will 
be discussed a little .later but Meanwhile we return to the choice of- RS 
as our unit, recognizing the arbitrariness of this choice.) 

, Nov it is possible to rron^eive of a line segment, <ID , such that 

the unit RS car. be laic off exactly .twice along CD , as suggested in 
the next drawing. 



UNIT 



^ * 



UNIT 



UNIT 



Then by agreer.ent the r.easure of CD. /is the number 2 and the length 
of CD is exactly 2 units,' ' although CD can be represented only 



approximately by a drawing. In the same way, line segments of length /,> 

. exactly 3 units,, or exactly k' units, or exactly any larger number of> 

i" . ■■ • • . 

•units are conceptually possible, although such line segments can be dravn- 

only approximatjely. In f^ct, if a line , segment is, very long — .say a 

^llioh inches long no one' would ""vant to . try to .draw i,t even approxi- 

' mately; but we can still thirik o-f such.'a Segment. " ' ■ 

• ■ • 

• We can also conceive of a.line segment, , AB , such .^at the unit/ 
RS will, not "fit into" AB a. whoiej number of times at all.' AB is a 
line Segment such that ;Startl'ng St .jA^' the-^ unit RS ^'' can be laid 'off ^ 




times along A3 reaching'. 0/ vhich is between' A ' and B , although j.f'' 
it, were laid off k. tj.mes -^e .vould^^arrive at a point' ^ which is well 
beyond 3'\ What ' cain be said about *the .length' of AB' ? Well, surely 
A3 has length greater than 3 units and less than h units. In this 
■ particular case, we can also estimate' visually that the length of A3 
is nearer, to 3 units than'to k units,, so that to the nearest unit 
the length of- AB is 3 units. This is the best we can do without 
consider,ing fractional _?arts of units, or else shifting to a smaller 
unit. » ■ ' ^ . ' ^ * 

Anothej- way of describing length 'to. "the nearest unit is^by using 
th-e word '^-easure". Thus the . measure of 'A3 denoted m(AB) ,; is' the 
ni^Tber ' > . ' It is understood ' ;in the use of measure that, it 'does not 
necessarily- des.'r^ibe exacjti length'. If two segments have the same length, 
ve know tney are congrjent,^; and they have the same* measure. Two segments. . 
with the same>.easure in terms of a specified unit are not necessarily • 
cor;gruent. However, df two segments hav^ the sam.e' measure for every 
specified unit, no matter how small,, they must be congruent. , ' 

' ■ : 285, " * 

2Sd . .c- ■ ■ 



PROBLEM 



1. Using the unit 



find the measure of each of the following 



segments to the 'nearest unit. 



(c) 



(b) 




2. Using the unit > • find the measure of each of the segments 
in Problerj' 1 to the ..nearest unit. 

Ta help us ir^ estimating whether the measure of* a segment is say, . 
3 or k y we need to ..bisect our unit. RS is again shown as our unit 
with T bisecting RS so. that R? « is congruent to K and RS is. 
used to measure MSf . • 



-•S 



M 



Q 

-4- 



N P 



In laying off the' unit->along - M , label P t\ie endpoint of the ' 
^ first unit that falls on or oeyond N and label Q the end of the' 
preceding unit just as you did for '.AB on the preceding page. Using 
RT-' (which has just been determined) to' aid in measuring AB , we fcan 
.check that BP is longer than RT . and that, the measure of Sb- is 
3 , or m(AB) = 3 . Above, ..^iP is shorter than RT and m(M) = ^ . ' 
'There is , nearly always 'a~^ecisipn to- be made 'about S^hether .pr not- to 
count the last unit "which extends beyond the endpoint of the 'segment ■ 
being measured. The reason for this is.that.^t is rare indeed for the 
unit to fit an exact number of times from endpoint to endpoint. It. Is 



Solutions for problems in the chapter are on page 298. 



veil to realize now that measurement is approximate and subject to error. 
' The "error" is the segment from ,the end of .the segment "being .measured to 
. the' end of the last unit being counted.. In S , the* error is, BQ , 

in -MHf, /.it is OT^ . We note that the error in 'any Measurement is alvays 

at mo'st half the unit being used. ' • < ^ 

•Let us emphasize one thing about t?erpiinology. . In a phrase similar 
to ."a^.line segment of 3- units" we mean ^'the measure of the line seg- 
ment i*n. terms of a particular unit is the number 3 ". The' poiht here 
is simply to have a way of referring to the -numbers involved so that 
they^can be added, multiplied, . etc. . Remember that we have learnBH. 
how*to ap]^ly. arithmetic o^rations only to numbers . You 'don't add yardp 
any mo;re than you add apples. If you have 3." apples and 2 apples, 
/you hjkv'e apples altogether, because ■ • . - 



. ■ ■' - . 3 > 2 =-5- . . ■ ■ . • 

.... , w 

- You add numbers, not yards' nor apples, ■. ■. ' ^ » * 

As we shalX see shortly, the -use' of different units, gives'* rise 
to different measures for the same segment.- Thus, if we consider; MN , 



\ m(MN) = 6 for tlie unit ■ KL . -and 

, m{m). = \ in terms of /the unit. RS , 



as the figure indicates, 
: \ K L 



1 1 1 ! —I I 
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'STANDAEH) UNITS 

Numbe'rs of people each using their own units would have difficulty 
coijcparing. their results or communicating with each other, "for 'these 
reasons- certain units have been agreed upon by large numbers of people ' 
and such units are called standard units. 



Historical!^ there have been ma^y standard units used to*measure • 
line sejgments, such as -a yard^ an .inci; c[r, a raile. , Such a variety isia"" 
great convenience. An inch is ^ suitable standard unit for measuring* 
the edge' of a sheet of paper, b^ut hardly satisfactory fdr- finding; .;t]ie / 
length of 'the school corridor.. Whil^ a yard is a satisfajptory; standard > 
for measuring the school corridor, it vould not' be a sensible unit for 
finding the distance between Chicago and Philadelphia. 

■ SuchiUnits of linear measure as inch, foot, yarii and •mile are 
commonly used st'andard units in the British-American system of measures. 
In the eighteenth century in France, a group of scientists developed the 
system of measures .vhich is -known as the metric sj^tem using, a new , 
standard -.unit. * ' • /' * 

In the' metric system, the basic standard unit of length is the 
meter, vhicii is approximately' 39*37 inches or a little^ ipore than , • 
1 yard, j The ii^etric system is in common use *in alVcoun't'ries except 
•those. in yhich English is -the main larlguage spoken angt* is used by all 
scientists in the vorld including those in English speaking countries. 
Actually, the one official standard unit for linear measure even in the 
United States is the meter, and- the correct sizes of other uiiits such as 
the -centimeter,' inch, foot and yard are specified by lav. with- reference 

-to the meter. - ■ ^ ■ ■ * 

'■ ' ' ' » ' ■ . 

The T2rin2ipal advantage of the metric system' over the British- 
American system lues in the fact that the metric system has been designed, 
for ease of conversion between the various metric units by exploiting the 
■decimal *svs tern o^ n'jrieration^. Instead of having. 12 -. inches tio the foot,. 
•.3' feet zo the y^J. ^nc ITcO, yards .to the mile, the metric system has 

■ 10 millimeters "^.o a» centi^meter, 10 centimeters .ta a ^ecimet#r, and 

■ lO cesimeters fo a meter, -p^.is mal-ces , conversions between units very 
\easy^ ^ ^ . ■ ■ 

Go far. ve Ifevc saici •nothirj;^ about metric units larger than the meter. 

> ■ i - ' ■ ' ■ 

T^"^ P03t 'Js^ul o-^' theoc: isi the- ki'^ometer, which is^ defined* to be 1,000- 
•'T^?ters. Th^ Viilometer* i| the -metric unit which closely corresponds to- - 
"Hhe Briuish-A}^^erir»an "mile. vVI.t^turr^ out that one kilometer is a little ^ ^ 



Ve have already noted thdt in the metric system, tSe- meter is "the-; 
unit which corresponds approximately to the^yard-in the, Br;Lti9h-Amefican' 
•syst'em.; -The -metric unit which corresponds to the Inch is the^ centimeter 
which is one-hundredth .of a. meter. A meter is almost hO inches so it 

takes about" ^ centimeters to make an inch or to put it ajioth'er way 

a centimeter is about /^-^ or .k of an inch.. Below are "illustrated 
a scale of inches and. a scale of centimeters' so you bancrcompare them. 

Centimeters - .i . , * ! .* 

^0 i Z - 3 ' 4.*- 5. 6 ' 7 8 9 10 ^ I r 12" 



I 



"0 . . ■ I . ^ 2 ... 3. . 4 



Inches 



SCALES AND . RUIiSBS" -:-; , ^. . , V. ■ _ '^'r 

» ' ' * ' * . '. " . ■ - . • 

Once a staridard unit such as a yard, meter or mile is agreed upon,' , . 

the creation of a s??ale greatly.:5implifies measurement. 

■ ■ * ■ V. * ■ ■ 

...... A SCALE IS A NUMBER" LIIIE WITH THE 'SEC34E1IT 'FROM ' - ' : 

y . "0 TO- 1 CONGRUMT TO THE UKET -BEHIG US5D- ^ ■ ' ' 

.A- sc^ileycan be' made /-flth- a non-standard unit or vdLth^-a standard- unit. '- . 

1 " A RULER IS A'" STRAIGHT EDGE ON IVHICH-A SCALE USMG 

A STANBARD-Uror HAS. HEETI'MARKSTt. 
. \ /■ ^ ' . ; ■. ^ ^ - ..: ' ' ^ . , 

If we use the' inch as the unit in ^iaking* a ruler, we have, a measuring , ^ 

device -designed to give us readings to the nearest''- inch, «*?^o,st ordinary 

rulers are marked with , the -ynit or*e-sixteenth of - an^inch -or \ath-.ihe 

unit one millimeter. ' ' '■ * 

THE A£PROXIMATS NATURE OF-. MEASURE , ' - ^ ' 

■ ■^.•■' ^ • ■ ■ ■ ' . ■ "■' ' 

Any measurement of .the. length of a segment -made -with a ruler is, . 

. ■ . •* ^ . . • 

at b e st appr oxi mat e . Vh en a s egmen t i s t q b e -mea s ut ed , a ' s c'al e b as e d 

on a unit appropriate to the purpose of the measurement is 'selected. ' " 

The unit i's the segment with- endpoints at tvp consecutive scale .divisions 

of the rulisf. The scale is placed on the- segm^t with the zerQ-^Doint of 

t ■* * . ■ , ' ' 

the scale on: one^endpoint of the segment. 'The number which corre^orids 

'» " ' ■ , ' ' ^ " , -■ ■ '-*^-,' 

to the divi.sioh poir;t of the scale nearest the. oth^r endpoint of ..^rie. 



e 



,e 



I , t • 

^segment is the measure of the segment. Thus, every measurement is mad 

to the , nearest unit , if the inch is the unit of measure Yor ^our ruler, 

• "then we have a situation in which two line segments, appeirently not th 

same length, may^ have the sai^e measuce, in terms of a spec'?i^^§i^ unit. 

• t ■ 

p 

A I 1 Cl ^ 1 1 ■ ^'n' 



INCH ^ 

fn inches, ra(CD) = ra{AB) = 2 . \ ^ ' 

For the same two segmerits we may get a different measure if we. use . 
^a different unit segment. It should be clear tha^.W'jthe unit is change^, ' 
the' scate changes. Thus, if we decide to'u^e the centimeter as our unit, 
the fi^re below shows that in centimeters m(AB) =4 and ' m( CD) = 6 . 
Now the ipasures do indicate that there is a difference in the lengths^ 
. A ' B - C * . D * 

• 1 I 1 1— • • 1 1 1 \ I 

, . - . 

V . ■ ' r 

I 1 ' ^ * 

CENTIMETER . - . 

' • In centimeters, ra(CD) > m(AB) /> 

of 'the two segments. Notice that by using a smaller unit (the centimeter) 
we are able to distinguish between the l^ng-ftis of two non-congruent seg-' 
ments which in terms of a larger unit ^the inch) have the same measure. 
If measurements of the same segment are made in terms of different units, 
the error in the measurements may be different since it is-at. mos't half 
J the unit being used. Thus, if a segment is measured in inches the error 
cannot be more than half an inch', while if it is measured in tenths of. 
an inch the error cannot be more than half of a teniph of an^inch. As a. 
result. If greater precis^ion is desired in any measurement, a smaller 
unit should be used. ^ ' ^ . 

' . • » « 

Sometimes" it is more 'Convenient to Trecord a length of 31 inches ■• 
as 2 feet inches. Whenever a length is recorded using more thAn 
one unit, it ;is understood that the accuracy of the measure is , indicated 

■ ■ ■ ■ r , • . •• ■ ■ 
.. ■ ■ \ . ' 
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A lengtn ui i^- yd, 2 ft. 3 in» is measuj^^ y 
That is,, it is *closeir to \ ydf 2 ft,. 3 in', /^an; ' 



by tHe. small ei^ /unit named, 
to thQ nearest inch. 
' it is to either, k yd. 2 ft. 2 in. or k yd. 2 ft. k in. A lei%>.h .0 
4, yd. 2^ ft. is interpreted to mean a length closer to k-.jjd^ ''thfi^ 
to h yd. 1 ft. or \ yd. 3 ft. However, if this s€ ' ^ 
to the nearest/ inch we would have to indicate this by^ h yi^, 2 ftr 0 in. 
or \ yd7\2 ftV^ (to th« nearest inch). There is/a veiy^ real difference 
in the precision of these measurements. When^t^ie 'm^sureme^^ is made to 
the nearest foot, the interval within whicl)/1:he ^ngth may vary is one 
foot; when the measurement is made to th^ n^a^st inch, the interval 
within which the length may vary is oife in^rf. ^ This is because the end 



aalf a unit on either side of 



of the last unit counted? may lie i^p to 
the end of the segment. / 

■ '/ / - ' \ 

A very imporibasjt property of^'^li^re' segments aJ.s that any line segment 

may be measured in term^of aijy given unit. This means that no matt^ 

feow small the unit may^ be, tnere i/S a whole number n , such that if we 

^ /_ • . . / 

lay "off the unit rf \ timei along' AB starting at A we will cover AB 

completely; thaj/ is,/ a point will be reached tha^ls at thq point B or 

beyond the point B on 



The l^ength of a lineysegment is - a property of the line segment which 
we may ineasxire in terms /Of different units. ' Theoretically, ■ two segments 
have/Uie same length Ix, and only if, they Crec>^ngr\3ient; We run into 
tremble thinking and/ talking afeut length because^ in practice, measure- 
aent of length *is /made ih terms o'f units and, as we saw above, two lines 
which are' really/different in length may both b^ said quite truly to have 

« 7 ' ' ' ^ ■ ■ -y 

length 2 inches to the rjearest inch. 

A vivi(a. illustration of tbis trouble will emerge if we think aipout ■. 
an applicfittionof linear measurement to the calculation of the perimeter 
of a po^gon. ■ ^y .definition; 

THE PERIMETER OF *A POLYGON IS THE IMGTH OF THE . 
LINE. SEGMENT WHICH IS THE UNION OP 'a SET OF NON- 
OVERLAPPING UNE SEGMENTS CONGROENT TO THE SIDES 
OF THE POLYGON. > ; " 



EKLC 



Thus the perimeter of polygon ABCD is the length of IT where 
EI is the union of W , FG. , W and' HI which are ripectively 



congruent to AB , BC /, "QD and M If we piV^ pins at ifoints ,A , 
B , C and D and stretchy a taut thread around the polygon' from , A 
back to A , when we^/strai^l}ten out our thread we will have a mod^el of' 
a segment congruent -to . ^ 

v i_ .... , 

■Mie T.ength of / EI we^ know intuitively, is the sum of the lengths 
of the four segmentfe whek^e consider length as an intrinsic property 
of segments. But, when we talk abou^ lengths ,as measured in terras of 
certain units we may run into the following situation; 




e-' CENTIMETER SCA\E 

-H 1 -t 1 An-H 



0 



INCH SCALE 




E. 



10 



4 

_JU 



G 



To the nearest centimeter m(AB) = m(BC)^ = mfCA) = 3 . is congruent, 

to DE , BC is congruent to W , CA is congruent to but m( DG) = 10 

This is because to the nearest millimeter m(AB) = m(BC) =, :^'(5a)'^ = . 33 , 
and to the nearest millimeter m(DG) = 9^ , and to the nearest centimeter 



this means m(DG) = 10 . Even if we measure our sp^ents to the nearest 
inch we find m(AB) = m(BC) = m(CA) = 1 ; and we would expect the measure 
of the perimeter to be 3 . But we find|/ m(DG) = k . This reminds us 
again that *the measure of. a 'length is always, at best, an approximation 
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and approximation errors may accumulqite to cause -real trouble. The 
best we can say is to be aware of this possibility whenever in your' 
problemslyou are dealing with numbers which turn up fi^xn-measurement^. 




procerfse^ 
of the 



The preciseness of any measurement is 
t^selected. " ^ 



the size 



ildren are asked to determine the 'length ai 

crate| dne is given a ruler with units marked in f 

I. i • . ■ ^ ■ . • . 

a ruldr with linits^marked in inches. TJje first says 

'Ja^i^J^^t long and 2 feet wide; the second says i< is 

jTDy 28|. inches. Explain why they, could both te righi|f. ' / 

Both' children .sare -asked to find the perimeter of thi^^Wrate. The 
first op^ says 10 feet, the secon(5^says I36 inc! 




A string 
d the children eCre 
This time the 

first one says 11, feet, the d^scond one 13t inches. Which re- 
sults ar^ correct?^ Explain th^ dis 

•■ ■ . 1 / ^ 



is thenlpassed around the crate, stretched out^ 
asked tq measure the string/xo find the perlid&er; 



1- 



. _lsci:epancy between the results. 

We have iridic ^ted in this development/ l^'at length is the common 
property po*s sensed- by segments that are congruent in much the same way • 
•that a number li^ the common property of all sets that are equivalent. 
Corresponding tip the length of ^^%lven^egment,. a whole number is ^ 
-attached which T^e call it^s -measure. Note that this -measure dep^ds on' 
the unit selectel.d, and^ as we have seen, is what one normally considers 
the measure to t^e nearest unit. 'Thus, 'length is approximated b^ the 
m^agure, »with the approximation being closer and closer as, the urxH^^is 
finer and finer, This 'is the case for any measure whether it {describes ' ' 
length, time, r weight, or any other measurement. 

" ■/ > ' ' ■ ■ • ■ .'1 

When we say that a segment has a measurement of 3^ inches, for 

instance, the implication is, that the unit is the quarter-inch. : Thus, 

'1 ' 1 

a "measure" of 3jj 1 is actually 13 ; since, 3^ inches means 13 

quarter-inches. When a measure is expressed as a rational number, the 

under fit ahditig is, therefore, that an approximation is made- to the 

smallest unit indicated, as for example, the quarter-inah mentioned above 

Starting with the 'concept of measure as' a whole number, a meaning uiay now 



be attached to a measure given in terms of a ratiolial number. With 
,f ■ • 

reference to the smaller unit, ;the measure is the whole number of the 
smaller Wits; with reference to the larger unit, the measure may be 
stated as a rational n\imber. 

On. ec 'line, a segment can always be found that would be congruent 
to some segment. It is then possible to choose two points on a line so 
that the segment determined by "Oie two points would be congruent to the 
unit for a particular measure. If the two points on the lin^ were 

u 

identified as 0 and 1 , then a number line' may be constructed such ' 
that the unit on the number line is congruent to the unit for the' measure. 

Nov, suppose that the length of a given segment is to be determined. 
Clearly, there would-be a segment on the ^lumber line from 0 to a point 
having a rational number as its coordinate that would approximate the 
given segment in length. In Adt, by finding the segment on the number 
line with * 0 as one of the e^dpoints {ihe left endpoint) that is ^con- 
^ gruent to the segment being measured, it should be possible to obtain the 
measure by the coordinate of the other endpoint. By this, any number 
that may be associated with any point on the number line as its coordinate 
may be assigned as the measure of a segment, and two segments are said 
to be of the same length if they have the same measure regardless of 
the unit used. Length, conceived of as the common property of congruent 
segments, is a. slight departure from length in ordinary language usage, 
as for example, in stating that the length of a desk is k feet. The 
explanation of length as the common property of congruent segments more ' 
accurately emphasizes its mathematical meaning. 




QUESTION ' ^ 



"Why is it 
ten read o 



isaid that a measure i^ a whole number of units when clearly we 
jtff raeasifrements on vthelruler such' dra. 3^ inches?" 

/ • [ . , ■ • ' ' ■] 

The pbint is made' in the' section ort the use of an arbitrary unit 
(page.272)/that if RS is^ taken to'be^ a model for Ihe wiit, then AB 
is between! 3 and h units in lengtl*. * < '^'l. • ' /t 



jUnit . • *. , ^ 



Units ' ^ 

1 2 3 ■ - - , 

. ' ■ .Q B ^ . ; . ^ ,^ 

In terms of this unit, we could only say. that the measure of^AB is 3 
since . B is nearer to Q than to P-, where Q is the pbint ■ exac*;Ly 
3 units from A and P -^is h units from A. Suppose ,we wexe to.: 
measure AB uslngva seginerit ^ exactly' half as long as 'RS to be 
the model for the unit. Let's call tfiis a ^'demi-unit" t.o .indicate that- 
this is smaller than the unit determined by RS. . The* situation niay b'^ 
as diagrammed below. , ' , v . 



Demi-unit ,. . , ^ ' ' . 

' . ' , ' ^ ' .'^ V 

."^^ " * >• - ■ . 

- ' ' : . ' ' \ ' 

•Demi -units " 

A , , 1^-^ ^ ^ ' . . H P . ^ ^ 

^ . * B ^ ^ ■= ' 

Since . B is between^ Q and V, then the measure of AB is^be^ween 
6' and 7. Since ^ is nearei^vto ' V than to ^, to the nearest unit, . 
the measure of AB is , ?. This l^s in terms of 'the demi-unit. If the ' 
demi - unit is compared to the unit as determined, by RS, we' might be 
justified in thinking of it as a "half -unit". Th^* ^^.T demi-units are then' 

thought of as seven ^ units" or ^ units. For this reason, behind 

1 / ' 

the statement that an object is 3o units in length is the concept that; 
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the* '^half -unit*' is 



of tlie marked ihteih^als, ^7' I's the whole number /for tjiermdasure . The 



fact that »S niay 
adapt oYirselves^Q 
if necessary. '*j0r 
of ^an^Anch fend we^ iiay estiina' 
do go;' we are iii/reality relatin, 
- inch segment as a 1nK)del'; J'- 
'number^o^ suhupfts'l^ffelated back to 



peing used, as a unit ' and that to the nearest one 



be read directly from the 'ruler shows that we may 
estimating qui (jkly arid filling Ai subinterval marks'^ 
example, 1^i0;fraL5r 'may be maiice^d off in thirty- seconds 
•R) sixty-fourths of an inch. * When 

whole, number of units usi%g the ^ 
^e,; in the reading,- this whole 
standard unit o^ air inch. 




Centimeter ' 



Exact Eengijh 
Kilometer ' ^ 
liength* \ 
*Line Sfegmerit * ' 
linear 'Scale* 
* Measui^'e * 

K 4 

Meter r 



VOCABULARY 



. MetriCv System 
Perimetei^(of a polygon)* 
Preciseness 
Ruler.* 

Scales* . ■ 
Segment* . 
Standard Units* • 
Unit* 



EXERCISES - CHAPTER l6 



Which of the following statements is true about segments AB , CD , 

F 



EF. and GH .? 
A 




a. ,AB is congruent to CD 

b. AB is shorter than CD 
c* AB is longer than W 

A dog weighs l8 pounds. ^ , 

a. The unit of measure is ' 

b. The measure is. 

c. iHciB weight is * 

A desk /s , 9 chalk pieces vlong. 
a. Its measi^rement is • 
wb." Its measure is 
c. 



d. . AB is congruent to' EF 

e. GH is shorter than CD 

f. oS" is congruent to CD 



The unit of measure is 




In which of the . following sentences, are standard units used? 

a. He^is strong as an . ' - 

b. Put in a' pinch of salt. 
/C. ■ Wd drink a gallon, of milk per day. 

d. The corn is ^cnee high." ■ 

e. . J am five fee^ tall. • •■ 

• - » ■ 

•The measures of the sides of a. triangle in inch' units are 17' , 
15 and 13 . 

a. , What are the measures of . the sides if , the unit is a foo^? 

b. What is the measure of the perimeter, in inches? In feet? 

c. Is there anything curious about your answer? 

d. How dj> you explain it? " " . 



Use 



B 



C- 



as a unit 'to measure the following segments. 
■ D -E- ^ 



Is CD congruefnt to EF »? Do your answers contraidict each other? 
Explain. .-. \ . f 



SOLUTIONS FOR PROBLEMS 



a* 



a* 2 ; b. 3 ; c. . 1 ; . d. . i . It should be noted how the 
measures differ. . ' ^' 

i|0 inches to the nearest foot 'ia 3 ^eet sincj|||:he error is 

less than ' foot..- 28 inches tp the. nearest foot is 2 feet. 

1 

..Again the' 'error is^less than .-^ foot. 

This problem involves the definition of perimeter of .a polygon; 
Nbtfe thfiS .the perimeter is^by definition the length of the segment 
which is congruent to the union of non-overlapping- segments con- 
gruent to. the sid^s. Thus the second method is the, correct one ^ * 
:^or both chiidrert and the answers to the nearest unit are 11 feet 
and 137; .'inches. The first result comes from adding 3 + 2 ■tj'^3 + 2 
'butfach measure had an error of about \ inches :or of a fopt 

and "the accumulation of these leads to' the .result '10 f^et which 

' . * \A 

is, in^fact, incorrect. The result I36 inches comes likewise 

■ • ^ ■ . ■' . • ' ' i 1 

because each side measured in inches had an error less than ' an . 
inch^but which accumulated to something near an Inch. The dif- 
ference between the correct results 11 feet and 137 ii^ches is 
due to the fact that each cliild gives his answer corj^ect '^o^^^th^ 
nearest unit; he_is using. ' * - \ ■ 



^8- 



, Chapter 17 



STRUCTURE 

THE . COUNTING NUMBERS ^ ' ; j. 

In our development, ,we have started with sets as pre-number con^cepts 
yand obtained from them the set of counting (natural) numbers,: Although 
've did not consider the properties of the. counting numbers (we Considered 
properties of whole numbers), if we had examined the counting 'ii,umbers 
in this light, we would have ^discovered closure under addition and multi- 
plication. In fact, all' of the properties listed below hold f'or the set 
of counting •vrniljjers: , ^ 

!• the set is closed under additioh 'and 'multiplication; _ 
^ 2. the elements are co'mmutative. under addition and. multiplication; 

' ^- .3- the elements are associative under addition apd multiplication; 
.there is an identity element for multiplication; ' *• • ' 



5« multiplication is distributive over ^dditiom 




The staxement for th^/closure property under addition is: if a 
and' b are cci^inting^.«^^ then a + b is a counting number. This ^ 
may also' be stated:' / , 

• , ■ . > ■ / ■ 

IF a 'AND b ARE COUNTING NUMBERS; AND 
^ a X b = c, THEN --c IS A COUNTING ilUMBER, ^ 

Thus, 'if a is. '3 and b is 5 ,,then' c is ^.+ 5 , or 8 . "A 
related question is: if a is 3 and c is 8/, is there a counting 
number x such that a + x = c ? In terms of open sentences, we^are 
then looking Tqr ,'the solution for 



3 + X = 



In this case, 5 is the solution of t/he equation. If we ask whether 
there is a counting number b such that ' 3 + P = 8 , we are posing the 
questionj. Is 3 + b = 8 solvable in the set /of counting numbers? ' • 



THE WHOLE NUMBERS 

In our study," we have found that 3 + id = 3 ; furthermore, 0 is 
the only solution for 3 + x = 3 , Howeveiri 0 is- not a counting jiuniber. 



Clearly, then, 3 x = 3 is not solvabl^e in Ijhe set of counting numbers. 

Nor are 5+x=5, 6+x='6, '2+x=2, and so oft. In fact, for 

any counting number a , 0 is the only solution for ' ' 

r ■ > 

a + X = a , . . 

and hence, a + x = a^ has no solution in the set of counting ni^bers. 

By adjoining D to the. eet of counting numbers, we obtain an 
T 

.extension from the counting numbers to the whole numbers. That is, 

IP = [0) MD N - [1 > 2 , 3 , ^ , 5 , ...)^ 
THEN "Z U N [0 , 1 , 2 , 3 , , 5 , ..•) = W . - 

Within the set of whole numbers, then, the equation a + x a 
has the solution x = 0 .. All the properties that we have for the set 
of counting numbers hold equally for the set of whole numbers. By the 
inclusic 
gained: 



inclusion of 0 in the set of whole fiumbers some new properties are 



THERE is m IDENTITY ELE^MT FOR ADDITION; 
TH? PROrUCT OF ' 0 AND ANY WHOLE NUMBER IS' 0, 



INTEGERS 



Even adjoining 0 to the set of counting numbers is not enough 
to completely solve the equation, • -a + x = c , If "c < a , this .equa- 
tion is not solvable in the set of whol^ numbers. For example, there 
is no whole numbeap x such that 5 + x = 3 . Negative numbers are 
introduced in tlie first grade, but only in a limited vay in relation to 
the number line, for example, as associated with the scale on a thermometer. 
Later on, when negative numbers are explored in, greater detail, the . 
opposites of the counting niftnbers, nameljr, [, , , , k , 3, 2, ^1) , may 
be adjoined to the whole- numbers. Thus, we get the set of iihtegers ^ 

I = (... , , "3 , "2., "1 , 0,, 1 , 2 , 3 „...) . 

Then, the equation a + x = c . will be^ solvable in the set of integers- 
for numbers a and c in this set. By this extension, we will find 
that all the properties that we have 'identified for the whole numb^s 
still hold for the integers. Moreover, we have an additional property 
which derives from the solvability of a + x = 0 for any integer a,. 
The solution for this equation is called the inverse of ' a , The projverty 



may be stated;, 

^ FOR 'each INTEGER a, THERE' IS ^INVERSj:, 

i 



"a SUCH THAT. a.+ "a ='^6, 



By the- commutative property, ve can SBe tl:^at *'a a'nd ^ ar^ inverses . 
of each other. ' For , example, . 3 +' "3 = 0 ;and "3 +^ 3,-= 0 ; So' .3; epd . 
3 are inverses of' each'otlier. ' " ■ ; ' ' 

. Hi'Sftorically; there vas only need of the** counting numbers for the 
,prlmitiVe.man;- his possessions an^ flJLl his recjconing vepe adequately 
accounted for by these numbers.* The concept of zero as a number did not 
• emerge until quite lajbe in civilization. With sopht^^^a^ion, ve may 
interpret the concept ' from a dif f erei^it'point *of. viev. . Zero might be 
considered to-be the" solution far a +.x = a for whatever number a' ; ' 
in this way, a numbpr called zero is- "po€tulate(J*' as t^ie solution, ■ - 
Similarly, ' a may be postulated as 'the sol'ution for a + x = 0 , 

THE RATIONAL NTjMBERS 

— ■ ' ^ '■ — " ^ • ■ . .. ■ . • ■ ■ .-. • 

We may ne^ consider, the solvability^pf equations bf the fonik /' 

a X x*;= c for Integers a , and c . Evidently, for certain numbers ■ • 

such fes-^i-a i= 2 and ^ = 6 , . the > equation a^X x = c is solvable. in 

integers.'. Ttie .s'oluiflon for 2-X x.-=6" is 3 . Hovever, equations 

such, as ^ ^. . .. - ^ ■ . ' '. ^ i 

^' * ^ '^'X X = 2 , • ' " - ' 

ar6 not solvable in the set^o£| integers. This leads to the" set of all 
rational^ jiuni)ers: number^^^^resented by ^ where m and n are 

integers and n / 0 '. The. solution tor .6 x x = 2. is then considered ■ 

Z ^^^^ the solution' for 2.x x = 6 is considered to be - , 
^ ' \ * ' ' ■ ^ 

As we have indicated in the preceding section regarding the postulation ' 

of. zero an^ -a , the number - may also be postulated as the solution 
. s ii . , n » • . ^ 

for n X^x,y m . ' » . 

. . By representation of s^ch. numbers on the number line, we identified, 
for fejcQTHple, the. numbers name<3 as- . ' ' 

3 ■ 6 ' 9 m X k * ■ ^ [ / 

^ • T ' 2.V ^3 ! ' "fnri ' , f or k / o - 
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. to be the- same number. Thus, 

if a and b exk nonnegative" integers such that 

b k k / 0 - , then all numbers that can be represented 

* a X Ic a 

by r r are- identified with r- and all^iumbers 

/ b X k - b . 

" "a X k 

: ' that^can be represented by . are identified with 

D X iC . 

^ , .where a and b do not have any conmon factor other 

* / than 1 .(unless a = 0 ). 

12 3 * ' 

In tiiis way, -J , f g J considered to be in the same 

2. k 6 

"equivalence" class; 3 ^ J ^ g ^ another equivalence class; 

12/3 

— , ."JV "g ^ still another class; and so on. Corresponding 

2 k 6 ' " 

to IJhe. equivalence of ^ „ -g , , . . . is the equivalence of the. 

statements / - 

3 X X = 2. , * 6^ X = 14-, 9 XX = 6 , .... ■ 



So, instead of* defining the equivalence classes via the number line, 
the concepTT aLsa can be approached via equivedent. statements. Either 

way, "I , ^ , "I , ..... would be classified together. Our appro^!^ ''^^'^^ft^ 

by the numbeiri line is the more intuiliive approach in accord. with tlJ^ 
'presentation to the students'. 

" ■ There is another kind* of identification that we might interpret by 

le number line. It is that the rational numlpers j j ^^ ' g , 

, may be identified with the integer ra , if ra is an 

From this viewpoint, the set of ratldngS^numbers mayb^ 
as an extension of the set of integers. We can observe that 

rationals*, all '^the properties that we have identified that 
'holdSfoa/ the, integers still hold. Furthermore, another prope^y is 
gained -- one that peur^lels the property on inverses under addition: 

FOR EACH RATIONAL .NUMBER 2 THAT IS DIFFERENT 
. ' n 

FROM 0, TIffiRE IS AN ADVERSE - SUCH THAT 

I * ^ 

5 X £ = i (with the idLtification, t = l ) • 
nql Y ^ ' 

2^3 2x3 '6 .1 
For. example, =. 3x2 " "5 " T 
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With extension* on top of extension, we see an 'emerging structure 

of, the numbers as characterized by the properties. Each set of numbers, 

together with the operations and ^the properties, form what is ccdled a 

. - . ■ ••I 
nuinber system ^ For the rational number system, the properties may be 

listed as follows: - ' 

the set is closed under eiddition and. multiplication, for 

15 • 
^ example^ 2-**' 3 a rational number; 

' • the elements are commutative under addition and multiplication 
for example, 

the elements are associative under addition and multiplication 
\ for example,' (i + |) + | = | + (5 + |) 

there^ is an identity element for addition, for example, 
there 'is an identity element for multiplication , for example. 



here 'Is an Iden 



if 

for ga^ih^ rational nujiiber, ■thei;e is an inverse under addition, 
'f or ^example, ^'"("3) " ^ ' 

for eac|k rational number different from 0^, there is an 

inver.se under ■ multiplication , for example, -g x — = 1 ; 

\ multiplication is distributive over addition , for exaiAle, 

. i X (| +5) = (| x|) + (| x5) . \ 

Besides these, there are properties which we can elicit from the yfelDOve, 

' such 818 . 

the product of 0 l^nd any rational number, is 0 ; for 

'9 
example, 0x^ = 0* 
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OTHER EXTENSIONS • ' • . 

~ ^ ■ ■ ■'- ' v • 

Other extensions vill be made beyond -the set of rational numb'^rs, 
but these vil^L not be carried out in the first six grade's; The rational 
nuinbers were associated vith' points on the number line. As the ratiional 
numbers have the property of being. dense (between any two rational numbers 
'are infinitely many rational numbers), it appeals that every point pn» 
the number line, represents a rational number. However, there are 

numbers such as jt and so on, that are coo;rdinates of ' 

points Ota the number line but are not rational numbers. . 

The« next extension brings us the set of all numbers that may be 
represented on the number line. These .a?re the real numbers. Beyond 
this, extension are the complex numbers, whose representations- occupy 
the entire; coordinate plane (that is, just the. number line is not . 
sufficient for their respresentations) and the hypercomplex numbers. 
With each number system is associated a structure given "^y its properties. 

V/e have pointed to the property or properliies . gained with each 
extension. However, although we. shall' not .show how here, we should 
mention that it is not always tlje case that properties are gained. The 
extension from the complex numbers to a hypercomplex system may result 
in the loss of the commutative property; a further extension may result, 
in the loss of bot^i the. commutative ^hd associative properties. 

^Thei;e are other losses of properties that occur in thre extensions 
which have not been mentioned but which we will note very briefly now* \ 
Vlhen the 'set of whole numbers is extended, to the set of integers, we 
lose the property that there is a number which 'we. can call a fjrst (or 
smallest) number. Extending to the rationals, we lose the property that 
each numbei' has a number which we call. the next number (or successpr). 
That is, the .integers can' be visualized as "isolated" (discrete) points' 
on the .number line, whereas the rationals are visualized as being densely 
packed. It can be shown that the rational numbers may. be put into, 1-1. 
correspondence wj.th^ the counting numbers., whereas a 1-1 correspondence , 
cannot be made with the real numbers (we say that we losfe the property 
of countability in the extension). The extension from the'real numbers, 
to the complex numbers results in* loss of theN^roperty of order: between 
two t^ompTH^umbers, there is no "oi'der relation'' such as or 
. that determines which of the two numbers pregedes the other. 
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■While ve have losses/vtth the extensions mentioned, the gains 
apparently far outweigh the losses, Qonsidering the many, many new 
problems that can be 'solve(^ with each extension. An important aspect 
in the study of algebraic ex^^sions consists of. determining properties 
♦that -hold in each extension. In turn, the study may orient itself to 
investigating what extensions may be determined that would retain 
certain properties (such as associativity, etcl), and thi? is indeed 
a program in the study of algebra. 

An apprppriate observation to make at this time fs' that in pre-J _ / 
sentlng- mathematics as a structured discipl^ine, the stijdent is guide^.. 
through the extensions .of .the number systems. Thus, with the' student's ' 
maturity, his knowledge of systems of^ numbers is simultaneously broadened 
emd deepened* . 



VOCABULARY 



Associative Property*^ 

Closure Property^ 

Commutative Property^ 

Complex Numbers 

Counting Numbers'*^ 

Distributive Property of 

Multiplication over Addition"^ 



Identity Element"^ 

\ 

Integers* ' ' 

Inverses under Addition* . , 

Inverses under Multiplication-*^ 

Rational Numbers* 

Real Number r/ . 
V/liole Numbers'**' 
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APPENDIX A : ' 
THE MATHEMATICS PI|OGRAM, GRADES K'-3 

The SMSG mathematics .program, MATHEMATICS FOR THE ELEMEOTARY SCHOOL, 
is a conten5)03:ary instructional -program that ei^hasizes oonceptual 
learning. Primary . attention is give^ to the introduction and progressive 
development of significant mathematical* ideas. This' enphasts "on mathe- 
matical ideas provides the necessary foundat'ion for the related development 
of appropriate skills and the. ability, to use^ mathematics effecti^ly- 

Central to the program are relatively few basic ideas. " Two of these 
are* the 'ideas of number and operation . Each is introduced and extended 
in close association vith. appropriate manipulations of sets of physical 
. objects.' Mkjor attention is given to -the .set of whole numb^By (0, 1, 
2, 3, h, ..-}, and to the nature and properties of the familiaK^pe rat ions 
of addition, subtractiot;, multiplication, and division within the s3t .of 

whole numbers. Consideration is given also .to the nonnegatlve rational 

• 1 2 3 5 7 ■ • ' 

.rational numbers, such as ^, J' "fr ^* , ■ 

Closely related to-the ideas of number and operation is the idea 
of numeration and also the ability to compute . Emphasis is given to 
the decimal base (ten) of our numeration system 'and^to Its "place value" 
principle. These, coupled with properties of the operations, f orm tl^ 
basis for developing meaningful a lgorithms — i.e, , forms* for computing! 

The remaining major idea developed in the program .is geometpid 
in nature . Our^ first concern is with characteristics and properties 
of familiar geometric figures, yieved. as sets of points and abstracted ■ . 
from appropriate models within the physical world.^ A/related donceni *. 
is with measxxrement , in which number is applied to properties such as 
length and area of geometric figures. ' - 

' . 

The Teacners' Commentary for Book K stresses informal work with 
pre "number conqept,s at the kindergarten level- These are concepts 
pertaining tq' se\s , and are explored through work with sets of physical . 
objects. . The ideas of number and geometry also are introduced at the^t 
kindergarten level, as' reflected in the scope and organisation chart. 
Not ail topics in the student texts, Books 1-3 ar§ included in. this' chart. 
However those that are listed are tied to the topics in this inservice te^tt. 
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SCOPE and' organization of mathematical content 

Foir expediency, a notation, such as 2.3 has been used in this chart 
^ refer to the chapter, and* section numbers in Books 1-3* The notation, 
2.3, means Chaipter II, Section 3. in th6 particular text. ^ 



Topic 

'■ — -■ — — '. 


' .K 


1 


2 


■ 3 


Sets : \ \ ■ 
Members/of a set ' ., 


s ■ 

1 ■ 


1.1 


1.1 . ' 


\ 


' . The empty set 


1. 


1.2* 


1.1 




Numbe;r of members 


1 


1.5, 1.7 


1.1 




Pairing" and equivalence ^ 


3 


1.3 


~~- 1 — : — 




CQinparison of sets 


3 


1.1^ 


1.2 , 


2.2 


Ordering- of sets 


7 - 


2.1 


1.2 


2.2 


Joining sets 


5 


1^.1,1^.2, 




2U 


Subsets . • 

Removing subsets and the 
remainin^g set ■ 


c 
J 


k k k ^ 


n k 




Sets of points 
Point 






3-1 •■ 


1.1 


Curve 


2 


5-2 


3.2 


.1.1 


segment 




10.1 


3.2 


1.1 


ray 






7 0 




line 








1.2 


simple closed curve 


2 


5.3 - 


3.1^ 


1-3 . 


circle. . .. ^ 


2 


5.2 






rectangle 


2 


5.3 




1-3 


triangle 


2 


5-3. 


3-5,7.1 


i. 3,1-5 


quadrilateral 




5.3 




1-3 


square 


2 


5-3. - . 




1-3 


^ pentagon 










hexagon , 










interior, e>lterior, on 


2 




3.5 




angle ' 






7.3,7.i^, " 


1-2,1.5 


congruence 




5.5 

; i 


7.1-7.5 
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Topic , ^ 


K 


1 


2 V, 


3 ■ 


Region 


2, 8 




7.1 


\X 


Solid 




5.1 






Compari'Son of sizes 


3 








Linear measurement • 




10.2 




6.1,6.2 


length to nearest unit 


— • 


10.3 


5.5 


6.3 


A real raeas\irement 








6.5,6.7 . 


The number line ' 
Coordinates 




2.1,2.2, 
2.3 




8.1,3,2 


PlAce value 
Sets-. of ten 




j.l \ 


6.1 


2.U 


The written numerals 
through 99 >^ 




6.1-6.5 






:Operation on whole numbers . 
Addition 










by joining 




i^.3 






* using the number line 




7.3 


2.1 




Subtraction 










by removing subsets 




1^.5" 






using the number line 




7-3 






by missing addend . 




7.5 






Multiplication 

V ■ 

arrays 




0.1. 


Q T 

0.1 


4.1' 


relation to 
multiplication 






8.2 . 


h.2 


^ by repeated addition 






8.U- 




using number line 




J 




3.5 ■ 


^factors prime 






9.1 ■ 


4.4 


Division 
arrays 




f 


■9.1 




rislation . to 
multiplication | 






9.1 


-I 


by repeated subtraction 






9.3 




finding factors 






9.1 




Rational numbers 

Partitioning, parts of regions 




9.1-9.6 


9.1-9.1+ 


8.1 


nationals on number line 






9.5 . ■ 




Equivalent subsets 








8.2-8.U 


Order of rational numbers 








8.5 
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— T ^ — * 

f Topic ) 


ll 

K 




2 . 


3 , 


Operations on rational numbers 
Addition 
MultiplicatiQp 




9.6 


• 

9.5 


• 


lecnxixc^ues oi coinpuxa^xono 




V 






— — 1 

CLLILIJL tfJLUIl CXX^Ul JL Ur^U^ ^ ^ 




y 






^Subtraction . 
subtraction ■ facts 






6.2,6.6 


2.3,2.6,' 
5.1 


Multiplication facts ' > 






8.l^ 




multiplication algorithm 








7.1 


Finding quo^^{er?^s. 






9.1-9.3" 


7.3-7.5, 
8.1-8.l^ 


Coordinates in a plane 








3-3 



^ The program of Boole 1 reviews and extends pre-number concepts 

associated with sexs., and also reviews and extends the work with numbers 
•and geometry. Operations and numeration are introduced, along with ♦ 
* measxirement . The extent of this work is reflected. in the scope and 
organization chart above. 

It is imperative that kindergarten and first-grade teachers view 
their instructional work in relation to the work of • subsed[uent grades • 
-sAll of the ba^ic ideas of the program appear within Book 1 and are 
' extended/ in BoJbk 2 and Book 3- 

L ' ' ■ ■ 

This inser¥^^ book develops the mathematics underlying the program 
of GraStes K-3. . By using the chart above, the teacher will be able to 
see how these ideas are progressively developed from kindergarten through 
- Grade 3. • , ^ 

The nature and scope of mathematical content embraced by MATHEMATICS 
-'FOR. THE ELEMENTARY SCHOOL, K-3 interest and challenge chil.dren within * 
the primary g:|^ad0s. They also interest and challenge the teachers of 
these children. Through this program mathematics truly can "come alive" 
for both children and teachei^s, ' ^ ' * . 




vINTROIXJCTION 



^ APPEND! 
uInGUAGE Am)"M^inffiMATIcWlNSTRUCTION 




The,introduct(j)ky chapter, Chapter 0, included a consideration of 
language chardctei^^stics of . culturally disadvantaged children and^ 
•general. :^jimlication^-of. these ^characteristics for tgaching these ^cnildren. 
. in this ajipendix we shall deal more explicit^with' language^ artd mathe- 
►'^rna-t^cal instruction. ^ ^ ■ ^ . 

'Mathematics is a language. It provides' a precise means of coinmuni- 
.catitig such ideas as number and space. It hjas special terms, expressions, 
and symbolism which, if understood, facilitate its, use as a language and 
which,, if not understood, inhibit its use as a language.- 

• ■ ' / ■ ■ 

A major objective of matliematics instruction in the elementary grades 
is growth in children's abili'.y to use the language of mathematics 
. . effectively. This includes growth both in understanding mathematical 
concepts and in knowle^e of terms, expressions, and symb9ls associated 
with these concepts , i '^^ ♦ 




Gr.owth in the ability to use' the language of mathem$,tics effectively 
and in the ability to use "general" language effectively are closely related. 
The development of these should gc^ hand in harfd, each reinforcing the other* 
In this sense, everything you dci to irajJrove the general .language ability of 
children can reinfo^e the development, of their mathematical language ability; 
conversely, everything you do to iTnprove 'the mathematical language ability 

o^ children can reinforce the development of their general language ability. 

\ , - 

Here, we shall discuss the importance of auralroral experiences and the 
learning of concepts, terras and symbols. We shall consider the preciseness 
of mathematical, language an^i^the use of correct or preferred terminology in 
teaching yoiong children. Multiple meanings of terms as well as the in?)ortance 
of distinctions between terms will be illustrated by examples from 
classroom situations.' ' ' . 

AURAL R ORAL EXPERIENCES * 

In keeping with the development of young children's general language 
abilities, aural-oral experiences precede and receive greater emphasis . 
than do reading-writing experiences in the early stages of the development, 
of mathematical abilities. These listening-speaking experiences need 
extensive attention. i 
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It is .inrportant to note here se-fl^eral kinds of difficulties which 
children may have in aural-oral learning. . * ". 

1. Some terms are completely fiew to children and, if polysyllabic, 
may not be heard or spoken correctly at the outlet. *A good illus:j?if3l!|ion 
'of this is the term equivalent , \ ' . ' • 

i ' ' - ■ ' 

2. Some expressions are relatively lengthy ones, and children * . 
may attend to only part(s)'bf the expression rather than to th^vhole 
expression. For instance, with the expression as many as , or as many 
members as, children often focus 'attention on just the "many" or "many ., 
members." 'They do not even sense the vord "as", in the expressions. 

3» ■ Some words sourid. so much alike that 'children may fail to sense any 

distinction "between them.. Examples of this are the words' six and sixth, 

■ • . /. 

or ray and 9.rray . The latter may also be confused with a ray' *. . 

Difficulties such as these make it imperative that 'we give most. * 
carefj;il attention to speaking arid to listening experiences. . / • . 

Siting Language Patterns * . " ^ . ' 

'J ' ' 

Wfe wish to emphasize the "power of example"' in developing acceptable 
mathematical language patterns of young children — i.e., the pgwer 
of your example. , . 

If terms a^e to be ^tised ' coi;rectly by the children, the terms 
first must be used correctly by, the teacher. Consider the following. - 

Set A ' . .Set B 



d 



E 



■I 



"In this instance we would avoid saying, "Set A is larger than set B." 

Rather, we would say "Set A has more members than set B#" We would avoid 

asking, "Which set is larger?" Rather, -We would ask, "Which set has 
more members?" 
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A child might say, "Set A is larger." Without making • an Issue 
of this, we can accept what he has' said but respond by giving OTpreferred 
language pattern: , "Yes,- Tormny, set A ^ has m6re jnembers." 

As we werk to establish "^prefierred language patterns, it is important • 
that we ouf selves enunciate as clearly and as distinctly as possible. Thi-s 
is important at all times, but^it is ^particularly crucial when distinguishing 
; between words such as fifteen 'and fifty , , nineteen and , ninety . 
Failure to enunciate clearl'y and distinctly can lead to such^^xpressions 
as "quivun" for "equivalent. " // 

Use of Primitive Language * ' 

'\ Primitive language often must precede the use of the technical 

language of mathematics. For instance: \ 

A rectangle is a quadrilateral whose sides determine four right • angles 
• (i.e., each pair of adjacent sides determines a right angle). We obviously 
cannot expect young children to use such terminology. from the outset of 
their work with rectangles! • 

Consequently, with- young children we refer simply to the "corners" 
of a rectangle rather than to the angles associated with a rectangle. 
.Although children certainly could b^ taught to use the word "angle" from 
the outset, J.t would be a meaningless or misunderstood' term at that time. " 
Concepts of angle, right angle, and angle associated with a rectangle ^ar^ 
much too sophisliicated to be msed with understanding when young children \ 
first work with rectangles. Consequently, at first we have no . reasonable ^ 
alternative but-to use ^ri^itive' terms such as "corner." 

Premature use of technical mathematical language, before s.ucl\ .terms \ 
and expressions can be understood ,^by children, should be avoii^n^d. * 

CONCEPTS , TERMS ,. AND SltojLS . ' . ' ■ 

• ^We must distinguish carefully between a, child's understanding of- a 
•mathematical concept and his ability to use -mathematical terms or symbols " 
. associated with that concept. ' . ' 

'First consider the idea that the order in .which two whole numbers are 
. added does not effect their sum, e.g. 3+5=8 and . • 5 + 3 = 8^ or 
3+5=5+3. We refer to this as the commutative property of addition 
within the set of^ whole numbers. Children may show in various way^ an • . 
understanding of this idea. For instance, with the two sets of dots 
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below >^ey may associate either -3+5 = 8 or ' 5 + 3 = 8. 



However, .they may be wholly unaware that they are dealing with a particular 
*inst:ance ,of the commutative property of addition. An understanding, of the 
concept may exist. without kiipyledge of its technical name. Also, 
knowledge Qf the expression, commutative property of addition , in no way 
indicates or guarantees that children understand the concept* ^ 

Now consider the -idea of greater than as it applies. to whole numbers. 
Children" may know very well that. J is greater than They may be 

&ble to demonstrate this fact by showing that a set of 7 things has 
more members than a set of h things. These same children, however, 
pay not be able to write 7 > ^, ' nor understand what 7 >}■ means when 
they see it written. An understanding of the- concept' may exist without 
knowledge of symbolism associated with that concept. 

^ ■ 

■ Our ffrst concern is with the development of mathematical concepts^ 
and understandings. Technical terfhs and symbols are introduced and used 
only when it becomes advantageous to do so. Frequently this comes much 
'later than the introduction of the con'cept itself. 

rPreciseness of Language . 

■ Qne characteristic of mathematical language is its ^preciseness . 
Consider our use of^'the expression, is equal to (or, equals ). 

When we state IThat "set A is equal to set B" (A ='B), ^we mean , 
simply and precisely that "A" and "B" are names for the ^ame set. 
When we state that "3 + 1^ =: 7" we mean that "3 + V' and "7" . • ' 
are names for the same number; when -we state' that "6 - 1 = 5 
mean that "6 - 1" ' and "5" are names for the same number. Similarly, 
when we write "AC =. CA" we mean that "AC" - and "CA" are names for 
for the same , line segment. 



In each of these instances, and throughout oui^ work, the expression 
is,,, equal - to is used to convey precisely the same meaning. We have .asserted 
that one thing--a set, a number, etc., --has been named i^.two ways. It 
is this precise meaning that we convey by tile express! on, /is equal to 
(or, equals ) . - 
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^sing the . Correct or Preferred Term * - • ' 

The precisf^ness. of mathematical language, makes it ppssible for us to 
eliminate ambiguity by using correct or i^referre^ terms and expressions. . . 

Consider the statement^ am bigger than you are."' Does this mean 

that I am tall^er than you are? Does this mean that * I am heaviei* than 

I «— I — -« — ■ 
you are? The statement clearly is ambiguoiis in its present form. Any one 

of these statements would eliminate this ambiguity: . - > • 



"I am. taller than you are." 

l^I^am heavier .thsun you are." . ^' 

"I am taller and, heavier than ydu are." 



In a subsequent section on 'ISome Important Distinctions," we shall 
^ee further illustrations of the fact that using ^a preferred term or ' 
ekpression'veliminates ambiguity. Children need to Be helped to choose ' 
those words that are unambiguous. One of the best ways of providing this 
help is by tlie example' we set. 

Multiple Meanings, of Terms 

Many words in our language have morje than ■onew^ganing.y We rely upon 
the ^^dntext in which such a word Is used to sug^^^ the appropriate • / • 
meaning in a particular situation. 

Some mathematical words of expressions also haye more than .one meaning 
associated with them. ' An excellent example" of this is seen in connection- 
with counting the members of a set. • ■ 




7 





y 


B 






C 



I 

two 



t 

three 



For instance, the word "three" may convey ^ either or both oi" these ideas: ' 
it is a lallel-or name for one particular block, 'block C; it also names the 
number^ property of the set whose members are blocks A, B and Q. There, 
is 'a place- for each of . these interpretations .in the development of 
number concepts. ■ , ' 
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Consid'fer also- a number line representation such as-tljis: 



^ • . 3'- A ■ ^ 5 



'Here, we may interpret "3"'' in either, o^' botV.of^ two ^ways; as a designation. 
. or label 'for-point Y, ^ or, as indicating^ tt^e measure of line segment '£[ - 

'(th^^segment having X and J as its endpopits). Again^there is a place . , 
. 'for each of these interjireta'ti^ns- ifi^the d^velopment^^j^f fif^thematical concepts. 

Some ' important'^ Distinction^ ^ • ■ y 

/ it is not • uncommon i^is^thelTia±ircj^ to' distinguish between terms. • 

^ or- expressions that are often' used as syrli^nyTOS in "everyday language."- 
Consider .these .illustrations.*,, ^ '. > y . \ ^ ^ 

r^* is* . / ^ . • 

1, in bur work ye distinguish betweeya the expressions vis equal to 

^d is. eqtlvalent .to. .We previously indicated that if the statement is ^ " 

made, "Set. A ig equall to set B," this implies that' "A" and^ . "B" are;... 
' > # — — * <, \ ' ■ ^ 

i name©, for the same set. .A ''different meaning is implied, however, by the - 

^ stat^erit, "Set A is equivalent to set B." ' This latter statement implies 
that a one-to-one correspondence exists between the members of Bep A 
■ and* the members of set B., For each member of 7^ there is a member of 
B that can be put in cprrfesppndence with it, and for each memb^ of B 
there is. a member ©f A that^'can be put in correspondence with^it.^ As we 
use these expredlsions,' j£ equal 'and Is equivalent to,^ they, are not 
synonymous . -The fatit, that- two sets which ^re equal are"" also equivalent, 
while lfwo sets that ^re equivalent may or may not be equal yill be 
'discussed in Unit B» . \ ^ ,^ 

2. In our work we 'distinguish between^a number and a numeral . 
,^For instance,, the number ^e refer to^ as "five"' is a' property common to a 

. particular class of sets (e.g. the property common, to all sets that are 
equivalent to the set of fingers, incluQing the tilumb^ p^^ your right' hand). 
"[The numeral., ^'5", i^' a name for that number. The characteristics of 
numbers an^ numerals are quite different. 
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3. In our work we distinguish between a triangle and a triangular 
region. For Instance, the diagram at the left, below, illustrates, a 
triangle . (ABC).' It is a union of the line, segments AB, BC, and "CAr..t 





The diagram at the right, above, ^illustrates a. triangular /region . ' It^ is 
the union of 'uriangle DEF^ and its interior ( represented the shaded 
portion of the diagram). Clearly, triangle DEF is not the same thing 
as the region bounded by triangle DEF, . * ' ' • 

Distinctions such as* these necessitate preciseniss in the use of mathe 
matical language and ase important in clarifying certain 'concepts, and 
id^eas-. It, is not uncommon that such distinctions 'involve terms or 
expressions .used . synonymously in everyday language, or that they reflect 
distinctions not made' in everyday language. 



Different Language j^ktterns /or Different Things 



Some ideas which were closely associated with each other may require 
the use' of different language patterns. Consider several ideas concerning 
sets bt physical objects and ideas concerning numbers associated with 
such sets.'. ' . ■ . . „ . 

Set A = [a dog, a monkey, .a pencil, a bottle) 

Set B = [a book, an orange, a trombone). ^ 

.When speaking of the sets themselves, we say that set A has more members 
than set B, or that set B has fewer members than set A. When speaking 
of the numbers associated with each of these sets, however-, we say that 
h^^ i5 greater than 3, or that 3 isv^less than h. , {k y y or 3 > 1^), ' 

If we join. sets . A and B to show their union, if is appropriate 
to -state that "1+ things and , 3 things are 7 things." We may associate 
with this statement' thfe following statement about numbers: 
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^ P^^^ 3 equals 7. (^ + 3^7). , 

Here we see a difference between i«.jiguage patterns used with sets 
of physical objects' and languagd patterns used with nuiiibers. 

Using Familiar Meanings 

Frequently we can' use familiar meanings of wordd to clarify their 
interpretation in a mathematical context. On^ ex^Tiiple of this is the 
word member, as it occurs in the expression, '-member of a set." 

A child often is familiar with the, fact th&t he is a member of , 
his family, or that he is a member of his sc'hool class. . Such instances 
of "member" are quite appropriate to use in develdping an, understanding 
of a member of a set. On other occasions, however, a familiar meaning ■■ 

of' a -lord may not be helpful in developing an understanding of^at 

word used in a' mathemati-cal context. We shiall see' an illustration 
of this iQ the case of the word match. ^ . . 

Special Meanings of Familiar Terms 

In their mathematical work children, will encounter some familiar 
words* that must be given a special meaning --a meaning, that differs 
to* some degree from' one that applies in other contexts. Cbnsider, for 
instance, the interpretation we attach -to the words pair and match. 

Frequently cSldren may be asked to pair the members of two sets 
{in 3Q, far as it is possible to do so) to determine whether or not the 
two sets match (i.e. whether or not one sfet has exactly as many members 
as the other set). For example: 

Set A * Set B Set C 



□ 

O 



In the Illustration on the 'previous page we can pair each member of 

set A with a member of set B, we can pair each member of set B with 

a monber of set A. Thus, sets A and B are matching sets (or equivalent 

sets). There are' as many members of one set ' as there are members of the 

other. But sets B and C do not match (i-.e., they are not equivalent). 

Although we can pair each member of set C with a member of set B, we 

cannot pair each member of set B with a member Qf^^t C (and use 

each member of set ,C only once). 

Here we see that a special meaning is given to the words match and 
- matching as applied to sets. This meaning may differ from the way in 
which children interpret these words in other. contexts.' Similarly, pair • 
and pairing , as applied to members of sets, convey particular meanings to us 



LsCnguage that Contradicts the Vernacular ^ 

We have seen that there are occasions when the mathematical interpreta- 
tion of a familiar term may differ f rotn one or another of its more general 
meanings. There are other occasions when the mathematical interpretation" 
of a- familiar term may even contradict its common meaning. 

Consider these three^ representations. 





of these represents a curve . The curve^at the left has A and B « 
as its. endpoints. The curve in the middle has C .and D as its endpoints. 
The repreteentation at the right, with^ E and F -as endpoints, qualifies 
mathematically as a curve despite the fact that it is "straight." Our 
use of the term curve does not imply the idea of "not straight." 

<t ^ . - ■ 

Here we have a good ^lustration of a terra whose jnathematical 

. 'i" / 

interpretation actually contradicts its common meaning under * certain 
conditions. ' , ^ - 
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Non -Mathematical Terms 



■A 



In teaching mathematical ideas to young children, we must give 
careful attention to their understanding of words and expressions 
that are W mathematical but, which are relevant to their leJrni-ng 
of mathematics. Consider, for instance, several .ideas associated 



with a number line. 



In relation to this number line, the idea of "greater than'\is associated 
With. 'Sto the^right of," and the idea of "less than" is associated with 
"to the left of." Specifically, _8 is greater than 5, and tha point 
labeled 8 is to the right'of the point labeled 5- Also, 3 is less 
than -7, and the point labeled ■ is to the left of ^the point labeled 
7. Thus, itji's crucial that children- be abl6 to distinguish between 
the non-lattatical terms fight and le|t in order to interpret the 
mathematical relations of greater - than and less than In using the 
"number, line." Young children often have difficulty with the right-left 
distinction, but it must be mastered if certain mathematical ideas are 
to be undeJBtood. Therefore, we must give attention to «those non-mathe- 
matical terms that are essential to the development of mathematical cone 
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Unnecessary Terms 

contemporary approaches to the teaching and learning of mathematics 
make unnecessary certain terms that in the past were a familiar part of 
elementary school arithmetic vocabulary. Good illustrations of this ar^ 
the terms minuend , subtrahend , multiplier , and multiplicand. 

Consiaer these number sentences: 3 + 5 =8 and 8-5=3. In 
each instance 3 and 5 are addends , and . 8 is their sum. It is not 
necessary to use one set of terms with the addition example and another^ 
set of terms with the subtf-action example. . ■ ^ ^ 

Also consider the humber sentence, 3 X 5 = 15- In this instance 
- 3 . and' 5 are factors whose product is 15- If we wishno distinguish 
■between the two factors, we may refer td 3 ,as the "first factor" and' ' 
to 5 as the "second factor." There is no need 'for the terms^ multiplier 
and multiplicand. \ 
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Contemporary approaches to the. teaching anJ^learning of mathematics 
have introduced some new terms; on the other hand, contemporary approaches 
to the teaching euid learning* of mathematics have made unnecessary cei*tain 
terms that were used in the past, but freq[uently not understood.' s 

COyCIUDING STATEMENT ■ ■ ' 

Matl;ematics fs a language. The teaching and learning mathematics 
%B therefore, the teaching and learning of a language, * 

The language of mathematics has its unique concepts, terminology, 
and symbolism. In this appendix we have atteniped to highlight some of 
the elements that appear to be particularly crucial for culturally 
disadvantaged children as they learn to use this language effectively. 

If we were to single out any one thing that is^most important in 
this connection, it would be the power of the teacher's own example, 
ClvLldren's learning of mathematics as a language will be advanced in * 
direct relation to the strength of the language model that ydu Xas t heir 
teacher, set. for them. It is our hope that the inservice experiences 
in this course will increase the strength of that model. 
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APPENDIX C 

NUMBER CONCEPTS OP DISADVANTAGED CHILDREN 



DESCRIPTION OF THE STUDY 

•. ^ — -— _ » ■ • 

Observation classes at the kindergarten ^.nd first grade levels were 
e'fltabli shed' for the 1961f-65 school year in Boston, Chicago, Detroit, 
Miami, *-Oal^|Mid, and Washington, D. C, in areae described as economically 
and culttirally disadvantaged. } * 

Th'i^6tudy was based on the idea .-fehat thkre is a dif feijential in J 
experiences prior to school entrance between piddle -class ana lower-class 
children. Studies from a nimber of sources suggest that children from more 



of greater variety in an . 
hildren reach school -age. 



"advantaged homes tend to have had experienced 
organized family setting. By the time th^e c 

they appear to be better able to work in d gfdjup situation, to utilize 
verbal skills, and to deal with abstract. concepts. 



■One aim of the study was to gather infornation' on the stage of 
development of certain concepts relevant to the learning of mathematics " 
in these children at the beginning of the school year and to study, their 
growth during the year. Another ain^^^s to discover ^what mathematical 
concepts caused the children difficu3>ty go that a more effective program 
could be developed for them and to proMde information to help develop 
materials for teachers emphasizing techniques for providing disadvantaged 
, children with experiences necessary to.metke th^ prograra*morQ effective. 

The procedures adopted for gathering the information were varied and 
Included individual and small group te&ting of the^ pupils, weekly reporting 
by the teachers, observations of the classrooms, and four conferences of 
the participating teachers. 

TESTING. ' . 

Individual tests were administered to the pupils in October, January, 
and May. A pencil and paper group test was given in Jtine to each class. 
The class was split into several' small groups to make it easier. to administer 
the group test.. 
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The table below shows what assessments were made and at which testing 
session for both the kindergaften and first grade pupils. 



Schedule of Assessments: Individual Tests by Grade 



\ 


' Initial 1 


Mid- 


-Year 


Final 


Assessments Made 1 


K 


1st u 




ist • 


K 


1st 


Object Recognition 


X 


X 










Photograph Recognition 


X 


X 










Drawlngr Recognition 

f f 


X 


X 










Vocabuljary 






X. 


X 






Visual Memory-Objects 


X 


X 






X 


X 


Visual Memory-Pictures 










X 


A 


Color Inventory-Matching 


Y 
A 


Y 
A 










Color Inventory-Naming 


A 


Y 

A 






X 


X 


■Color Inventory -I dentifyUfg 


Y 
A 


Y 
A 






X 


X 


Gepmetric Shapes -Matching 






Y 
A 


Y 
A 




X 


Geometric Shapes-Naming 






■ X 


X 


X ' 


. Geometric Shapes-Identifying 






Y 


X 


X 


X 


Pairing ^ 




V 




X " 






Equivalent Sets 






Y 


X 






Counting Buttons 


X , 


X 


X • 


X 


Y 
A 




Counting. Sets 






X 


X 


. X 


X 


Rote Cardinal Counting 


X 


X 








, X 


Rote Cardinal Counting by Tens 












X 


■ Identifying Number Symbols 


X 






X 




X 


^Naming Number Symbols 












X 


Marking Number Symbols^ . .. 


X 


X 






X 


X 


Place Value -Naming 












X 


Place Value -Forming 












X 


Ordinal Number 










X 




Ordering 






X 


X 


X 


X 


Classifying 






X 


X 


X 


X' 


> Response to Verbal Directions 


X 


X 


X 


X ^ 


X 


' X 


Attention to. Tasks 


x 


. X ' 


X 


X 


X 


Xv 



In thp space available it is not possible to include all the results from 
each session. An analysis of the results is contained in a separate report, 
of 'the project. 'A selection has been made of those results that highlight 
certain points in the learning of mathematical concepts of these disadvantaged 
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children. The specific areas included are object recognition, color, 
geometric shapes, rational counting and the recognition and \>riting of*" 
number symbols. These are typical of the level and range of abilities 
found in all the classes tested and point out- clearly some of the proiDleras 
that the teachers of disadvantaged children encounter. 

OBJECT . RECOGNITION ^ 

. In this section, the pupil' s ability to recognize objects and to 
recognize pictoried representations of such objects that are used in 
the curriculum materieds, was measured. The child, was .6 ho wn an object, 
a< drawing of an object, and a photograph of an object and asked, "What 
is this?" The number of items and the approximate mean score for each 
of these assessments were as follows: ^ 

Assessment ^ Number of Items Approximate Mean 
,^ Object' recognition 23 20 

Photograph .recognition 10 9 ' 

Drawing recognition , 7 '6 

Little . difference was found between the classes in the disadvantaged areas 

i 

and classes in middle-class areas. --^ 

c ■ •■ 

Objects causing difficulty were different fruit, coins, and string. 
From. TO-20^ of the pup.ile^ were unable to name orange; baPiana . lOff) ; 
penny. lO^t ; nickel 20-30^t- ; dime 20-25^ ; and string 20-hai>.' 
Although many could not name string, they could indicate what function 
it served. ^ ■ - ' ^ . 

Th6 results indicate that most pupils are able to name and identify 
the objects suggested in the text materials for use in the classroom. 

Do not infer from these results/ however, that the. verbal skills 

and experiences of the two groups are the same. It has already been 

pointed out that children from disadvantaged groups will lack many of 

the' experiences which facilitate school learning. " 

, . % ■ 

COLOR AND GEOMETRY " ], 

Children from all backgirounds are able to match the basic colors, but 
their ability .to name these colors and to select a color when given its 
naro are very variable at the beginning of kindergarten. Children from 
middle -class areas are fairly proficient .on these two tasks when entering 
.first grade but children from disadvantaged areas are not. Typical results 
for classes in the same city were: . ^ 
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KLNDERGARTEK 


FIRST GRADE . 


Number of Items 


E 


C 


E C 






5.7 


5.6 , 6.0 


, ■ 7 




5:8 ' 


6.1 6.9 


6 


h.l 


1^.9 


5.3 6.0 



Matching v 
Naming 

Identifying 

[E denotes experimental classes (disadvantaged area) and, 
C denotes comparison classes (middle class).] 

The results from this and othe/^nventories point out the need for 
teachers to be aware of the three-fold nature of many of the .tasks that 
children rau.st learn at these grade levels. » The child has to he ah^e 'to 
match -t^wo objects, e.g., the name "three" to. the numeral "3". and, .when 
given a number name, to be able to s|lect the correct number of objects. 
The assessments showed generally that matching was- the easiest, "t^hen 
identifying,^ and naming the most difficult. . However, by contin\ially 
providing the children with experiences in the three phases, considerable 
improvement can be seen. The results in geometry for the same first 

grade classes from the mid-year to final inventories show this. 

. ■ 



C 





GEOMETRIC SHAPES - 


CORRECT 


RESPONSES 






• 0 

First.' 


Grade 








Mid 


-Year 


Final 




.E 


C 


E 


c 


Matching . 










Circle* 




100^ 






Square 


'96"^ 


96^ 






■ Triangle 




100^ ■ 






■ Rectangle 




100^ 






Mean • 


3.8 ■ 


1^.0 






Naming . 










Square 


■39V 


' 93-^ . 


81^' , 


c93^ 


Triangle ■ 




93^ 


• . 96f 


79^ 


Rectangle 


' 0^ 




50^ 




Circle 




81^^ ■ 


73^ 


89^ 


Mean 


2.2 


■ 2.5 


. 3.3 


'3.1 
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Mid-Year , Final ' 



\ 








n 












Triangle 






100$ 




Rectangle 






11$ 


^$ 


Circle '.' . 




: 96$ 


■ .92$ 


100$ 


Square 


6k$ 


93^ 


' '^$ 


'96$ 


rlfcan 


X .3.1' 


3-2 . 


'3.8 


3,8 



This table shows the gains that pupils in the experimental first 
grade classes were able to make in naming and identifying th^ geometric 
shapes. In both of these tasks, the meansfor the experimental group 
'were lower than the ^leans for the comparison classes in the midyear 
assessment. ■ For the final inventories, the mean, for the . experimental 
:clagses in thesis tasks were at Iqast as great as those for the comparison 
. group. These gains. may be seen also' in the table below which shows the' 
frequency distribution of correct responses for the "same classes in naming 
and identifying the geometric shape. 'It should be noted that although 
the pupils improved, there remained more variability within the 

experimental class . 

• • . . ' I 

NA^D:NG AND IDENTIFYING GEOMETRIC SHAPES, 



Numbfer of Tasks 
Successfully Corapxeted 


Mid. 


^Naming 
-Year Final 


I 

Mid- 


Identifying 
•Year . Final 




E 


C E 


C 


. ■ 2- 


■ £ 


E • C 


^ 0 


.: 6.. 


. Oc 0 


0 


^ 1 


2 


. 0 D 


1 


6 


0 3 


0 


. 1 


■■ ■ 0 


0 0 




13 


2 3 


8 


.8 


2 


? 


: . 3 


3 


9 11 


' 5 


^5 


l: 




k 

V 


0 


16; 9 


,.^5 


. 3 


23 


18 . 2h 



COUNTING MEMBERS A GIVEN SET ' ' 

Several different tasks were used to measure the^p^^l's ability to' 
count given sets of objects and to select .given numbers of objects. Other 
^number 'tasks such as rote cotinting were also included in the alssessments i. 
There is' little evidence to suggesii' however that a child who can coxint by 
rote will 'necessarily be able to count the members of .a set,: . • - '''.-^ 

One task 'pupils were acke'd, to do • vac to count out^ .3 buttons'^ then 
5 buttons,' k buttons, 6 buttons, 8 buttons, T buttons, . and> 9 
buttons. Initially;, the average kindergarten pupil could pomplete 
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successfully only. two' or three of these tasks. At the end of the school 
year, this, pupil could manage about six tasks correctly. Similar 
iraproviement was found with -first, grade pupils from the initial- inventory 
(five to six of these tasks -correct) to mid-year when the average 'was 
almost seven correct. The ^Igre at est 'difference fpund between th^ .experi- 
mental and control^ classes' was the greater variability among students 
in. the experimental classes. 



COUOTING BUTTONS 



Number of tasks 




Kindergarten 






First 


Grade 


Successfully completed 


Initial 


Final 


Initial 


Mid^Year 




E 




E 




E 


C 


E G 


0 


2 


..3 


0 


0 


2 


0 


2* 0 


■ 1 


12 


3 


0 


■ 3 ^ 


'o 


0 


1 -0 


• 2 


'"if ■ 


• 1 


0 


'o; 


2 


0 


0 1 


• 3 ■ .. 


5 


2. 


. 2 ■ 


0 


1. 


. 0 


0 0 


k . 


2 


. .6 


. *1 


0- 


2 


2 


0 • -0 


• • 5- . ^ 


3 


2 ' 


1 . 


0 • 


^ 0"* 


' 5 ■ 


■1 '1 




, 1 


1 


*2 .. 


3 


6 


0 


. 1 




.1. 


6 


20 


1? 


16 


v 21 


-20 2k 



roTmanceXb 



The variabil\ty in level of perf o'rmance^between pupils from dis- . 
advantaged areas was not confined to number tasks but was alsp e'vident 
in other tasks that they were ; required, to do. For example, the^^J§Me 
below shows the. f requency distribution of correct responses on color 
gaming for two classes of first grado* children at the end of the year. 
The number of 'tasks- performed successfully by the first graders in the 
comparison 'group was concentrated near 7> whereas there was a greater 
spread in th9 experimental group.: .This is reflected in th'e standard 
deviation of 0.? for the experimental group arid of 0.1 for the .* 



compari son group . 



Number Gorrect 
■ ' 0 

■'■ 2 

■ t: ' 

3 

5 
6 

7 



NAKING GOLORS ' 
!First Grade ' 
■ ' Experimental'- 

. 1 • 

' 0 

0 - 
.0 
'3 

:;-ia : - ■ 



Gomparison 

■ ...o 

0 

0 . 

0 

1 

■ . .5 1 ' •■ ■ 

■ ■■■:v26," 



RElCQGNITION AND WRITING NUMBER SYMBOLS » 

First grade teachers oft^n assume that most o/ their pupils can 
recognize, name, and also write many of the numerals when-they gtart 
first grade. However, children in disadvantaged areas .will generally 

nbt be'/^ble to 'do any of these tasks well, as the following two tables show. 

• *■• ■ • ' # ' • • - 

• RECOGNITION AND WRITING NUMBER SYMBOLS - PERCENT - CORRECT 
/ ~3 



Numeral 


Recognition 


. Write ■ 




E 


c 


E 


C 


0 . 


19 r 


100 






i". 


83 


100 


he 


79 




76 


100 . ;■ 


2k 


TLOp ■ > , 


■5 




100 '" 




..•ipcT;!-:' ."^ 


6, 


■ . 65 


100 ' ■ ■ . 


• 3i 


' '89' 


T 


. • 69 '- ^ 


a'o'o ' 


2k 


68 


8 • 


, 69 


100 




89 


- 9 " 


59 ■ 


100 


' Ik 


79 



In identifying these number symbols, the meegi percent for the experimental 
group was 75 an si for the comparison group, 100. In writing the number 
symbols, the mean percent 'was 29 for the experimental as against^ 86 for 
the 'comparison. Here again, there was greater variability in tije ej^jDeri- 
mental grotip as can be noted -in the table for the frequency distribution, 
in recognition (identifying) of number symbols, the standard deviations '.v-- 
are '2.9 f;Qr" the experim^.i^tal group and 0 for the comparison group. ' 
In ^writing number symbols, the standard deviations are .-.2.0 for the ■ 
experimental and I.3 for tTie coH^arison. , • 

' FREQUENCY. DISTRIBUTION . ' ■ 
Number Correct • R|£OgniJioij .. Write ■ 

'■■ ''':'r'.''^c- E • c ' ^ ' 



Although the reitognittDn and writing of •♦riuinerais; are'-NOT' • 

• to the understanding of mathematical, concepts, these 'sore" skills, essentifed^ '^ 
■ for comniunl eating mathematics ideajs '.land concepts, ajid.th'e ohild^whis.' -" , • '^-^ 

lacks them will be handicapped for if ut^ire ".'learning; V" • ' ^ 

-'^All the pvpiis will need additional practice in writing nuiperaXs/ ' 
hu^. thi9 practice. should not be given-until they have ' an understanding . of 
*the elementary concepts of number. It 'cannot be assumed thiat if\ cMldr.en 
cto recognize. 'the numerals they can write them. This can' be s^eir in;the 
difference between the means' mentioned above.- The children wiXl'nee'^'^a- 
great deal" of careful practice which can be given independently '.of; the 
' mathematics lesion. . ■ •• ,;• : 

In the 6arly stages an. adhesive number line- attached to; piipiis* \ \ ' 
desks is a very us6ful-..aid ,dsvthey can uWe it . whenever 'they;, need-^ 
Even with number lines .on their desk* there may; be s.ome' pupils who,..wlil- '■ 
.not be able to form the- -numerals correctly, e.g.',' "T'V, idn'jje made .-.as"" 

• and "9" as "c)i^ 'arid the pupils will need- additional' assistance".'. 

'oteral discussion " ' ■ . ' . ' ' 



' : 'One ■ fact that clearly, emerges from the asse'$sments .mad% this year 
is.' that, it was difficult, to" predict f rom ,the initikl'test what 
development and progress a pv^il will make during the; year. Some pupils 
whose scores on the- initial assessment were low, p:pogressed very rapidly; 

. others did not. All pupils' djLd make progress but <fLt 'Variable- rates . This 
. is one of the major probleD^s',' that confronts the te^cl^esr of, disadvantaged 
children. The range q^^. abilities, in these'-.classes |s\ Mch wider than 
found in classes.of middie-ciass ch^Lldren, as has already been notedv / 

A technique which thfe teachers found useful tl|i;i,si^>]jrear was. to/ pb serve 
carefully threte selected pupils ea'ch day..^ ^ese syitenjatic observations 
gave the teacher valuable information abol^ the str|ng-t!]^s^ weaknes-sfes 
and difficulties of ' each p\:^j|, f^d enabled her tp char1^|t/;hanges in his 
level of performance, 

;. ■ Jn attempting to meet |Hip vairlability, some teacl^ers grov^e.^, >^V^i 
pvqpiis for instruction as ii'^^e^^^^^ in reading, ^Wle others kep^^. 
the class as a unit but provid^^^ which to^k^lntp accpu'-"-^ 

the different performance levej;p;w the pupil If grouping -IJ^J^ed, ' 
it is^ e'ssential to move an indiviffl^ 'from group to groi^) ^j^^ changes 
^.,in his' level of p e rf o rman c>?*' gjfe^^ ^c c e s s of any method depends upon 
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the pupils being able, to use blocks or other "manipulative, material -tik-- 
do their work sheets -while , 'the teacher -works jdth. a .small gtoup or , ' 

an individual, ' • ■ ••' ■V'. " ' 

:. .. ..• .. • [I: : - . % •. 

As yet '.there ai'ei- no ''adequate 'mfiiterial$ tior work sheets that will keep 
€tEl of the pupil3 fully and prof itably. engaged 'at; 'all times, ' This is a 
^problem and challenge that each *teache.r must, .face . ; How a great deal 

CBxi be done and great deal more cah*!';be''J.eapied if each teacher tries 
'a variety of- approaches and reports her successes^ and' failures . • ' ^' 



ANSWERS TO EXERCISES r.^/;: 
' CHAPTER 1 ' ' 



a. (Wednesday}^ ' . . ■ ' ' 

b. (pitcher, catcher, first base, second base, shortstop, third base, 
left field, center field, . right field) • ' 

c. '(March, April, May, June, July} ^ * 

d. { } or '0 ." '^ • 

e. Answers will vary. Example (5> 6, T)\ \^ 

f. (Tokyo, London) * : 

g. (red, orange, yellow, green, blue, indigo, yiolet] 

a. (i^-9th and 50th states of U. S. A.) ' 

b. (things little boys are made of] ' 

They are all members of the cat family. 

a. Not equal. 1? and 71 ' are names for different numbers. 

b. . Equal. The sets^are the same. Order makes no difference, 

even though it would be mere natural -to write (b, u, n, d, 1, e]. 

c. Equal. The same elements are listed; order is irrelevQint.. 

d. Not equal, (zero) has a single member, as opposed to*'J ]| whicK 
has none, (peacocks native to the North'Pole) is the ^mffty set. 

e. Not equal'. The members are" different 

•f. Not equal. These two sets each have single members but they are 

--not the same member. vJ^r^" and "era" are not name"§ for the 

■ ' ■ ' 

same thing.^ ' 

g. Equal. "'Remember:^ 'Elements are not .listed more than once in a set 

a. False. 3 is a' yember of (1, 2, 3)- The braces must be used 

c to indicate set. A correct statement would be: "(3) is a 'V 
subset of (1, 2, 3)"- . ^ * 

b. True, (ego) is a subset because all of its members are^jg^fetj* ^' ' ''^ 
..mlWrs oX (ego, je, I), . '^v- 
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. c. True. Any set equals 'itself, and every set is a subset of itself. 

■ .^r False. There are birds that are not hens, a.roosteir to name one. 

. v It vould be correct to say {all hens in. the. worlcj}. . Is a subset' ' 
. ' .of {all- birds in the world}. r. v . ' 

6. a. {rose, tulip, jdandelion} or any subset of this. • 

b. '{bee^' beetle} or any of its subsets. • : ■ ' . 

c. {o}. Some may consider {beetle} but the spelling different'. * 

% ^ CHAPTER 2 v . 

1. a. A has f ^wer members than B ■ 

. ■ . . ■ 

b. C ■ { co>, treey. blimp}, .l : 
. D = {dirigiSle7 t]?unE7'm^^ " . 

Answers may vary. 

2. Z, X, y in increasing order, 
y, X, Z fh decreasing order. 

3. Mary is taller than Andrea. • * " 
V. Q has more members than P. 

5. a. . and c» only. '" ■.•'v'-.V.-^' ' ■ . 

:>To show the 1-1 correspondence," natural pairing would 
asso^ciate each person and his brain. The question of what is 
■ mfeaWt by "functioning" brains may enter into consideration.. "y. 
Depending on the answer to this, it Vmay be that there is no • ' 
1-1 correspondence. v>. j 

b. This is not .necessarily one-to-pne. Some people have social 
security number's and don*t file income tax returns. There 
are many joint income tax returns filed. Corporations file 
returns but have no social security number. It is conceivable 
that 'these two sets might be equivalent, although the natural 
pairing would not show it. 

c. E is the empty set and' so i^ ; F. ■ Therefore, E and F are equal. 
Every set matches itself , . V;*.; : : ■ 

d. G = {seeingy. 'tearing, tastin^y'''smelling, touching}, 
H = {5}» ihese.^se-Hs are obviously not in 1-1 correspondence. 



33^ 



330 



60 A is equivalent to B. . . ^ 

. The members of A and ' B are in 1-1 correspondence. The members 
. of A can be paired Td-th those of B with none left over. 

.; ^ ; CHAPTER 3 

1. a, • 1+ 1 c. 1 1 
'd,' 2; the set is (d) e). 

e, 1; (the vowels in "bureau") = (u, e, a). However, this set 
is (the number of vowels in "bureau") which is the single, 
member set (3) whose number property is 1. 

'f. .0; there are no counting numbers less than one, so; this is 
the empty set. , . 

2. ,N(A) =: k N(B) = 3 N(C) = 0 N(d) = 3 ' ' 

The relationships are: 3 = 3 0 = 0 l+slj.* 

^ ^ > 3 3 < ' . . 

k y 0 o;< 1+ ■ . .. 

3 > 0 0 < 3 / ■ 

Some statements can be combined to'form^two others: 
0 .< 3 < ^ and • i+ > 3 > 0. - 

3» Take a set of wide and narrow objects of the same kind. Put 

the wide ones in a set -by themselves and reject the narrow ones. 
Repeat until the 'idea gets across, refining distinctioris to 
indicate the relativity of "wide" and "narrow" to some standard. 
This is an iristemce of sp^ecifying sets according to the property 
you wish to convey. > ' • 

Answers ma^ vary. The elements may be ordered alphabetically; they 
may be ordered according to the evolutionary development of. man: 
(amoeba, fish, lizard, ape, man). 

5. (1, 2, 3, ^, 5, 6, 7, 8, 10, 11). The number is 11. J.t is 
now written. as a standard subset of the counting numbers whose 
number is determined by .the last member of the set. , * 

6. a. Finite; 10_ 

b. Infinite 

c. Infinite 

d. Finite; I5. (Recall that "natural numbers" is another name 
for "counting numbers".) 
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a. Ordinal; %ie chapter; not the quantity of three chapters, 
is referred to, namely, the third chapter. 

b. Cardinal; 50 states are mentioned, not the. one which 
"is ^fiftieth. 

c. .Ordinal;. J-O66 suggests one year, not one thousand sixty-six 

years. It happens to be the one-thousand sixty-sixth year in 
the set of years A,. D. • . 

CHAPTER k 

a. 'a U .B = {1, 2, 3,^, 5} . ■ 

A n B = [1, 3, 5} 

b. If . B is a subset of A, then A U B = A 

c. If B is a subset of A, then A Pi B = B 

The empty set is a subset of any set so if A ^is a set, 

A U I } = A and A n ( } = ( } ' ' ' 

I 

The cake-mixing operation is not commutative. 

a. Assaciative, ' ^ 

b. Not associative; although the result may be that all items 
would be consumed, iit^ is likely that mixing mustard with 
coffee may result in abandoning the meal. , 

c. Associative. ' y 

d. Not associative; putiting, fire with water first, the final 
mixture will not ignite. 

The intersection consists of common elements of both sets; the 

r 

union contains all members of both sets. 



Five vertices. 




AB is the segment with A and B as endpoints. a3 is the ray 
-with A as endpoint and B a point in the ray, is the line 

containing the points A and B. , 
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Infinitely many different, lines ,may contain a certain point; only 
one line contains a certain pair of points. 

i 

a, Id, and c are all true. 

Any segment contains the endpoints. If ^ is divided at say, • 
the division point either belongs to the segment containing' P or- 
ta the segment containing Q, If R belongs to. both, then 
M U RQ = ^ but PR and RQ are not disjoint. If R belongs 
to. PR, then the sef of points in ■ RQ without, R is not a segment. 
Crucial to the argument is that for pointsH^s-srline, there is n© 
very next point; so if R belongs to PR, there is no next point 
. S to specify SQ. so thk^fR U SQ = PQ, 

a. In this closed curve, eacjh point is between the other two; there 
is no one point that is iietween the others, 

b. No, as noted in a. ab/ove. 

a. The initial point and thb-texiQinal point.' 

b. A closed curve, as for example, formed by the shore line 'and a 
ring of blockadiVig armada. 

c. A closed surface, as for example, determined by effective range 
of antiaircraft defense -network. v .' * 

d. A closed surface with the sea surface as one of the boundaries. 

The .point associated with the larger number is to the right. 

a. Grades 'l,...2, 3- Closed curves, is a. section title in Book 1 
(Chapter V-2), Book .2,' (K:hapter Ill-i^-), ' and Book 3,;/ 
(Chapter 1-3). '.' ' :■: ■ ''''^l'/ ' 

b. Curves as a/basic; cori'cept for closed curves is-. a topic; in^'^', 
Book K ( Chapter . II j. Topics using "the basi,c ^cOncept^*^ of . 
closed curves are, for" example, polygons, Book 1 (Chapter V-3); 
triangles. Book 2 (Chapter III-5); Book '3 (Chapter 1-3,1-5,111-^^) 
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CHAPTER 6 



a.i 




> 


b. 


< . : e. 




c. 


< ■ f. 

( ■ 




a. 


8 • d. 


39 ^ 


b. 


20 . ' e. 


65 


e . 


38 f , 






CHAPTER 7 




a. 


1^ d. 


60 


b. 


17 ' ' ' e. 


60 


c • 


23 " f. 


23 


c 


and f; d and e; because addition, of whole numbers 


a. 


Identity Property 




b. 


Associative Property 




c , 


Commutative Property 


6 


a* 


7 c. 


b. 


23 d. 




a. 


Commutative 




b. 


Identity 




c , 


• Associative 




d. 


Commutative 




e . 


Identity 




f . 


Commutative 





CHAPTER 8 



1000 addendjB 



1000 X 3 = 3 + 3+ 3 + 3 + ... + 3 = 3OOO. This expresses 1(300 x 3, 
By the commutative property of multiplication, 1000 x 3 = 3 x 1000, 
and 3 X 1000 = 1000 + lOOO + 1000 = 3OOO. 

a. 1^ X 5 = »20; . b. 3x2 = 6; 

c. 2 X 1^ = 8 ; " c. 3x3 = 9 
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3 





red 


. 'orange 


yellow 


green 


blue 


red 


^redy • 


Grange 
.red 


yellow 
red 


green 
red 


blue 
red ^ 


y^ellow 


red"^ 
yellow 


orange 
yellow 


/^ellow\ 
(fellow/ 


green 
yelldw 


blue 
yellow 


tJlue 


red 
blue 


orange 
bljtie 


' yellow 
blue 


green 
blue 


/^SlueN 
(^lue; 



15 possible- results. 



If the car must be two-toned, there are. only 12 choices. 



flared 
s]iJ.rf 



straight 
skirt 

















'■ — ' 





























Sweater, col-ore 



skirt colors 



ho different ensenibles. 



a. n = 32 p'= 12 ; q = 20 

b. yes ; c. yes 



The star pattern does not; give* 5 ' dlsjq;.n^ sets with h members 
in eiach set. ^ I 

' "v. 
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8. 20 X (28 + 11 + 11) = (20 X 28) +4-go X 11) + (20 X 11) 

= 560 + 220 +220 ' [ 

= 560 + hho 

= 1000' ^ 

or 20 X (28 + 11 + 11) = 20 X ( 39 + 11) . 

= 20 X (50) ' . 

• = 1000 

9. a. (5 X 2) X {h X 3) X 1 = 10 X 12 = 120 

b. (125 X 8) 'x~t7 X 3) = 1000 X 21 = 21,000 

c. (250 X k) X {ih X 2) = 1000 X 28 = 28,000 

fl 

10. Commutative property under multiplication. 

11. a. 3 X + 3) = (3 X + (3 X 3) 

b. 2 X + 5) = (2 X + (2 X 5) 

c, 13 X (16 + = (13 X 16) + (13 X 
a. -(2 X 7) + (3 x,7) = (2 X 3) X 7 



ERIC 



1. c = ( O, c[] , ^) 

Joining C to B yields B U C = A . 

2. A.B = ( O, □ , V , 13, 0, 0 } 

3. 6 .. 



h, B = ( 



A, ©, ^, O ] 



- v." 



' ~ o Jo 



5« i—, '■ — 10 -M 

I — 10 -. 3 H 



. 3 -H 

0,. ,i 2 3 J* 5 6 7 8 9 10 



' - 7 + 3 

6. 



I — 9 



> 01*3 5 5^*59 lO**/ 
»— 9-6-« ^ 



0 1 2 3 ' 5 6' 7 § 9 10 
^^6-3 -^^^ 

"^•^f 6-3"^ 
H— 9-J6.3) • 



7. Subtracting 7 from the sum. ' 
Adding 8 to the difference. 



8. Let A = ( O , A , □ } and B = (a , b , c) . ' ' { 
Then 'AIJB = ( O , A , □ , a , b , c) 
and (AIJB) - B = [ O , A , □ ) = A . ' 

If A and B are not disjoint, the sets (A(JB) - B and A are 
not equal. See example. 

A = (a , b , c , d , e} ; B :;^;;(a , d , g , J} . 

AUb'= (a , b , c ,'d , e,, g ; J) . 

(A(JB) - B = (bt , c , e) , which Is a new set. 
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'.^ CHAPnER lb . • 

■ 

a. n.= 20+5>ncU d. n=72+9;n = 8 

Id. p = 28+li;p=:7 .e. n=:6i^+8;n = 8" 

, f No division sentence can be written. Division by 0 is 
undefined, q X 0 = 0 is true for any number ^. 

a. Rectangular array with. 7 rows and 6 columns. 

b. Disjoint subsets, six with seven members each. 

blither interpretation is equally valid. There maybe slight' 
preference in thinking of disjoint subsets in b, sin^e subset 
of seven members each" ar^ specified in the packaging. ^ 

The nmber 59 is a prime number,' so.no rectangular arrays can 
be formed other th^n one with a single row or a single column. 
Sixty members allows many rectangular formations since its factors 
are 1, 2, 3, ^, 5, 6, 10 12, 15, 20, 3O, 60. 

No. 15+ 5 / 5; +15- In fact, 5+15 has no meaning in the set 
of whole, numbers . , ,. 

a. 2 X 6 or 3 X li ■ 

b. 2 X 18 ; 3fX 12 r ^ X 9 ; or 6x6 * ' 
c*. Prime ' ^ 

d . Prime 

*» , 

e. 2 X 1^ ^ 

f. Prime 

;g. 5.x 7 • 

h . Prime . 

• i. 3 X 13 ■ 

' j . 2 X 21 ; 3 X U ; or 6 X 7 ' 

^k.' 2 X '3 

1 . Prime 

m. ^ 2 X 1.1^ ' ' ■ ^ 

n. 5 X 19 ' ... 
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a. 


3 X 2^ X g:;X'''^!^\!'i;, 






b. 


3x7. 


■Hi •' ■• 
U . 




c . 


3 X 


3x7 


\ • • 




d. 


a X 


3.x''3 X 5 






e . 


2 X 


2x2x2x3 


X 3 




f . 


2 X 


2x3 






a . 


1 ■ 








b. 


1 








c • 


2 








d. 










e . 


1 




■ V' 


, . 


f . 


k 








6- 


3 






\ 


h. 


8 









3. 
5. 



If A = then a5u C^" is a point; if - .A^'^'q r?^h6n the union 
is a segment. . .... • 

AB is the segment with A and B as endpoint^i^' , 

is the ray with A . as endpoint and B a point in the ray; ■ 
is the line containing the points A ,and B. ^• 

^PQR; ^PQS; ^PQT; ^RQS; ^RQT; ^SQT. . 

a/ c ^ 

a, c, d — . 



CHAPTER 12 

2 hundreds + k tens + 6 ones or 200 + Vo + 6 
1 hundred + 3 tens +' 9 ones ^ . 100 + 30+ 9 
3" hundreds + 7 tens + 15 ones ' . 3OO + .70'+ 15 

3 . hundreds + 8 tens~^ 5 ones = 385 .3OO + 80 + 5 

or 2h6 ^ 
139 

15 

70 
300 



385 



' 7 hundreds;. + 7 tens + 7 onee or 700-'.+' 70- + 7- 

-9 hundr^egsJ^V 6 tens + 4 'ones ; 9Q6*+ ■ ■■■66 + h 

16 hundreds +/i.3 tens + 11 ones ,. ^ • IbOO +...i30 + 11 

17 hundreds ^' /Vi'tens + 1 ones ='17^4^1 17Q0. V ii-O + 1 = 17I1.1 



or * 777 
96k' 
. 11 
130 
1600 



■^'.hun'dreds f 8 tens + 6 ones or. hOO + 80 

7 hundreds + 6 ten6 + 6 ones 700 + 60 4^ '6 

11 hundreds + 1^^ tens + 12 ones 1100 ■+ 1^4-0 + 12 

12 hundreds + 5 tens + 2 ones = 1252 

• ■ ■ , ■ ■ •<■■•• 
or 1^86 ■ , 

' 766 ... , . . >' 

■ 12 : ' . V 

.V' 1100 . ^; , ..^ V ■• , . • ■ ■ ■ 

[^,\ , 1252 -^^ -Vsii/^^''-^ 



>7 hundred^;',tv7'^iens •+^^ onej^-'^'' * ^ 70 

■9 hundredS!:,4>v2 .tens + 6 ones '* " ' ' 900. + 20 + 5 

16 hundreds .+ ,9' tehs + 10/ones / .'^ 0.1600 + 90 + 10 

17 hundreds + b'.tens + 0 ones.= 17OO 1700 + 0 + 0, 

or nh 

926 ■ . . ^ 

10 . ' . . • . V.' :.- . ■ 

90 . ■ • 

■ 160O ■ • . 

.1700 ' ■ . ■ 



7 hundreds + 6 tens'+^^'^ones = 6 hundreds + I5 tens + ik ones 
1 hundred + 9 tens + 9 ones = 1' hundred + 9 tens + 9 ones 

5 hundreds + 6 tens + 5 ones 

or 700 + 60 + 1^ = 600 + 150 + Ik 

100 + 90 + 9 = 100 + .. 90 + 9 

• ' - 500 + 60- + 5 = 565 ' , 



b. k hundreds + 0 tens + 2 ones - J. hundreds + 9 tens + 12 ones 

1 hundred -f 3 tens + .8 ones .^. 'i hundred .+ 3 tens + 6 ones 

, ..;,y«J:f/nuncit;^ds^^ tens + k ones ' 

or kOO + 0 + 2 = 300> + .^0- -^'l^- '''' '''' .ll^ ■ ' * 

100 + 30 + 8 . ■.^^■ abQ;.4>.3Q':+ :s 1.<r':'.:'^.-' 

c. 7 'hundreds + 1 teri + 0 ."pries- = 6 'h^^^ + lo tens + 10 on^s 

2 hundreds + 8 tens + 7 ories /^' 2- hundreds + 8 tens 7 ones. " 

; ,^ ./^. .hundreds + 2 tens + 3""oEe? 

or Too + 10 + 0 = 600 + 100 +.lo 
200 + So + 7 ^ = 200 .+ Bo :+■•• . 7 . . 

^ koo + 20 +." .3,.F k23 . 

d. .8 hundreds +, 0 tens + 0- ones yj- Jiundi-fe'ds' + 9 tens ■+10 ones' 

3 hundreds + 9 tefaB + 6 ones = 3 hundj^ljds .ten^,+ 6 ones 

' .-'v' . / ■ ..^^ hundreds +S^tens + i\. on6s. = 

■ ■' ■ ' ^ - .'J' 

,■ • ..'or 800 + ' 0 + 0 = 7qo + 90 4- 10 ' ' . . ' V 

: ; - 300 .+ 90 + 6 = 300 + 90 + 6 " ^ 

f ;-f--^926<= (700 V70*+-^4it.^t:^^^ ■+,^) .^J'r:' ■ ' . ^ 

V -;y-^.v-'/ ■.■* ",. ' ■ -,. ■ . ' 

806- 396* = 800. - (300 + 90 + '6)- • 

. , ;>^.tT06 + .90 + 10) . (300':1:;^^\+; ^) , \ -^V: - 

;;- =:;;(7oq..-,3oo) + (.90 - 90) .^;;(iou";^^^ . ■ 



CHAPTER i:^ 
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a, 

c. 
d. 
e. 
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1 \' 


f. 
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g. 


3 
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h. 


h 
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1. 


6 


■ J. 


•"lo • • - 



3 
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g. not ari^Jiproprlate model' 



6 



a. 



b. 



.'12 1 ^ 

^-2 ¥ ' S ' c ; 



° ' 3 ' ^ ' 3 



le^s than, since B ^ lies to 'the left of p vhlle 1 lies to. 
the right of 0 . >' ..' 



1 2 
2 



11 
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.0 



.1. • '2 
' ' ■ ■ I r I I I I . » . . 
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f -f 



I I 1 I I 



a 5 
-La. 



£3- 2S 
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X 12 -7 .. 1H2 2 

12 ' 13.- ' las ~7~' 3 



a 1-^1 

^' 25<25; 

2ll..<25 



B >-5 
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CHAPTER 1^ 



SinQ^ segments have two en^oints, it is quite possibl^for theft 
n#t to interSect and yo^; not lie in parallel lines. AB and. CD 

illustrate tvo segments vhich 



•A 




^fhe line; a point 
Model construction 



a. 6 ; 



8 ; 



2 'X n 



satisfy the. conditions of lying 
in the same plane and not inter- 
secting; hovever, they are not 
parallel. •■ 





or 



if the plane contains 

■the lihe of center 
a. ; b. • • 

c. does not have to be. When the 'quadrilateral is not convex, 
: the '"pyramid ..Is., npt. :: _ 



aS" contains the point A ; A is in the angle, not in its interior. 
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These answers are illustrative; others, are possible. 

a. (30 + Iv) or 3^^ , b. k8 or 48 

X t - ■ . X ..7 ■ . X 6 . X 6 

210 +2b ■ ^ ■ 25S 

230 + 8 = 238 ' 210 2k0 . 

, 239 ■ . 285 

c. (20 + 8) or 20 8 180" , 

X > 9 ■ ' x- g- x9 + 72 
ibo + 72 180 72 252 ^ 

25a + ^2 = 252 . 

d. or ^k ' " 

xj - ., ■ X 8 ■' 

. 32 ., - 1g2 ■ 

1^0,'. ■ . \ 



38 = (6 X 6) + 2 ; also, 38. ♦ 6 = 6 | = 6 ^ 
99 = ( 2l^ X If) +.3 ; also, 99 ♦ k = 2k | 
125 = (15 X 8)(+^5 ; also, 125 ♦ 8 = 15 | 
d. 8k = (28 X 3). ; also, 8if ♦ 3 =■ 28 



a. ■ 7f35^ b. 

28. 




7[W 71351 
28 - 285 




^2 "52 • T2 

56 56-^-56 



/. 3i^2, t.7 =>8 I ^- .31^2 = (W X 7) + 6 

n X ^ a in order to assure that the multiple of b is less 
than or equal to a . 

If n X h a J the subtraction would not be meaningful. 

^ ^ .. ♦ ' ' ' - ■ 

r < b in order to be sure, that n is as large as it can be. 
If r = b ,'the quotient would be one more than n ; 
if T^p b , the quotient would be at least one more than n 
wilth or without - a. remainder. » 
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CHAPTER 16 



d. and e. only 



a. one pound ; 



b. 18 ; 



c. 18 pounds 



.a. 9 chalk pieces; 



b. 



9 ; 



c. one chalk piece 



c. 



and e. only 



a. 1 / 1 , 1 • ■ 

b. I15 ; ^ 

c. h is' not the sum of the measures of the sides in feet.. . . 

d. The .measure of a perimeter of a polygon is obtained by the 
measure of a segment which is the union of non-overlapping 
segments congruent to the sides of the pgrlygon. Each side 
of the triangle is longer than one foot, and therefore the 
errors account for the extra foot in the perimeter. 

The measure of CD is 1 . The measure of W is 1 . No. No. 
Congruent segments must have the same measure, regardless of the 
unit. However, segments may have the same measure without being 
congruent. ^It is necessary, however, that with reference to some 
unit, non-congruent segments must have different measures. In 
the' case of and W , the measure of CD is 6 and the 

measure of ' W is 8 if the unit Is Q — H 
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GLOSSARY 



Mathematical terms and expressions are frequently used with different 
meanings and connotations in. the different fields or levels of mathematics. 
The following glossary explains some of the mathematical words and phrases 
as they are used in' this book and in the K-3 texts. These are not 
intended to be formal^ definitions. More explanations, as well as figures 
and exaii5)lesy may be' found in the book. 



• • A ■ 

ADDEND. If 8; is:':the sum of 2 and 6, then 2 and ^ are eac}i:- • 

an addenGl'.',Qf'-' 8. ' :> . v- ^ 

ADDiriON. .An operation on two numbers, called fiddends, to obtain a'linlque 

third number called their simi. 
ALGORITHM. A i^ume.rical expression of a computation using propertiee .pf'; 

addition;: and multiplication and cljaracteristics of a system of J ,; 

numeration to determine the standard name for a svm, difference, 

product', or quotient. 
.ANGLE, The union of two rays which have the same endpoint but which 

do ncri-;lie in the same. line. ■ , " 

ARRAY. An orderly arrangement of rows and columns which may be used as 

a physical model to interpret ^tiplication of whole n\imbers 

For exaniple, 

\ column 

♦ ♦ # * 

row C* * * ^ ' ' 



V 





A rectangular array is Implied by ARRAY unless otherwise specified. 
AS MANY AS; AS MANY MEMBERS AS. If two sets are equivalent, then one 

set is said to have as many members as the other set. 
ASSOCIATIVE PROPERTY OF ADDITION. When three nunibers are added in a given 

order,, the svmi is independent of the grouping. That is, for any 

three numbers a, b, and c, 

, (a + b) + c = a + (b + c). 
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ASSOCIATIVE PROPERTY OF MJI/TIPII CATION. When three numbers are multiplied 

in a given order, the product is independent of the grouping. That 
I is, for any three numbers a, b, and ^ c, 

>, • (a X 1}) X c = a X (b X c). 

.-i . 
t 

'* 

\ 

B 

BASE (of a 'geometric figure). A particular side or face of a geometric 
figure. For example, the base of a parallelogram is one of the 
sides; the base of a square ,,pyr amid is the face that is the square . 
region. 

BASEv.(of«' a numeration system). A basic number in terms bf which we affect 
groupings within the system. Ten i^the b^se of a decimal^ system 
a'n^;.two is*'' the base of a binary system. 

BASIC ^ACiS (addition, miatifMcation,; subtraction, '"^ Basic 

addition and multiplidettlon^ which express two 

names for the suniij^^arid '^i^oSu'^ts^^o pairs of whole 

' numbers less than .lO'7'''Oiie^uame expi^Sfee$-the-v^^ product, 
using the ordered pair,. The othe^rv.name expfesafe^s the sum or 
product, using the standard nmety:f:0t'eX8^ U = 6 is 

a basic addition fact: 3 X 1^ = 12' is ' a'bal^'c/vmlatjipli 
Basic subtraction and division facts express the Sif f e-r^riiGe^ ;ana 
quotients for any ordered pairs of whole numbers a and b, 
such that a-b = c if c+^b = a and a -f b = c, such that 
c X b = a, where b * dnd c are both whole numbers; less tha^ 10. * 

BETWEEN.. If a curve passes through three points A, B, and . C, 

^. ■ ' ■ 

. B 




then B. is between^ /\ and 
is understood that the curve 

If for three numbers a b, 
b is between a and c .-^ 
BINARY OPERATION. See OPHRATION.- 




C When a curve is not specified, it 
.is a line. or 'a segment through the .point 

and c, a <^b and b < c, tiien 
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CARDINAL NUMBER. See NUMBER PROPERTY OF A SET. 

CARTESIAN PRODJCT.* If/ for two given sets, A {a, c) and B = (1, 2}, 
then the Cartesian product (product set) of A and B. is expressed 
A xB = i(a, l)/(a, 2) (b, l), (b, 2), (c, l),. (c, 2)}. 

CIRCLE. The set of all points in a pl'ane which are the same distance from 
a gjven poinl^. Alternatively, a circle is a simple closed curve 
" having a point -0 in its interior such that, if A and B are. any 
two points of the circle, .OA is congruent to^ OB. 

CLOSED CURVE. A curve whose starting and endpoints are the same. 

.CLOSURE PROPERTY of WHOLE NUMBERS UNDER ADDITION. When two whole numbers 
are added the sum is always a whole number. 

CLOSURE. 'PROPERTY OF WHOLE NUMBERS UNDER MULTIPLICATION. When two whole 

numbers are multiplied the -product is always a whole' number. 
COLUMN, See ARRAY. * . ' 

CCMlUTATrVE PROPERTY OF ADDITION. When two numbers are added, their sum 
is independent of the order of the addends. For'^any two numbers 
a and b, a +,b.. ==. b + a. /-' ,' - 

COMMUTATIVE PROPERTY. OF' ifeLT^^^ When -two * numbers are .mul-^^iplied, 

their pxotiuGt 'j.^ linSepehdent' of the order of the-.factcJrs. 'For any, ^ 
■ *•' \'>V:'^^o 4^^^"^ and '.-b, a X b = b X a. 

VGOMPLEMEl*!' OF See REMAINI^p SET. 

COMPLETE FACTORIZATION. Factorization -of a number into its prime faWors. 
For exan?)le 2^^- = 2 X 2 X 2 | « 

DS-ITE-yNUMBER^ — Ai i y cuu t i Llr i^ n u mbe r u l he r than — 1 — t liat in iiuL^a 

pAme number. 

CONGRUENCE. The relationship' between two geometric figiires which have 
exactly the same si z'e and shape. . 

COORDINATE. The number associated vlth a point on the number line. 

COUNTING. The pairing. of objects in a set with the numerals in the 
equivalent standard set. 

COUNTING NUMBERS. M^bers of {1, 2, 3^ ^, thdt is, the, whole 

numbers with the exception of 0. , 



349 



CURVE. A curve is a set of points followed in going from one point 
to another. 



DIFFERENCE. The humber which is assigned to an ordered pair of numbers 
under subtraction, k is the difference of *6 and 2. 

DIGIT. Any one of the numeralsj^in set (0, 1, 2, 3, 5, 6, 7, 8, 9l« 

DISJOINT SETS.- Two or more sets which have no members in conpon. 

DISTRIBUTIVE PROPERTY OF MUI/TIPLICATION OVER ADDITION. A joint property 
"of multiplication and addition. For any three numbers a, b, 
axid c, then 

aJK (b + c.).,=: (a X b) + (k X c). 

DIVISION. An operation oti two num^bers^, a and b, such that a +b = n 
if . and only if n X b = a. 

DIVISOR. A factor of a number is a divisc>i? fdf-j^thay.;^ For example, 

since' k X 2 - 6, h and., 2 are factors (divi'-^ofs) of 8. 



^EDGE. The intersection of two polygonal .regions .which are faces of the 
surface 'Vpf '-j^^^^^^ two' faces; ■meet;.. is an.. edge of the solid. 

."■V Jbriiiyiihde^^ theV boun'daiy^^QC''^ edge. . 

ELEMENT.' See MEMBER. ^ ' ' ^ . J' " 

EMPTY SET. The set which has no members. 

EQUAL. - -As B - means- that-.- A and B are names, for. the same thing., 

For exeimple, 5-2 = 3 expresses two names for the difference 
of . 5 ■ and 2; also; A = B if A. and B are sets consisting 
of the same meiiaberls. .' 'r"'.^^ 

. v - ■ I ■' .. I- .. ' 

EQUAL SETS. Sets wWLch.Jiave exactly 'the , same members. 

EQUATION. A sentence which expresses an equality. Open number, sentences 
are called' ^quatipns if the verb, is "equals", '.or "is equal to". 



EQUILATERAL TRIANGIE. A triangle with three congruent side$. 

EQOIVALENT. ' Two or more sets are said to be .equivalent if their mem'bers 
can be put into a one-to-one correspondence; that is, each element 
of A is paired with exactly one" element of B and no element of 
. B is left unpaired. 

EQUIVALENT FRACTIONS. Fr^actions which name the same fractional number : 

EVEN number' An integer which can be expressed as 2 X n .where n is 

•J • • ■'. ' 

•^v" an integer. if^*^"* "* 

•. ■ ' ' " -v, ■ ^A*:!'.: 
EXPANEED FORM. The numeral 532. written as. 

. » ■ ^ , ' 

- V- (5 X 10' X 10),.+,. (3 X 10) + (2 X l) 

or as 500 + 3O ' w' 
is said to be»,wri'$'{?en in expanded form. 

■ EXTERIOR (outside) OF a' SIMPLE CLOSED PLANE CURVE. The subset of the 
plane which excludes both the simple closed curve and the-, sub set 
Of the plane enclosed by the plane geometric figure. , ■• 



FACTOR. If 10 i.$;-4^e product of 2 and 5, tjien ' ;-2 and 5 are 
both factors iSr 10. ' 

FEWER THAN; FEWER (MEMBERS) THAN. If, in pairing •■ihe..Qiements of A. with 
those of B, there is an element of B which- is' not paired with 
any -element of A, then A has fewer memb.ers ■than B. 

■ ■J'lNITEreET. A set is f ini.tf 'if there is a whole' number thai will answer 

V f.- ■ ' '. ■. . - .f .\ ^ • 

\ ./..'the question^. -"How oiia^ elements. are there dli the ^et?f- 

-. ■ The notation (Oil l>-/2i 3^ ^, 5, 6) describes the set of the 
first seven whole -niiigiDers, a finite set. 

FRACTION. The numeral of' the form ^ where b is not equal to 0. 

FRACTIONAL NUMBER. See RATIONAL NUMBER. 



A 
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GREATER THAN. Associated with the relation "has more members than" 
for sets is the relation "is grieater than" for numbers. For 
example, "9 > 8" is read "9 is' greater thah 8". For any 
two nuiiibers .a and b, a > b, if a - b is a positive number. ^ 

HEXAGON. A polygon with six sides.. 

:^ ' — I ■ ^ ■ 

i 

IDENTITY ELEMENT . The numbei*- 0 is the identity element for addition 
-because the sum of. 0 and any given numb^gfb: is the^ given number; , 
that is, 0 + a = a. '5, 

The number 1 is the identity element for multiplication because 
t he ' p ro dutf^^^^^' ^1 an d any gi ven numb e r is ihp'^ given numbe r ; 
tt|at i5, i''V'a' = a. 

IDfifiriS1?Y PRPPERTY. The prop^ty which states th^t '■ t^^e're is an identity 

".-.eiemenl ^mder a partictiiar operation. ■ - ^ 9^ 

: INFINITE ' ^iET) . A set is infinite J.f there is no' wjiole number that will 
...-misw^r the question, "How'many elements; are there?" 

. The notation (0, 1, 2, 3, . i^,. -5/ 6, ' . |.'} describes the: set of whole 
^numbers, an infinite set. 

INTEGERS. Members of the set >(.:.. -3, -2, -1, 0, 1, 2, 3, ...} 

INTERIOR (inside) OF A SIMPLE CL05J]D 5*£ANE CU^VE. The subset of the plane 
enclosed by the. simple clbg^d curve. , 

INTERSECTION. The operation that associates with two seta a third set 

consisting of elements common to the two given sets... ,lf ■ ' ^ 

A = (1, 2, 3, ^) and 'b = [2,..k, 6, 8} then A n B..= {2, U},, 



IMVEBSE (DOING AND UNDOING) OPERAriONS. Two operations such that one 
"undoes" what the other one "does". For example, putting on a 

Jacket and talcing it off ar^' inverse Operations, 

■. ♦ ^ ■ * 

.INVERSE UNDEft ADDITIGN. For every integer a there is an inverse "a 
such that et + It = 0. • - ^ 

INVERSE UNDER MUUriPLICATIGN. For every rational number ^ different 

. • ^1 
from zero, there is an inverse - such that - X E- = 

• ^ . " q . 1. .,• . 

ISOSCELES. A triangle with two congruent sides. " 



JOIN; UNION. The union of two" disjoint sets to fo^rm a third'/ set, 
whose members are all the elements in each of the two sets. 
For example, . ^- . 

if>; A = ^(red, blue, green}., and B.-=>^[' v^ite, orange), 
j-v then A U B' =:. .[red, blue, green, ^white,: orange.) ... 



LENGTH. The common property'of congruent segments. We approximate 



length by measurement or conrparispn with- specif ie^ unit ^ segments. 
In the., length approximated by th^ measurement 5. [ miles, 5 is 
the megisure and the. OiiiJfc < s**\he i^le. 



■ / 

■.LESS THAN.,: /Associated with the relation /'has fewer members than" for 

sets, is the , rela^f on- "isi'less t3iah" fdr numbers. 'For example, M ' : 
"2 < 5'' is read' "2"'; is less than 5". For any two numbers a 



and b, a < b if b - a is a.'ppsitive number. 

■LINE, A line is conceived of as. the unlimited exte?ision' of a given ^ ' 
segment in both direiti-ans'. — ^ — - - — ~.. 

LINE SEOffiNT. A special case of the curves between two points. It may^ ■ 

be represented by a string stretched tautly between its two endpoints 

LINEAR SCALE, A scale is -a numb_er line with the segment from 0 to . .1 ; 
congruent to the unit being used. 

MATCH. ' Two sets match if their members can be put in one-to-one 

" ■ ■ •* , ■ . 
correspondence,. • . j. .. 



357 



35 



.MEASURE'. - A n\3rober assigned to ja geometric figure indicatij:ig its size 
(lenfet'iiV area/ volume, time, etc.) with resiJect to a specific 
^unit . '' For. exa^iiple, the 'measure in inches of' AB is' 3« 



A. 



mtBER ^[Of^q. B0t). An object in a set. . " 

MISSINti ADDEND. If 8 is the sum of 2 and n, then n i\ the 
missing addend. . ^ > 

MISSING' FACTOR. If 10 is the product of 2 . and n,, then n is' ^ 
the missing factor. ■ ' ■ ^ ' ' i 

MIXED FORM. See MIXED NUMERAL. ' * ' 

MIXED NUMERAL. A numeral a^ch^ 1^ naming a rational number gi*eater 
than one.^ ' » 

MORE (members) THAN,. If, ih pairing- the elements of A with those of 
B, there is at least one' member of B which is not paired with 
any elepient of ,A, then ■ B- has more memb,ers"~t]ian A. ^ 

MULTIPLICATION. An operation .on two numbers to obta^n^ third number, 
called their product. ^ • • • ' 

■ N . ^ / 

NATURAlNHUMHERS. See . COUNTING NUMBERS . 

NEGATIVE NU^ffiER, Any. number that is less than 0^ ' • - ■ 

NUMBER LINE. A line 'marked off at intervals congruent to a chosen unit 

segment^ such that: there is a starting point associated with the 
* , ' ■■ . ' ■ " ■ ^ 

. number 0; the endpoint of successive intervals are labeled according 
■ . » . • ^ ' ■ 

to the counting pumbers In their natural order. 

lOJMBER (property) OF A SET. The number of elements in the set. ■ The number 
property of ' A is written N(A), where A is a set. 




NUMERAL. A name for a number. ' 

ITOMERA^ION SYSTEM. A system fqr, naming numbers. The Roman numeral. 
, system and the decimal system are systems of numeration. 



ODD MUMBERS. An integer which cannot be expressed as ' 2 X n, where 

n- is an' integer.- . .■ 

■OHE-TO-ONE COREESPONDENCE. A pairing between twQ set's a' and ■ B, ' 
which associates with each element of .A a single element of ' 
B, and with each element .pf B a single element of- A. 

OPERATION. The association of a third number, with an ordered pair of 
numbers is^a bin&ry operation.. For example, vin, the operation of 
• addition, .the; ftumber ? is associated- vl^th the^pair' of numbers ^ 

, ' ,,.5 : and 2^ ' . . J > ■ 



■"^ In general, an operation is the association of mxi^ element - 
; ^. to each element of a given set, or to each combination of .elements, 
'one. from/ each pf the giyen sets.' s . 

ORD^R. A property; of a set of numbers vhicih, permits one to say vhefher . 
' .^-r ■ a is less than b, , greater than b, ' or.e^ual to " "b,- .where '.a 
■ '* •* . and b ..\s,Te members of the .set\ " 



PAIRING. ,.A correspondence between .an element of one set and nn element 
of anoth^r^ set . . I , 

.PARTITION. See PAI^riTlbNING. ' , . ' ^ 

PARTITIONING. " Partitioning a finite set means', .separating tfie set into, r v 
disjdi-nt .subsets so that the-unipn of tlrte subsets is the '-giyen. set.' • 
In ixartitioning an infinite set such as a line' segh^y' 
need not be disjoint. However, any two subsets have 'It most- the"' • .. 
■■ points of separation in common. * '■-V'i,. • ' --f-^' 

The separation ^is the partition .' • . • . . ' ' 

PATH. See CURVE. .... ' , ' •■ 



355 



PENTAGOU, A polygon with five^sides. ' ' ^ , ' V 

PEKCMEER(.of a POLYGON). The lengtfi of ' the ij,ne sq^ent which is the union 
■ ' . ; of a set of noftrbverlapping'"aine' segniirlts corfgruent to the ,si(Jes of^ 

the polygon. . ' ^ . . ^ ^ ^ ^ • v , 

•PLACE VALUE. A Value given ,to ascertain position in a nuiEeral.- Thus, 
: . / the place value of the- digit 2 in 235 is 100. ^ / ■ ' , ' 

PLANE/ A particiitar set. of poiAt^ whic^t can be thought of as the extensiq 
\^ of a flat {^urfacey* such as the surface of a table. - ;" '-^.jf 

PLANE REGION-. The union of a simple closed plarte curve atid its* interior. 
POLYGOJ^!* A simple closed ouiye which is' the union of ijhree or more . 
line segipents. ■ ■ . . / ' . ' ' ' • 

. PRIME. FACTPRIZATION; See COMPLETE FACTORIZATIOlJ ; ; / ^ ' 

PRIME NUMBER.* Any whole number that;-has exactly two differenl^ whole. • 
number factors, namely itself arid Ir ; ■ ' / 

PRODUCT. The third number associated with an ordered- paifv of niimbers 
J. •■ by multiplication. ^ For example, 8 ''l^ the 'product .of 2. apd ■ \. 

J>ROIUCT Sift. .See CARTESIAN PROIUCt. • • . .p '. . ^ . — 

^ ■ ■ ■ ■ ■ ' • ' ' 

QUADRILATERAL. A. polygon with ■four, sides. ' . > . ' ' 

QUOTIENT.^ The third number associated witl^'-an ordered p^ir ;pf numbers 
' ■ by division. ?or e^iaraple, 1^'^ is the quotient of ' hQ .and ^ 4..' " , 



' RATIO* A relaitionship between an ordered pair of numbers- ., a, and \ 
■ ■ : \, • ' . a V . 

. V ywfeere' . b- / 0. . The ratio may be pressed by a; : b' or by ^* 

■.■■, .■.'>■ ■ J ■ a' ^ a* 

• RATJj^AL NUMBER. A number'- which may be expresged^^s - or 
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"'wh^te- a .^ind'^/b are whole' numbers --with 

^ -j^y AB • ,is 'tlae uniorj of segment ■ AB ; ■ ari'd . all* points C ■. such ^ . ■ , 



/that B • ie between A~.and^ C. 



i^OTANGLE. -^A quadrilateral- with- four right -angles .; 
R&GION. See, ;?t^ REGION .AND SOLID' REGION. 



REMAHHSER; REMAINDER SET. See REMAINING SET. 

REMAimiSG SET; RSMAINEER (SET). If B is a subset of A, all members 
• of A which are not Members of B are members of the . remaining 
or remaiYider set. The complement of B relative to A is the 
remaining sejb. 

REITAMENG. Using another' name, for the same number. Fpr example, 3^^- ■ 
can be renamed as' 30 f k., 20 + li^-, 2 X 17, and so on. 

RIGHT MgLE. . One of two congruent angles determined by a line and a 
ray having a point in the line as endpoint. ^ 

RIGHT TRIANGLE.' A triangle with one right angle. 

ROUND. A shape which has no comers or sides. 

ROW. See ARRAY. 

RULER. A straightedge on which scale using k standard unit has 
been marked, ' , 

1 S ; , 

SCALE. See LINEAR SCALE. . * . 

SECa^ENT, See LINE SEOMENT, ^ 

SENTENCE, A; statement, such as "9 + 5 = ll^-*' is a number sentence) 
it cbnnects sets of numerical and operational symbols showing 
a relation between the sets of symbols. Examples of symbols 
. relating the sets are: <, and >. These symbols act as. 

verbs in the sentences. « 

•,SlbE ("OF AN angle). Each j^f the two rays'-f orming the angle is called a 
side of the angle. 

SIDE (of A- polygon). A segment" of a polygon that ^is contained ^ 
in no segment of 'the polygon other than' 
itself. For example, M, BC, CD, , ■ 

and .DAy are sides. of the quadrilateral 

illustrated at the. right. ' "A 

SIMPLE CLOSED CURVE. A closed curve which does not intersect itself. 



SIMPLEST FOORM.' A fraction is said to. be in siicplest form, when the 
greatest coinmon factor of its ^[unerator and denominator*^ s 1. 

SOLID. ' A geometric ^igiire. that is not a subset of any one plane. 

■ t ^|GJJARE. ^ rectangl^e whose sides are congruent/ 

STANDARD'SET. .One of the sets'^f or^red numeralp^ such as {1, 2, 3, h] , 




lARDUlWr^^A standard unit is a. unit 'of raeasiire ''officially" agreed 
upon or acceptecras a standard. Example* are: inch, meter, gram. 

SUBSET. Given two sets iT'' and B, B is a subset of A if ' every ^ 
"member of B is eilso a nl^Der oif A., 



SUBTRACTION. An operation on two numbers a alnd . b to obtlain a 
third number n, qalled th^ difference such that a - b = n 
if n + b = a. . > 

SUM. The third numbef associated with an ordered pair of numbers by 
addition. For exakple, 6 is the sum of 2 and h. 



TIMES. Thi^ll^rd' associated with X to indicate the operation, 
multiplication^. , 



TRIANGLE^ A polygon with three sides. 



UNION.' The operation that assocl^ates with two sets a third set 

consisting of all' the members in each o'f two sets. For example, 

^ if A = (3;ed, blue, gree^, white, yelloy> and 

^ . B = {blue, whits, orange], 
> then AU B = (ircd, fe4«e,^ green ,^white, yellow, ^orange) , 

' UNIT. A prototype from which the* measure isCgbtained ty comparison. 

■^For example, the unit in measuringf^ength ^s a segment; the unit 
for area i§ a square regioH. 

UNIT REGION. See UNIT. ^ , . ^ . 



VERTEX Of m ANGLE. The common endpoint of its two rays. 

VERTEX OF A POLYGON. If two sides have a point in common then this 
• coranpon point is a vertex. The plural of vertex is vertices. 

VEEIEX OF A PKTSM 01 PYRAMID, 'if three or more edges have a point in 
common, then the common point is a vertex. 

W&^LE NUMBER. The property common to a set of equivalent sets. 
J. MeraberB of .{0, 1/2, 3, ^..}. 
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addend, Hh, I56 

unlcnown, I56 
addltion>'U3-l30 . 
. addend, I56 . 

algorithm,. 199-203 
associative property, II6, 117, _ 
123, 303 

associative property on number . 
. line^, 120-122 
carrying, 199 
•. closure, 123, 303 ■ 

commutative property, 11^, II5, 

117, 123, 303 
coramuitative property on numib^r 
-line, 120 

identity element, 119, -303 
regrouping, 199 
sum, Ilk 
zero and, 

addition and subtract ion^ techniques, 

119-212 . 
algorithm, 200 
. addition, 199-203 
division, 271-275 ' 
multiplication^ 267-^269 
. subtraction, 203-208 
ancient systems of numeration, 
87-89 

angle, 181|. 185, 255 -25'6 

congruent, I86, 255 

e3;terior, 256 

interior, 256 

is smaller than, 256^ 

right, 186 

side, l8i+ 

vertex,- 18 i+ 
angle of polygon, I89 
apex 

of cone, 251 

of pyramid, 2^+7 
applications to teaching 



21-2i+, 



35-37, 48-50, 6IV-65, 80-82, 
106-109, 125-126, 1^3-1^5, 

159-161, 178, •192-194, 208-210, 

234, 257, 277,. 293-294 
always, I3I, I32, 165 

models for rational numbers, . 

' 219-220 , - 

associative property 

of addition, II6, 117, 123, 303 

of addition on the number line, 
120-122 

of intersection, 6I, 64 

of multiplication, I36-I37, ' l42, 
■ ' 303 • 

of union, 55-57 



base, 90 

of cone, 251 ' 

of cylinder, 248 

of prisms, 245 

of pyramid, 248 

other than ten, .101-104 

four, 96-101 
between, 74, 75 
binary operation, 53, ll4, 
borrowing - see regrouping 
braces^ I6 ^ 
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cardinal number, 45, 47, 113 

cardinality, 44-45 

carrying - see regrouping 

cartesian product, 62 . , » ' . , 

centei: 

. line of, 249 

of sphere, 25 1 ,' 
Centimeter, 289, 290 . ... 
chart, other bases, IO3. 
classification of polygons, 188-191 
closed, 76 
closure property 

.0^ addition, 123, 303 

ofN^raultiplication, I3I, 133, l42, 303 
■ common factor, I76 
commutative property 

of addition, ll4^, II5, ' 117>. 123, 303 

of addition on number line ,,.120 

of Intersection, 60, 64 

of multiplication, 134^, 142- 

of union, 54' . \ 
comparing sets, 29-40 ' ^ ' 
complement, 57, 151 
complementary set, 57 
complete factorization, 175 
compos ite number, 171-174 
cone, 248-251, 26I 

apex of, 251 

base of, 25I ' 

.lateral surface of, 249 
congruence, 79 
congruent 

angles, I86, 255 

line segments, 79 

regions, I87-I88, 245" / 
continuity, 72 
coordinates, 80 
counting 

Cjiarty 108 , . - 

.numbers, 47; 299 
cube, 244, 245 • 
curves, 72 
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cylinder, 2^8-251, 260 
base of, 2kQ 

V edge of, 2kQ 

lateral surface, 2kQ 
right circular, 250 



finite sets, h6 • 
foot, 284 
fraction, 220 
fractional nimbers 
numbers 



see national 



decimal system, 90, 91 
denconinator, 221\ 
dense,. 232 \ 
describing sets,yl6, 18 
diameter, of s^fere, 252 
difference, 152; 

definitions 0/ subtraction, I53-I5T 
'-digits, 91 
disjoint iets, 53 . 

distributive property, 139-1^1, 1^2, 

303 I 
division, 165.181 

algor.ithm, 271-275 

and number line, -170-171 . 

and rationals, 23O-23I 

as inverse, 1d7-168 

as repeated subtraction, 272 

divis6r, I66 

properties under, I69-I7O 
quotient, 166 

techniques, 267-281 c' 
zero and one, 168-I69 



edga, 70 

of cylinder. 2I+8 

of prism, 2hh ^ 
' element , •. 

. of cylinder, 2^9 

of set, 15, 25 * * ' 

empty set, 20-21, 22, 25 
endpoints, 73 
equal sets, 17-l8, 25 
equation, 12*+ 

equality of rational numbers, 
227-229 

equilateral tViangle, I90, 1*91 
* equivalent 

fractions, 221-226 

sets, 33^35,-38 
expanded form, I99 
expanded notation, 92, 93, 101-102, 

loi^, 105, 199 
extel-ior, 77 



face, 70 

of prism, 2kk 
factor, 131, 225 
. missing, I67 
factoring, 17^-176 
fewer than, 30, ^7 



geometry, 69-85, 183-I97 
geometric solids,' 69 
geometric space, 75 
greater than, 

greatest common factor, 176-177. 226 
Greek system of numeration, 88-89 
grouping, 90, 96, 99 ' 



hemisphere, ' 252 

-hexagon, 78, 79 , • 

higher terms, 222-225 
Hindu"- Arabic numeration system, 90-9^ 



identity element 

of addition, II9. 

of multiplication, I38, 1|22, 303 
inequalities, 12h 
infinite sets, k6 
inside, 69 . , 

integers, 3OO-3OI 

interior, 76, I85 ^ 
intersecting, 2lil-2li2 
'intersection, 5^-59 
inverse, 301 

multiplicative, 302 

operation, I53, 271 

subtraction as, 152-^153 
is smaller than, 256 
isosceles triangle, 190, 19I 

kilometer, 288 



lateral edges of prisms,. 2^15 

lateral faces of prisms, 2li5,.2li6 , 

lateral surface of cylinder, 2hQ 

least common denominator, 2Zh 

left "hand" distributive property,' lliO-l^+l 

less than, %7 - ' " .\ 

line, 75 

line of ceu-ter (of cylinder),^ 2hS 

line segments, 73, 7*^, 75 ' 

listing members of sets, 17 

lower terms, 225-226 

longer than, 25*^ i , 

lowest terms - see simplest form * .^1 



matching Bets, 30, 38 
measure, 283, 285 

. approximate nature of/ 289-293 
of segment, 2B3-285 
to nearest unit, 285 
measurement, 283-298 
member, I5, 2k, 2^ 
meter, 288, 289 
millimeter, 292 . 
mixed. form, 229-230 
mixed numeral - see mixed Tomi" " 
more members than, 30, 58 
multiple, 90, 178 
multiplication, I3I-I5O 
algorithm, 267-269 
arid division techniques, 267-281 
associative property of, I36-I37, 

1^2, 303 
closure property of, I3I, 133, 

1^2, 303 
commutative property of, 13^ 
1^2, 303 • 
. distributive property, 139-114-1, 
1^2, 303 
factor, 131, 22^ 
identity element, I38, ll^2 
left hand distributive property, ^ 

li^O-Ul 
multiple, 90, 178 
multiplicative inverse, 302, 3O3 
multiplying numbers greater than 
. ten, 267-269 
number line and, 114-2-1^3 
product, 131, 133 
property of one under, 133-llfl, 
303 

zero and, I38-I39, 1^2, 3O3 
multipli«iative inverse, 302 



natural numbers, ^7 
negative numbers, -300 
non-negative, rational numbers, 220 
notation. 105 ^' 
number(s), 87 

counting^ hi,' 29^ y 

cardinal, 1^5, kT, II3 

composite, 171-17^ 

greater than, ^7 

integers," 300-301 

less than, ^7 

line, 79-80 

natural, k'J . ' 

negative, 3OO 

non -negative rational, 220 

order of, kS-k^'^-^ 

ordinal, • ' 



( : . 

priiti6, 172 

property of set, kl-k2 
number linef^ 79-80 ; ^ 

addition on, 119-122 

aiid.'rational numbers. 217-281 

Multiplication on, - 142-^3 

subtraction on., ,158-159' 
^]jiumber sentence, 123-1^- 
number system, 3O3 
' . extension of, 30^^-305 

properties "Of, "303 ■ 

numeral, 8T 
numeral chart, lOJ 
numeration system, 87-III 

ancient, 87-88 

base four, 96-ipi 

bases other'than ten, 101^106 

Greek, 88-89. 

Hindu-Arabic, 90-9^^ 
, ■ ■ notation, IO5 
numerator, 221 



one-to-one correspondence, 29-30, 
open sentences, 12^4- 
♦operation, 53, II3 
order 

of numbers, kB-k'] 

of rational numbers, 227-229 
ordered* pair, 63,, 113,- I3I, 166 
ordered set, k2-^'i 
ordering sets, 3O 
ordering sets of points., 252-^7 
ordinal number, ^5 
ordinality, kk-^^ 



parallel, 241-2^^2 
parallelepiped; 2k^ 
parallelogram, 189, 190 * 
path, 71-73 

pentagon, 78, 79^ I88 , 
pentagonal 

pfism, 21^5 

pyramid, 2k'J 
perlmetfer of polygon, 29 
preciseness of measurement, 293 
premeasurement concepts, 2^1-1-261 
place-value, 9I, 92, 93, lQh\ 
plane, 76 ' 
point, 71-73 

. on a line, 79, 80- i, 
polygons, 78, 79 

classification of, i88-1911SlJ 
jp^jC^meter of, 29I 

pr Se f ^t or i z at iori7"lT5 
■ prime timber, 172 
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prism, 70, 258 — 

edges, 2U5 
faces, 2k0, 2h6 
vertex, 70 . 

product-, 131, 133 ' ' 

product set, 62-63 

properties 

of number systems, 303 
under addition, IIU-II9 • 
under division, 169-170 . 
under, mult iplic at ion , 133 -lUl 
under subtraction, 157 
zero under addition, 119 

pyramids, 2U7, 259 



quadrilateral, 78, 79, 189-I9O 
quotient, 166 



radius of sphere, 252 ^ 
rational numbers, 213 -2Uo, 3OI-303 

denominator, 221 

dense, 232 

equality of, 227-229 

equivalent fractions, 221-226 

traction, 220 ^ 

higher tenns, 222-225 

least common denominator, 22U 

lower terms, «- 225-227 

lowest terms, 226 _ . 

numerator, 221 

mixed form, 229-230 . . 
• mixed numeral, 229-230 

order of, 227-229 ' ~Y 
^simplest form, 226, 
ray, 183 

reading numerals, 9^ ' 
rectangle,.. 189, 190 0 
rectangular region, 185 
regions,^ 185 ^ . 

' as models for rational numbers, 
213-216 
rectangular, 185 
regrouping, 199 
relative coitfplement, 57 
remainder set,' 57 
•remaining set, 15I 
rhombus, 189, 19O 
tight angle, 186 
^'ight circular cylinder, 25 0 
right" hand distributive property, 
i^U0-lU2 \ 
"^^.t triangle, 19^, 191 • 
■i^iler, 289 ' - ^ ' . 4 





scale, 289 
seginent, 75 
sets*, 15-27 . 
braces, ' 16 

cartesian, product, 62 

comparing, 29-^0 

complement, 57, I5I 

complementaxy, ' 57 

describing, 16, 18 

disjoint, 53 , 
.'element, I5, 25 

empty, 20-21, 22, 2U, 25 

equal, .17-18, 25 

equivalent,^ 33"35, 38 ^ 

fe\ieT (members) than, 30^ 38^^5'< 

finite, U6 

infinite, U6 

intersection, 58-59 

associative property of, 
commutative property o^, 

listing members of, 17 

matching, 30, 38 ^ ^ 

member of, 15- .2U, 25 

more (members) than, 30,>»^8 - 

number, of, UI-U2 

number property of, Ul-U2 

of points,. 2U1 ^ 

operations on, 53-68 'V f/v^ 

ordered, U2-U3' 

ordering, 30 

product, 62-63 

Relative ccfmplement^ 

remainder, 57 • ' 

remaining, I5I ^ ' 

standard, - U3-UU 

unit, • 219 . • ' - ■ 

union, 53, 5^,' 55, 56, 63^113/ 
associative property^$5-57;^ 
c o^ut at i ve prope rty^ ^ 5^ is!^' ^ 
shorter than, 25U 4^-:^-?^ 





side 
of 



angle, 

of polygon, 78, "^^X^^ 
sieve pf Eratosthenes, 7lY3 -17^ 
simple, 76 * . V 

simple closed curves, 76-^^ 
simplest form, 226 
space, 75 

sphere," 251-252' ;f ' ^ 

diameter, 252^^y. 

hemisphere, 2^^f.J^^' 

radius of, 252 * 
square, 189, I90 
square pyt6mid, ,2^7 *^ 
standard sets, U3-UU v*y 
standssrd units^ 278-289^^ 
structure, 29(^5305 
subsets, 18-19, 22, 25. 
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Bubtractlon, I5-I-163 

algorithm, 203-205 

as inverse, 152-I53 

borrowing, 206 

definition of, 153-157 

difference, 152 

number line and, I58-159 

properties under. 157 

property, 203,-204, 208 
subtraction property, 203-20U, 208 
BUm, Hk 

symbols, 123-121^ 



transitive property, 3I-32, 38 
triangle, 78, 79, I89, 190-191 
triangular prism, 2^5 
triad^ular pyramid, 2^7 



undefined terms, 72 

union, 53, 5^, 55, 56, 63, 113, 11^^ 

of line segments, 78 
unit (of measure), 2k8 
unit set, 219 



vertex, 70 

of angle, iSl^-* 
of polygon, 7k, 189 
■ of prism, 2kk 



whole, numbers, Ul-52, 87, 2 99-3 GO 



yard, 281^. 



zero 

and multiplication, 138-I39, 1U2, 
303 

and division, 168-169 
symbol, 92, 93 

^ r - 
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